Supplementary Material

for “Dynamic Spatial Panel Data Models with Interactive Fixed Effects:

M-Estimation and Inference under Fixed or Relatively Small 17

The Supplementary Material contains two additional appendices, C and D, where Ap-
pendix C contains Lemmas C1-C7 for the proofs of Corollaries 3.1 and 3.2, and Appendix D

contains additional technical Lemmas D1-D5 for the results in Appendix C.

Appendix C: Asymptotic Analysis with Relatively Large T'
Recall || - [|sp, the spectrum norm of a matrix. Let Xj = B3 X, for j =1,...,k, X1 =

Bs3oY_1, X2 = BsoW1Y, X435 = BsgWaY_1, and I' = Bsgl'g. Denote F = F'(1)y).

Lemma C.1. Suppose Assumptions A-H hold and T/n + n/T? — 0. Define the pseudo-

inverses (fFé)T =F (FO’FO)f1 (f’f‘)flf' and (FOI"’)Jr = I.’(I"’I")fl (FéFo)le(’). The following

expansion holds for the projection matriz M:

_ M) | @ o gylrem)
Mp = Mg, + Mp & Mg, + Mg,

where the last three T x T matrices are Mg’l = —MFOV’(FOf’)T — (fFé)TVMFO,

ME = MgV (Fo") V' (Fol) "+ (DF3) 'V (P F5) VMg, — M, VMV (P Fg) (o)
— (PF) (Rl 'V My Mg, — Mg,V (Fol) (0 F) VMR, + (D) VMgV (R,
and ||M1(5,Tem)||sp = O,(T~3/?), which is the remainder term.

Lemma C.2. Suppose Assumptions A-H hold and T/n +n/T? — 0. The concentrated AQS
vector (3.27) has the expansion S’ (1o) = Spr+0,(vV/nT). The leading term S,r has elements:

Sjar = 5 r(X;Mp VM), forj=1,....k,
Skitnr = ULQO tr(Xpy1 Mg, V' My) — tr[(Mp, ® Mp)D_q],
SkronT = U%O tr( Xy 2 Mp, V' My) — tr[(Mg, @ MpW1)D,
Skisnr = % tr( Xy 3Mp, V' My) — tr[(Mp, @ MpWs)D_4],
SktanT = % tr(WsBsg VMg, V') — (T — r)tr(WsBy'),

Sk+5,nT = 2030 tr(VMFOV/) — n(T;r) .
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In addition, we have E(S’jﬂnT) =0 forallj=1,...,k+5.

Next lemma studies the properties of the derivative of the concentrated AQS function.



Lemma C.3. Suppose Assumptions A-H hold and T/n +n/T? — 0. We have,

35’n (¥)
— o 85 |yo= Hyr + 0p(1).

The leading term H,r has elements H nT,Gha)s Js4=1,2,. .. ,dim(¢):
(i) Hur(jg) = T tr(X My X Mp,) —1{j = ¢ = k+2}- T2 tr(Wy By Wi By'), j < k+3,
q<k+3; H T(jq)—op( ), q=k+4,k+5;
(ii) fInT,(M) = Ltr(B3 " WiWsBs' — W3B3' W3B3'), j =k +4, ¢ =k +4;
(iii) H, nT,(Ga) = 2130 +op,(1), j=k+5,g=k+5; I:Inn(j,q) =o0p(1), j=k+5, ¢#k+5b.
Next lemma studies the variance matrix of gnT, for which we write
v
vy + V'O v + [Ihv — 02 tr(P)
- V' Wsyo + V' Pov + v — 02 tr(P)
v/ Usyo + v/ ®3v + Hﬁlv - o2, tr(®3)
V&V — 02, tr(Dy)

V'®5v — o2, tr(®s)

where ¥ = %(MFO ® M Bs3o)Q-1, U, = T%O(MFO ® MpB3oW1)Q,
Uy = ULEO(MF0 ® MyB3oWa)Q-_1, IIj = C%go(MFo ® Mp)X,
Iy = (Mg, ® MyBso)[n-1 + D_1vec(ToFy)],
I3 = (Mg, ® MpBsoW1)[n + Dvec(LoF)l,
Iy = ;3 (Mg, ® My BsoWa)[n-1 +D- 1vec(FoF6)]
®) = U%O (Mp, ® M~B30)D,1B§01, i)2 (MFO ® My ByW1)DByg,
Pg = U% (Mg, ® MyBsoW2)D_1B3y, ‘I’4 = (Mg, @W3Bgg'), 5= (MFO ©1n).

[=}

Lemma C.4. Suppose Assumptions A-H hold and T/n +n/T? — 0. Denote the variance of
SnT/\/ nT conditional on D as S,p. We have Sy = Hpyp + 21 + op(1). All three matrices

are symmetric. The upper triangular part of E,r has (7, q)-entries:

énT,(l:kJ:k) =0; énT7(1:k,q) = %ﬁll,jdiag((i) ) gq=k+aanda=1,...,5;

= ~ = .= ot = = ~ 304 .=
Bt (e 1o 1) = 22 (Ty + Dryo) diag(@1) + 20 tr(D18)) + L2700 |l aiag (1)
BT (k1 42) = (H2 + Uyyo) diag(Ps) + £2 (113 + Wayo)'diag(®:)

+20 (B By) + Mdlag(@l)'diag(ég);

4
Ty 1h+3) = 2 (s + Wayo)'diag(®s) + £ (ILs + Wsyo) diag(Ps) + 242 tr(Dads)
+Md1ag(<b2) d1ag(<I>3)

[1]:

~ 4
sty = 22 (Mg Ty o) diag(®y)+ 220 tr(By Byt & 0,)+ =50 g ag (B, ) diag(®y);



ST, (k+1,k+5) =

[1]x

nT,(k+2,k+2) —

EnT (k4+2,k+3) =

[1]:

nT,(k+2,k+4) =

[1]:

nT,(k+2,k+5) =

EnT, (k+3,k+3) =

[1]x

nT,(k+3,k+4) —

=nT,(k+3,k+5) =

[1]:

nT,(k+4,k+4)

EnT,(k+4,k+5) =

[1]:

nT,(k+5,k+5) —

In Section 3.4,

B3 (T +0yyo) diag(®s)+ 20 tr(dy s +&y &L )+ L4=3%0) 41 g (B, ) diag(®s);

5T (1, + Fayn) diag($2) + Z tr(@rB2) + 2 [aiag(s) |

~ ~ ~ 4
5. (I3 + Woyo) diag(®s) + 43 (Ily + Wayo) diag(®s) + 24 tr(Pads)

+Md1ag(¢2) dlag(q)g)

B3 (T, +Bgy0) diag(®s)+ 20 tr(Ds®y+Ds®,)+L=5%0) 41 g (By) diag(®y);
4 (T4+W3yo) diag(Ps)+ 242 tr(D3Ps+P3 DL )+ Mdlag(fbg) diag(®s);
23

3 (14 + W3yo) diag(®s) + “0 0 tr(P3Ps) + Mﬂdlag(%)HQ;

13 (T, 4+ W3y0) dlag(q>4)+ tr( Py P4+ D3, )+Mdiag(ci>3)'diag(q>4);

ﬂ‘t 'ﬂ‘t q

8 (M Uay) diag(Ps)+ 28 tr(Bads+ by dh )+ L=20) g5 ag () diag(Ps);

= Lotr(@4)) + 13700 | g ag (@) |2

0 tr(PyPs5 + O4PF) + Mdlag(@;) diag(®s);

= (75 |diag(®5)]

we propose an estimate for ¥,,7 (1), the VC matrix of of the AQS funtion

Sk (Yo). In the following, we use X, = X,7 (¢g) for notation simplicity. Next Lemma finds

the asymptotic leading term of X,,7.

Lemma C.5. Suppose Assumptions A-H hold. Then, as T/n +n/T? — 0, we have,

(1) X0t (ktak+b)) = n%ggovec(Fé)’(Mpo @ I'T)vec(E)) + Op(T72), fora,b=1,... kg,
IZn1.06 — Hnrgollsp = 0p(T71), and [|Snr.6p — Entggllsp = 0p(T 7).

(i) in:r,(k+5+a,j)

EnT,(k+5+a,j) =

2nT,(kJrE')Jra,j)

XinT,(k+5+a,5) =

— X T, (k+54a,) = op(T71) uniformly, j <k+5,a=1,...,k;
%VGC(XJ'),(MFO ® I)vec(F!) + op(T7Y), 5=1,...k;

= L _vec(X;) (Mg, ® I)vec(E)) + “3diag(®;_y) Tlatq + 0p(T71),

ogonT

j=k+1,...,k+3;

L2 diag(®j i) Mysa + 0p(T1), j =k +4,k+5;

(1) Epr gy = Hpr gy + Enr, where Z is the same as = with quantities I, s, ¥p’s and ®,’s

replaced by 1l,’s, Uy’s and ®.’s.

For the next le

For j=1,...,k,
Hur,(jq) =

mma, we derive detailed expressions of the elements H, 1 ;) of Hur.

ﬁ"?)o tr(XjX,Mp,), ¢ <k+3,



Hot (q) = gz 01X (BsoWs + WiB30) Z(00) MR, ), q =k +4,
Hur (j.q) = W{,go tr[X) BsoZ(00) Mp,], q =k + 45,
Hor ) = gz 01X} Bs0Z(60) Pral, 4=k +6,....k +5+ ko,

For j =k +1,
Hor,(j.g) = ez r(X]/‘XqMFo)a q <k,
Hur (j.q) = T WToZ tr(X‘XqMFo) — S tr[(Mp, @ I)D 1], ¢=k+1,k+2,k+3

HnT,(j,q) nTa I'[Y (Bé()WS + WéBZSO)Z(HO)MFO], q= k+ 4,
Hyr,(q) = T wTot tl"[X BsoZ(60o)MpE,], q¢=Fk+5,
Ht ) = e LKL BagZ(00) P — g 0l(Pre ® LD, g = b6, 54 g

For j =k + 2,
Hyr (g = T T tr(X})’(q]\/[FO)7 q <k,
Hyur(q) = sz 0(XG X Mpy) = g tel(Mp, @ W1)Dy, ), q=k+1k+2.k+3
Hyr,(.g) = nTU tr[Y W] (BbWs + W3 B30)Z(60) Mp,], q=k +4,
Hyr (i) = ot X} BoZ(60) M), a =k +5,
Hot (j0) = wro t1“[Y'W1BaoBsoZ(Qo)PFs] o tr[(Prs@Wi)D), g = k+6, ..., k+5+kq.

For j =k + 3,
Hur (jg) = T nToZ, tr(X X Mp,), q<k,
Hor\(ja) = 75 T tr(X[ X Mp,) —
Hyr g = ﬁtr(X X, Mp,
Hur (g = ﬁtr(X X, Mp,) —

LT [(MF0®W2)' 1) =k 41,
— e tr[(Mp, @ Wa)D_1 5], q=k+2,
L tr[(Mp, ® WQ)D 1)y ¢=Fk+3,
Hyr (j.q) = W tr[Y2 W5 (BsoWs + W3 B30)Z(00) Mp,], ¢ =k +4,
Hur(j.q) = T WTol tr[X) BsoZ(00) Mp,], q=Fk+5,
Hot(q) = oz 01X BsoZ(00) Prs] — o7 trl(Prs @ Wa)Da), ¢ =k +6,....k+5+ ko,

For j =k + 4.

H

nT,(5,9) — nTo' I'[X (BBOW3 + W3B30) (QO)MF()L q < k7

Hor(j.g) = nTJ tr[Y! | (BloWs + W4Bso)Z(60)Mp,), q=Fk+1,
Hur (j.q) = tr[Y W1 (BsoWs + W3 B30)Z(0o) Mp,), q¢=Fk+ 2,

nTU
Hur (jg) = nTU tr[Y! Wy (B3 W3 + W3B30)Z(00) MF,], q=k+ 3,
HnTv(j#J) nTo' r[Z(eo)/WéW:))Z(GO)MFo]? q= k + 4,
Hor,(j.q) = m tx[Z(60) BioWaZ(00) M) + 7 e[ W Byg Wa B3], a =k +5,
Hyr,(j,9) = 2 tr[Z(ao)/B{’)OW3Z(60)PF,S]7 q=Fk+6,... . k+5+kg.
For j =k +5,

Hur(j,q) = ﬁ tr[ X} BsoZ(00) Prs], q <k+3,
Hyr,(q) = W{,go tr[Z(60)' B3y BsoZ(0o) ME,] — 2?%%(), g=k+4,
Hyr gy = 0p(1), a=k+5,....k+5+kg



For j=k+5+s,
HnT,(j,q) = Wlago tr[X]/'B3OZ(00)PF,S]7 q < k+ 37
Hur (jg) = Wﬂzo tr[Z(00) B3y W3Z(0o) Prs), g =k +4,
HnT,(j7q) = 0}7(1)7 q < k+ 57
Hur,(jq) = 2nTngo tr[Z(60)" B3y B30Z(60) Prsq-

Lemma C.6. Suppose Assumptions A-H hold. Then, as T/n +n/T? — 0, we have,

(i) H, nT,(sa) = Tir20 tr(X]’-XqMFU)+0p(1), Jog<k+3exceptj=q=k+2;

Hyr (kv2,k+2) = #012,0 tr(Xg,'XjMFo) + T tr (Wi Big WiByg') + 0p(1),;
Hyr (ki) = 5 00 (Bag WiWsBsg' + Ws B WsByg') + 0p(1);
Hor (k45 k45) = 2 +0p(1); Hyrjq) = 0p(1), for other cases with j,q < k + 5.
(19) Hot (k4-54a,k4+5+b) = ﬁ%vec(Fé)’(MFO @ I'T)vec(F)) + 0p(T71), a,b=1,... kg.
(1) Hyr (jkt54a) = ﬁago tr(XJTEyMp,) 4+ 0p(T7Y), <k +3;
HnT,(j,k+5+a) = Op(T_l), j = k‘ + 4, k —l— 5, a = 1, ceey k?¢
(iv) Hur (ki54a.) = ﬁo% tr(X/TF, Mp,) + 0p(T71), ¢ < k+3;
HnT,(k+5+a,q) = Op(T_l), q=k+4,k+5 a=1... ,k‘¢.
(v) Henr = Huyr + 0,(1) and H b €Tists with a leading term stated in the proof.

The next Lemma calculates the matrix [Hn_ YorH,, ]M, Recall the partition matrix

expression of H r:% and write X1 = [En7 s BnTbe; SnT,éw» 2nT,ée)- We can verify that

[H’I’:’:}'E H, 1]¢¢ - H* nTE* H*_nT7
where 37 = Suryy — HurpoHog goSntow — SntoHog goHnt.ov + Ho o Hyg oo Har gu-
Lemma C.7. Suppose Assumptions A-H hold and T/n+n/T? — 0. We have ¥¥ . = S +
op(1) and H, )5t H, b — Hot Sar Hofh = op(1).

Proofs of Lemmas C1-C7

Proof of Lemma C.1: This Lemma is a special case of Lemma S2 of Moon and Weidner
(2015). Note that F contains the first 7 eigenvectors of
(TF} + B3y'V) By B3o(TFj) + B3y V) = Fol'TF) + FyI'V + VT F) + V'V.

The first term is of rank r and its nonzero r eigenvalues are Op(v/n1'). The remaining terms
are of smaller order in terms of spectrum norm. We can apply the perturbation theory as in

Kato (2013) to obtain this expansion. [



Proof of Lemma C.2: First, consider the cases of j < k+ 3. Using the identity BsgZ(6p) =
fFé + V and the fact that Mg, Fy = 0, we have

tr[ X} B3oZ(00) M ] = tr(X[VMp,) + tr[X[(V + TF) (Mz — Mpg,)].

By Lemma D.1 (i-ii), we can readily show that S nr (o) = Sint + 0p(v/nT), for j <k +3.
Second, consider the cases of j =k + 4,k 4+ 5. We have,

Sk anr (o) =5z tr[(UF) + V) WaByy (PFj + V) M| — (T = r) tr(Ws Bsy)

2 tr(V'W3 B3y VMp,) — (T — r) tr(W3B3g')
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+ ULQO tr[[(TEy + V)Y W3 B [(DF) + V) (Mz — Mp,)].

Lemma D.1 (iii) has shown that the last term is o,(vnT).

To show E(S;,r) = 0, one can follow an analysis similar to the proof of Theorem 3.1. [

Proof of Lemma C.3: (i) There are three sub-cases: (i-a) j < k and ¢ < k+3; (i-b) j < k
and ¢ <k+4,...,k+5;and (i-c) j=k+1,...,k+3.

First, consider the cases (i-a) and (i-b). We have —% ~;‘,HT(¢)|¢0 =

4t (X’XM) %tr[X’-(FF6+V)iMA ol

920

o e { X W3Bsq' + (Bag ) Ws](PE§ + V)M }—*tr[X'(TFoJrV)aA Mgy o]

- [ X (0 + V) M)

By Lemma D.2, we can readily show T T tr(X X, M; )= tr(X X,Mp,) + 0,(1) and

T 2
. , L
w77 WG CFG + V)55 My luo] = Srgze tr(XGPrX M) + 0p(1).

It follows that —niTazq Sj*nT( Mo = nTifrgotr(X]’-PlanMpo) + 0p(1). For the case ¢ = k + 4
and k + 5, we can show it is op(1).

Next, consider the case (i-c). For j = k + 1,...,k + 3, derivatives of SﬁnT(@ZJ) can be
similarly studied. In addition, we need to consider terms like a%q tr[M ( ¢)W1D(p, A5 A2)] o -

Lemma D.2 has found the asymptotic leading terms. Some algebra leads to the desired results.

(ii) For the case j = k+ 4 and ¢ < k + 3, we have

05% .1 () ; — _ .
—r o o= 5 12 tr[Xq(WaBsg + (Bho) 1W§)(FF6+V)MF]

oz [(DF] + V) W3 B3y R+ V)7 F“" o -

We can verity that both terms on the right hand side are 0y(1). The same result holds for the
case ¢ = k + 5.



For the case j = ¢ = k + 4, we have

ag%n (¥) . _ o
o g lvo= gz () + V) (Big) " WiWs By (D Fy + V) M)

P
nToZ,

IM;; T— -1 -1
811;?) lyol + 7 tr(WsBsy W3Bgy)

= oz Bl(TF + V) Wy Byg (TFf + V)

-—%ﬁdVBQW%M@EﬁVM@)+é;%wﬂ%B@W%B£)+%ﬂ)
= Ltr(By " WiWs B3yt + W3B30 W3B3g') + op(1).

(iii) The derivation is similar to parts (i-ii). [

Proof of Lemma C.4: First, consider the case j,q < k. By Lemma D.3, we can show that
S”T:(J'Q) :%ﬁg‘ﬁq = n%% tr(Xg/‘MFXqMF()) = ﬁnT,(jq)'
Second, consider the case j < k,q = k + 1. We have
Cov(gj,n:r, Sq,nT | D) ZUgoﬁﬁ,j(ﬁz + i’lYO) + ,u?,f[’mdiag(i)l)
=oooll) ;T2 + W1yo) + ®1v] + psll) jdiag(®1) + op(nT)

%0 tr(X]’-MFXkHMFO) + ,ugl:I'Ljdiag(&)l) + 0, (nT).

g

It follows that inT,(jq) - FInT7(jq) = ugﬁijdiag(“i)l)/(nT) + 0,(1). For the other cases where
j<k,gq=k+1,...,k+5, the analysis is identical to that of ¢ = k 4+ 1 case.
Third, consider the case j = ¢ =k + 1. We have,

Var(Sgi1,0r | D) =020/ Tla + U1yo||* + 2u3(Ilz + P1yo) diag(®:)
+ oo tr(@1 D1 + @1 D) + (s — 307)|[diag(®)]%.

And we have the identity that

Hyp i5) :%vec(Xk_H)’(MFO ® Mla)vec(XkH)

=02ol|(Mp, ® M;Bso)(Q-1yo + n—1 + D_1B3jvec(TFy + V) /o3 |?
=0Tz + W1yo + ®1v|?

=0Tl + Wryo||® + 05 v' ) &1 v/ + 200v' @) (Tl + W1yy)

=050z + Uryol|® + oy tr(219)) + 0, (nT).

Combining the above two identities, we can find the leading term of én;ﬂ(jj). The rest of the

results can be verified by similar analysis. [ |

Proof of Lemma C.5: (i) By Lemma D.3 we have Var(Ilj ,v) = 02||Ilitq[* = Op(n)
and Var(v'®s54v) = (s — 302)||diag(Ps1a)||* = Op(n/T?). It follows that I}, ,v/vnT =



O,(T~/2) and v'®5, ,v/v/nT = O,(T~3/?). Hence, one can easily see that

0.2 _ P . _
St (o5t a kit 54b) =y Tagy + Op(T72) = —— tr(D'TEF, Mg, Fy) + Op(T7?)

= %vec(Fé})’(MFo @ I'T)vec(F)) + O,(T~2).

sonT

In addition, we show that the absolute column sums of ¥,,7 44 and Hy,7 44 is op(T_l). There-
fore, we have the spectrum norm bound of their difference. For the estimator ZA?nT7¢¢, we only
need to find the asymptotic orders of % Yo (gig — gigl). The derivation is tedious but
straightforward, and thus are omitted.

(ii) First consider the j < k. Similar to part (i), we have that

YnT, (k+5+a,j) = B H1 Alaya +0p(T™ 3/2)%0 Tvec(X ) (Mp, @ T)vec(EL) + 0,(T~3/?).

Next, consider the case j = k + 1. We have that

T (k4+5+a,5) = %40 (T + Wyyo) Ty + L5 3 diag(®1) Myta + Op(T73/?)

0 (1T + Uryo + ®1v) g + £2diag(®1) Typa + 0p(T71)

N erc(Xj) (Mp, @ D)vec(Fy) + 45 diag(®1) Tata + 0p(T7).

S 2
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The cases j =k +2,...,k + 5 can be similarly studied.
(iii) The proof is identical to that of Lemma C.4. [ |

Proof of Lemma C.6: (i) It suffices to study that terms like = tr[(Mp, ® I, 2)D_1,]. By

Lemma D.4, we have

Ltr[(Mp, @ I)D_1 4] =0p(1), for j =k+1,k+2,k+3
L tr((Mp, ® In)Dy,] =0p(1), for j =k+1,k+3
L tr[(Mp, ® Wa)D_1,y,] =0,(1), for j =k + 1,k +2,k+3,

where 1 = p, Yrr2 = A1, and Y3 = Ag.

(ii) Note that Hyp (k15+ak+5+b) = m tr[Z(6o)' B3y B30Z(60) Prap). We have,

Pray = 3555 w0 =Fo(FeFo) ™ (Ey M, By + FyMp, ) (F§Fo) ™ Fy
— Mp, [Fo(FyFo) L + Fy(FyFy) L E! | Mp,
+ Mg, Fo(FyFo) "L Ey By (FyFo) T F + Fo(FyFo) L FLFo(FyFy) Y FL M,
+ Mg, Fy(FyFo) Y FyE,(FyFo) Y F) + Fo(FyFo) ™ ! Fo(Fy Fo) ™ F) M,

Plugging in the expression of vaab into Hy,p (kt54a,k+5+b) = 2nTa'2 tr[Z (90)’B§03302(00)Ppﬂb],

we obtain the results after some tedious algebra.



(iii) First consider the j < k case. We have,
Hor (k+5+a) = — n%ﬁg tr(X/ T FjPpa) — n%% tr(X;VPp,)
:% tI’(X/FF(;MFO) + Op(n_l/ZT_l)

T12 vec(E!) (Mg, ® IM)vec(X;) + Oy(n~12T-1).

Next consider the cases j = k + 1, we have,

Hyr (jkt51a) = 2 tr[X} BsoZ(60) Pra] + 7 tr[(Pra ® In)D_1]

The analysis is similar to the 7 < k case. However, one difference is that now we need to use
the result _#030 tr( kHVPFa) + 2 tr[(Pra @ I,)D_1] = 0,(T~"). The key point is that
Xk+1 is B3pY_1 which is no longer exogenous. Its mean is %tr[(ljp’a ® I,)D_1], which is
not of small order. But the recentered term can be verified to be small. The same analysis

procedure gives us the result for cases j = k+2,...,k+ 5.

(iv) It suffices to find the exact expression of —n%% tr(X J/»VPF,a):

—ﬁ%tr(X]’-VPF@) = e te[X]V(Mp, Fo(FyFo) ™' Fy + Fo(FgFo) ™' Fy M, )]
= m tr[(FFo) ~ Fy Mp, (X5V + V' X) Fy
= s vecl B[V + VX)) M, © (FyFo) ' vec(£%).
This term is O, (T~ 1), for j =k +1,...,k+3.

(v) Recall Hyr v = Hyr oy — HnT,z/J¢>H T ¢HnT #v, in the inverse of the partitioned H,7:

—1 -1
-l HnT,* HnT*HnT,waﬁHnTW

~Hp ¢¢HnT,¢¢H;:;,* H,r oo T H,r ¢¢HnT,¢>¢HnT HorgoH, b
The key step to establishing the result is to study the second term HnT’¢¢(HnT’¢¢)_1HnT,¢¢,
which involves high-dimensional matrices.

First, consider (H, 7 44) ", we can show that S = [vec(FY),... ,vec(Fr(T_,,)/)] =5, ® L,
where S, = [IT—“O;"X(T .
Using the result Mg, = Mp,Si(S.Mp,S:) 1S, Mp, in Lemma D.5. We can obtain,

)]’, L =lery,...,e1,], and e;, is the jth unit vector of dimension .

| HnTogp — s WToZ, (SMp, S ® LI'T'L) |lgp = 0, (T71).

It follows that ||(H,rge) " — nT02[(S.Mp,Se) ™' @ LIN'T) " L]||sp = 0p(T).

Next, we consider H,,7 4. For its jth row, H,r ;j4, we obtain
|\ Hnrjp — 2 vec(X ) (Mp,S. ® FL)|| = op(T_l/Q), forj=1,....k+ 3;

| Hnr,joll = Op( 71/2)7 for j=k+4,k+5.



Finally, consider H,7 4y. Its jth column has the following property,
Hyrg5 = — T {(SiMp, ® LI")vec(X;) + [S.Mp, ® L(F}Fo) ' Jvec[Fj(X[V + V' X;)]}.

One can verify that
#%VGC(XQ)’[MFO ® F(FT)_I (FéFO)_l]vec[F(’)(X]’.V + V’Xj)]
= oz XD (D) T (EFFo) T R (XY + V/X;)] = 0,(1).
Combine the above results, we have, the (4, q) element of Hy,1 g (Hnt,g¢) ™ HuT o i
nggovec(Xj)'(MFo ® Pp)vec(Xy) + op(1) for j,g < k+3

and is 0,(1) for j,q = k + 4,k + 5. Summing up, we have shown that H,r. = H,r +0,(1). m

Proof of Lemma C.7: We take five steps to establish the result and within each step we
discuss several cases.

(i) First, we consider the term Hy,7 yo(Hnr 66)  Snr.¢p- The leading term of its (4, ¢)th entire
can be summarized as follows:

(i-1) %%vec(X ) (Mg, ® P; )vec( q), for j,q <k+3;

(i-2) - 2 tr(X PrX,Mp,) + nTvec(X ) (Mp, ® Pp)diag(®,) + op(1),

for] <k+3,gq=k+a,a=1,23;

(i-3) vec(X;) (Mg, ® Pr)diag(®,), for j <k+3,q=Fk+a,a=4,5;

(i-4) op(1), for j =k +4,k+5.

To see the results, we take ¢ = k 4 1 in case (i-2) as an example, the leading term of the
(4, q)th entry of Hyrpe(HnT,66) ' Snr,eyp is in this case,

Lvec(X;) (Mg, ® Pp)[Ia + W1yo + pzdiag(®:)]
= ﬁ tr(X;PFXqMFO) + 7’;—§’ﬂvec()i'j)’(MF0 ® Pp)diag(®1) + op(1).

The equality is by the fact that Tvec(X ) (Mp, ® Pr)®1v = 0 and the decomposition of

Y _;. Other cases can be shown similarly.

(ii) Second, we consider the term .7 p¢(Hnr.¢0) ' Hur,pp. Compared to Hyr pe, the (, k +
1 : k + 3) entries of H,7 4y has an additional term, as in Lemma C.6. However, we can
show that these additional term only results in additional o0,(1) terms in the final product

St we(HnTs¢) " HnT, - The leading terms of the (4, ¢)th entry is summarized as:
(ii-1) #%20 tr(X[PpXgMp,), for j,q <k +3;
(ii-2) ﬁo% tr(X; P Xy Mp,) + Evec(X,) (Mp, ® Py)diag(®,),
for,j=k+a,a=1,2,3, ¢ <k+ 3;
(ii-3) “%vec(X ) (Mp, ® Pp)diag(®,), for j =k+a,a=4,5, ¢ < k+3;
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(ii-4) op(1), for ¢ =k + 4,k + 5.
(iii) Third, consider the last term H,,7 ys(Hpr¢p) " Hnr,y. We have already found the leading
term of its (4, ¢)th entry in Lemma C.6, which can be summarized as follows:

(iii-1) ﬁtr(Xj’-PquMFo), for j,q <k +3;

(iii-2) 0p(1), for the other cases.
(iv) Then we derive the summation of three matrices studied in parts (i-iii).

(iv-1) For j,q < k the (j, ¢)th entry has leading term —ﬁago tr(XJ’-PFXqMFO);

(iv-2) For j <k, q=k+a, a =1,2,3, the (j,q)th entry has the leading term

T WTo% tr(X Pr X Mp,) — Tvec(X ) (Mp, ® Pp)diag(®,).

The leading term of (g, j)th entry is identical to the above one.

(iv-3) For j <k, g =k + a, a = 4,5, the (j, ¢)th entry has the leading term
— 3 yec(X;) (Mg, ® Pr)diag(®,).

The leading term of (g, j)th entry is identical to that of the (j, ¢)th entry.
(iv-4) For j = k+ a and ¢ = k + b, where a,b = 1,2, 3, the leading term is

2 tr(X Pr X, Mp,) — Bvec(X;) (Mg, ® Pr)diag(®p) — L vec(X,) (Mg, ® Pr)diag(®,);
(iv-5) For j = k+a and ¢ = k + b, where a,b = 4,5, the terms are op(1).

(v) Finally, we look at the difference between f]nT and X, 7. It suffices to compare the leading
terms as in Lemmas C.4 and C.5.

(v-1) For j < k, the leading term of ¥, .7 is
Z—’iﬁf{’ 10y, for ¢ < k;
Z—%ﬁ’ﬂ’ Hk+a+ “3H’ dlag( o), forg=k+a, a=1,2,3;
%H’ diag(®,), for =k +a, a=4,5.
By Lemma D.5, the above terms can be rewritten as
EignT — #050 tr(Xj’-PlanMFO) +0p(1), for ¢ < k;
qu’”T_W{ﬁ’,o tr(XJ’-PFXqMFO)—g—%ﬂ’l’j(IT®Pf)diag(<I)a)+op(1), for ¢ = k+a,a =1,2,3;
Ejgnr — L5l (It ® Pr)diag(®a) + 0p(1), for g =k +a, a=4,5.
(v-2) Consider cases with j = k + a, and a = 1,2,3. We show the case ¢ = k + 1.

Sjjmr = nT||H2+‘I’1YO|| 2428 (T, + W1 yo) diag(®1)+ “0 tr(‘I’l‘I’lJrq’l‘I")+M\\dlag(‘1’1)”2
= W tr[X;XjMFO] 2“3 2 (Hy+Y1yo) d1ag(<1>1) + #79 tr(®19q) + M |diag(®y)]?
A (X P X M) — 22202 (I + Wryo) (M, ® Pr)diag(®1) + op(1)

v0
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= gt — 020% tr(X/PpX; Mp,) — 23vec(X;) (Mg, ® P;)diag(®1) + op(1).
For other cases we have can follow a similar analysis to show the following results.
For j=k+4+a,q=k+b, a,b <3,
f]jq,nT = YjgnT — Uﬁoﬁ tr(X;PFXjMFO) — S—%vec(Xj)’(Mpo ® Pf)diag(i)b)
—7’;—‘%vec(Xq)’(]WF0 ® Pp)diag(®), + op(1);
Forj=k+4+a,q=k+0b, a <3, and b=14,5,

jgnt = Sjgnr — hFvec(X;) (Mp, ® Py)diag(®s) + op(1).
(v-3) Consider the cases with j = k + 4,k + 5. We can show.

YjgnT = Xjqnr + 0p(1), for ¢ =k + 4,k + 5.

Therefore,we have shown that 3* . = 3,7 + 0,(1). [

Appendix D: Additional Technical Lemmas

Some technical lemmas are given in this appendix, which are used in Appendix C. The
following results are useful in their proofs: D = E?:_OI(J% ® BgBl_Ol) and D_; = E?:_ll(J% ®
Bé_lBl_Ol), where JT = [le(Tfl), 0; IT—17 O(Tfl)xl]; HDHF = O(\/ TLT) and ||D_1”F = O(\/ nT).
Let mat(-) be the reverse operator of vec, that is mat(vec(X;)) = Xj.

Lemma D.1. Suppose Assumptions A-H hold and T//n +n/T? — 0. Then we have
(i) te[XH(V + D) (Mp — Mp,)] = — t2(X] PVMF,) + 0,(vT),
(ii) tr[(Mz ® Ip)D_1] = tr[(Mp, ® Mp)D_1] + op(vnT),
tr[(Mz @ W1)D] = tr[(Mp, ® MW1)D] + op(vVnT)
tI‘[(MF (9 Wg)Dfl] = tr[(MFO (9 MFWQ)Dfl] + Op(\/ TLT)
(iii) tx[(V +TFg) (V+TE) (Mp — Mp,)] = op(v/nT),
a{(V + DR Wa By (V + DR (M — Mg,)] = o0, (V) .
Lemma D.2. Suppose Assumptions A-H hold and T/n +n/T? — 0. Let X1 = B3Y_1,
Xk+2 = BgoW1Y, Xk+3 = BgoWgY,h and Xk+4 = W3B§)1 (FF(; + V) We have,
() 35 Mplyy = MeXp(Fol)T + (PF) X My, forp=1,... .k +4;
(i) % tr[MF(w)D,l(p, AL, )\2)”wo and % tr[Mp(w)WgD,l(p, AL, )\2)]’% are both o,(nT),
forp=1,....k+4;
(iii) 5o tr[Mpy WiD(p, A, A2)]| = (T — 1) te(Wi Big WiBig') + op(nT), for p =k + 2,
and 8%11, tr[Mﬁw)WlD(p, A1, )\2)]’% = op(nT), forp # k+2.
(iv) g9 trWs By (As)]],, = tr(WaB3g WaByy'), for p =k +4 and g5 tx[WsB; ' (Ns)]],, =
0, forp#k+4.

12



Lemma D.3. For a random vector v with i.i.d. zero mean entries, whose third and fourth
moments are denoted as pus and g, we can obtain that
cov(TILv + V' ®,v — 02 t1(®,), IV + v v — 02 tr(Dy))
=02, 1T, + p3 [, diag(®y) + Ijdiag(Py)] + o tr(®a®y + B, Pyp)
+ (114 — 30y9)diag(®,) diag(Ps)
Lemma D.4. Suppose Assumptions A-H hold and T /n +n/T? — 0. We have,
(i) niTtr[(MFO ® In)D_Lw].] = op(1) and niTtr[(MFO ® Wg)]f)_le] = op(1), for j =k +
1,k+2,k+3;
(i) 25 tr[(Mp, ® I)Dy,] = 0p(1), for j =k+1,k+3.
(iii) i tr[(Mp, ® Wi)Dy,] = Z2F te[Wi By Wi Big'] + 0,(1).
Lemma D.5. Suppose Assumptions A-H hold and T /n +n/T? — 0.
(i) My = (It ® Mp)l, =, — (It @ Pp)l,, fora=1,...,4,
Uy, = (It @ Mp) Wy, = Wy, — (I1 @ Pp)Wy, forb=1,2,3, and
®, = (It @ Mp)®, = &, — (It @ Pp)®,, for c=1,2,3;
)P allloo = Op(n 1/2): and
) U«]H_ (\/T/n)J fOTCL:]_,Q,?);
(iii) TI,I1, =TT, 1T, — TT,(Ir @ Pp)T,,
I, diag(®,) = I, diag(®y) — I, (Ir ® Pp)diag(®y) + op(nT), and
diag(®,)'diag(®p) = diag(®,) diag(®y) + 0p(nT); tr(Pa®y) = tr(®,Pp) + 0p(nT);

(ii) |aiag|(Ir © B
|diag|[(Ir ® P;

2~ o~ . .
(iv) %H’Ljﬂm = ﬁﬂﬁo tr(X§MquMFO), for j,q <k,
2 - - ~ . .
%Hll,j(]:[a-‘rl + ‘I’a}’()) = ﬁ tr(X‘;'MI"Xk-‘r(zMFo) + Op(1)7 fOT’j S ka a = 17 27 37
2~ - - - o ~ - . .
#jg(anrl -+ \I/byo)/(Ha-I—l + \I/ayo) + nng tI‘((I)g(I)IJ = nTngo tr(X]é_,'_aMf‘XkerMFO) + Op(l),
fora,b=1,2,3;

(v) Let 4y, be defined as in Section 6. We have [yq1, ..., Hapy ] = U%(MFOS* ®IL). In
v0
addition, we have Mg, = Mp,Si(S.Mp,S,) 1S, M, .

Proofs of Lemmas D1-D5

Proof of Lemma D.1: (i) First, we study tr[XJ’-f‘FO’(MF — MF,)], and tr[X}V(MF — Mpg,)].
(i-1) Consider the first term. The decomposition of Mz — Mg, in Lemma C.1 leads to

e[ XD (M — Mp,)] = te(XTRM) ) + (X TR M) ) —i—tr(X’FFOM(Tem))’

where the first term tr(XJ’.f‘F(’)Mgl) =— tr(X}PFVMFO), and the third term tr(X]’TFéMgzm)) =
Oy (n/VT) = op(VaT).
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2) (2))

For the second term, plugging the expression of M
we obtain tr(X FFOM( )) A=Ay + Ay + As, Where

, given in Lemma C.1 into tr(X TF,M

Ay = tr[X; Mpo V! (FoI) TV (FoI) TR
Ay = tr[X; MpoV' MpV (L F) T (FoI") T Fpl);
Az = tr[X;(TF) VMg,V (FoI") T FpI].
For A1, we have by Cauchy-Schwarz inequality,
A1 = [t X Mpo VT (DT~ (Fy o)~ Fg VT (D) ]|

F’XM
< VTl VT (O 12 ) (572~ L2 — 0, (/).

For As, we have,
As = tr[X; Mpo V' MV (T F)) T (Fol) FpI]
= tr[X; Mpo V' MpV (D F)T]
= t1[X; Mpo V'V(TF))T] — tr[X; Mpo V' PRV (T F)) )
= tr[X; Mpo (V'V — noyIr)(DFY) T + 0,(VT) = O,(T/n + VT).
The fourth equality used the fact that Mg, (I"FO’)T = 0. Applying Cauchy-Schwarz inequality

on tr(X;MpoV' P.V(I'F})) shows that it is O,(v/T). The last equality used the assumption
that |V'V/n —o2)Ir||sp = Op(T/n) and the inequality ||AB|| < ||Allsp| Bl r. For As, we have,

Az = tr[X;(DF)) VMg,V (Fol') FpT]
= tr[X; (D F)'VV' Ps] — tr[ X; (D FY) 'V PR, V' P
= te[X; (P F)'VV Bi] 4 O,(1).
It follows that Az = tr[X;(I'F}) VV' Py + o,(v/nT),

(i-2) Consider the second term tr[X]’-V(MF — Mp,)]. Again we use result in Lemma C.1 to
split it into three terms. For the first term tr(X VM 1(3“11)’ we have

tr XMV = — 0 XMy, V' (Fol”) V) — e[ X (D F)) VM, V]
= — tr[X;(TF})VV'] + 0,(VnT).

For the last two terms we have tr[X]/»V(MZ(;l + MJ(;im))] = op(vVnT).
Combining the leading terms of (i-1) and (i-2), we have

tr[ X; (T EF) VWV M) = tr[ X, (DF)T(VV' — To?1,) My = O,(T/n).

Summing up the terms, we have tr[Xj( T F+V)(Mp — Mg,)] = tr(XJ’-PFVMFO) + op(vVnT).
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(ii) Recall that D_; = Z]T;II(J% ® B) ' Byg). We can write
tr(MzD_y) = YT tr(MpJ3 @ B) ' B
=tr(Mp,D_1) + Y1 tr[(Mz — Mg,)J3 @ By~ By
=tr(Mp,D_1) + A1 + Ay + A3,
where |[Mz — Mp,||sp = 0p(1) and
Ay =T (M) oo B B = S (MY ) (BT B,
_ 2) 7j j—1 p— - 2) i —lp—
Ay =310 tr(M;;J; ©B) 'By) =1} tr(Mé’lJ%) tr(B) 1By,
Ay =y 1 tr(Mg e By Br) = Y tr(Mg ) (B By

We have | tr(B] " Biy)| < 1B} 2Byt 1Boll < Co/l|Buoll - 1Bl = 970, (n). Now,

te (MY 7)) = — e[ Mg, V' (FoT) 3] — [ (P F) TV Mg, J3] = O,(1/ V),

X))
uniformly over j. Summing up, we have A; = o,(vnT’). By similar arguments, we can show
Ay + Az = 0,(VnT). We can also show that tr[(Mg, ® Pr)D_1] = op(vnT'). Therefore, we
have tr(MzD_1) = tr[(Mp, ® M;)D_1] + 0,(vVnT'). The analysis of the other two terms are

symmetric and are therefore omitted.
(iii) We prove the first result. Again we use the result in Lemma C.1 to obtain
tr[(V+TE) (V+TE) (Mg — Mg,)] = A1 + Az + As,
where A; = tr[(V +TF}) (V + FF(S)MSZ)], Ay = tr[(V+TF)) (V + FF(’))M;%)}], and
A = te[(V + TF) (V + TF) M <™). We show that
A= —2 tr[(V + f‘Fé)IVMFOV/(Fof)T]
= — 2tr[V'VMp VT (I'T) N (F{F) " F)] — 2tr(PrVMg, V')
= Op(vn +T/n) = op(VnT);
Ay = — tr[V/VMFOV/F(F/F)il(FéFo)fl(f/f)flf/VMFO]
+ 2tr[(V 4 TE) VMg, V(Fo IV (FpI))
— 2tr[(V + D) VMg, V MV Fo (FyFo) ™ (D) N (B Fo) ~HFY)
+ tr(PrVMp, V') 4 2 tr[ V(T F)) 'V Mg, V! Py + te[V/'V(Fp ) 'V Mg, V(T )]
= 0p(VnT);

and Az = o,(v/nT'). The first result thus follows. The second result is proved similarly. =

Proof of Lemma D.2: (i) Note that the columns of F'(¢) are the first r eigenvectors of

S(0) = [Bs(As)mat(Z(0))]'[Bs(As)mat(Z(0))].
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We obtain,

By(a)mat(Z(0)) = PF; +V = X (8, = 810)X; — (p— po) X
— 301 (g = Njo) Xkg14e — (A3 — Aso) [mat (Z(0)) — mat(Z(6p))]

=TF)+V+A(0),
with [[mat(Z(8)) —mat(Z(60)) |lsp < 16— 60| Op(viT), and [ A(6) lsp = [|6—bo]|Op(v/nT). For
small enough 6 — 6y, we have,

S(0) =FI'TF, + RI'V + VT F) + V'V

+ FlVA(0) + A'(O)TE, + A (0)V + V'A(9) + A'(0)A(6).

The leading term of S(0) is FyI'I'Ey, which is low rank and O,(NT) non-zero eigenvalues

values. The remainder terms are of smaller order in terms of spectrum norm. One can use

the perturbation theory to show the desired results.

(i) Note M Do1(p, Ar, A2) = 572 M J4 @ B (pA1, do) By (A1), then we have
g Mg D1 (o, A1, M), Dy a1 tr[M J] Jte[B7 (p, A1, A2) By (A,
- Z;F:ll %tr(M ‘w tr(B) ' Byy)
+Z]T:_11 tr( F(w )J]) T[Bjil(py )\la)\2)B1_1()\1)H¢0
= A+ B.

For term A, we derive the case for p = 1,,k + 3, we have,

4 tI‘(MF

Eom T gy = = tr[ Mg, X (FOL") 1] — tr[(DFg)T Xp Mg, 7] = Op(1)

(%)

uniformly over j, and ]tr(Bé_lBl_()l)\ < PPOp(n). Tt follows that A = Op(n). For term B, first
note that B=0forp=1,...,kand p=k+4. For p=k+ 1,k + 2, andk + 3, we can show
that 59— [~ (p, A, A2) By (M)]] ,, = P Op(n). For tr(M.J7.), we have,

(M J7)| = [tx(Ppi)| < | F'JRE|| - |(F'E) ™| = Op(1), for any j > 0.
The first equality is by the fact that tr(J%) = 0. Hence, we can conclude that B = O,(n).
(iii) Recall the representation of D(p, A1, A2) given at the beginning of Appendix D. We have,

My WD (. At Aa)] = 5750 (M J) Wi B (0, A, o) By ()]
= (T — ) el W B ()] + S5 (M) J) bW BT (0, Ay, M) By (M)

The analysis of the second term is similar to part (ii). For the first term is a function of \;

only and its derivative equals (T — r) tr[Wi By (A1) Wi By (A1) [
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Proof of Lemma D.3: This lemma can be proved by direct derivation. [ |
Proof of Lemma D.4: The proof is similar to the proof of Lemma D.2. [ |

Proof of Lemma D.5: (i) The results can be verified by direct calculation.

(ii) We take diag|(/7 ® P;)®1] as an example. We have,

(Mp, ® PrBs3p)D_1Bj3, /o2

0 0 e 0 0
Bsyg 0 e 0 0

:o.éo (MFO ® PI‘) BgOBO BSO tee 0 0 (IT ® Bileijl)InT
33065_2 B3OBE’;_3 e BSD 0

Its jth diagonal elements can be thought of product of jth row of Mg, ® P}, the middle part
matrix and jth column of I,,7. Rows of Mp, ® P}, are uniformly Op(n_l/ 2) in Euclidean norm
and each column of I, is a unit vector. The middle part matrix is of spectrum norm Op(1).
It follows that the diagonal elements are uniformly O,(n=/2).

(iii) The results can be verified easily. The derivation is similar to that of part (ii).

(iv) The first two results can be verified easily. We prove the third result. Note that

(Mg, ® MF)vec(XkJra)/ago = ﬁ1+a + U,yo + ®,v. We can show

1 . .
nTo2, tr[Xl/c+aMf‘Xk+bMFo]

2 ~ ~ ~ ~ 2 ~ o~ 2 ~ ~ ~
=220 (Iy11 + Woyo) (as1 + Yayo) + 22V P, P,V + 780 (Ipyq + Vpyo) Pav

2 ~ ~ ~
+ 28 (Ia41 + Yayo) Bpv
0.2 ~ ~ ~ ~ 0_2 ~ o~
=2 (Up1 + Wpyo) (Hatr + Wayo) + V'O 2pv + 0p(1).
2 ~ ~ 4 ~ o~
Z0v' P! Oyv = 740 tr[®) ®;). Hence, the desired result follows.

(v) The first result follows from II44 s = U%%O(M 7 @ D)vec(FY).

One can verify that

Consider the second result. Recall that S, = [Ip—,, O(T,T)X,,]’ . Write Mg, as a partitioned
matrix Mg, = [My, Mi2; Moy, M|, where M is (T'—r) x (T' —r) and My is r x . We have
that S.Mp,S. = My and Mp,S, = [M], M4;]. Tt follows that Mp,S.(S.Mp,S.)  SL Mg, =
[Ml,Mu;Mgl,MglMl_lMlg]. Then, it suffices to show M21M1_1M12 = Ms.

As Fy = [F*,1,]', one can easily see that My = I7_, — F*(I, + F*F*)"LF* My = M}, =
—(I + FYF*)"'F* My = I, — (I, + F*F*)~!, and M; ' = Ip_, + F*F*. Tt follows that

M21M1_1M12 _ (Ir + F*/F*)le*/(IT_T + F*F*I)F*(Ir + F*IF*)fl
— (Ir +F*/F*)_1F*/F* — Ir _ (Ir +F*/F*)—1 — M2
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