
Supplementary Material

for “Dynamic Spatial Panel Data Models with Interactive Fixed Effects:

M-Estimation and Inference under Fixed or Relatively Small T”

The Supplementary Material contains two additional appendices, C and D, where Ap-

pendix C contains Lemmas C1-C7 for the proofs of Corollaries 3.1 and 3.2, and Appendix D

contains additional technical Lemmas D1-D5 for the results in Appendix C.

Appendix C: Asymptotic Analysis with Relatively Large T

Recall ‖ · ‖sp, the spectrum norm of a matrix. Let Ẋj = B30Xj , for j = 1, . . . , k, Ẋk+1 =

B30Y−1, Ẋk+2 = B30W1Y , Ẋk+3 = B30W2Y−1, and Γ̇ = B30Γ0. Denote F̃ = F̂ (ψ0).

Lemma C.1. Suppose Assumptions A-H hold and T/n + n/T 2 → 0. Define the pseudo-

inverses
(
Γ̇F ′0

)†
= F0

(
F ′0F0

)−1(
Γ̇′Γ̇
)−1

Γ̇′ and
(
F0Γ̇′

)†
= Γ̇

(
Γ̇′Γ̇
)−1(

F ′0F0

)−1
F ′0. The following

expansion holds for the projection matrix MF̃ :

MF̃ = MF0 +M
(1)

F̃ ,v
+M

(2)

F̃ ,v
+M

(rem)

F̃
,

where the last three T × T matrices are M
(1)

F̃ ,v
= −MF0V′

(
F0Γ̇′

)† − (Γ̇F ′0)†VMF0,

M
(2)

F̃ ,v
= MF0V′

(
F0Γ̇′

)†V′(F0Γ̇′
)†

+
(
Γ̇F ′0

)†V(Γ̇F ′0)†VMF0 −MF0V′MΓ̇V
(
Γ̇F ′0

)†(
F0Γ̇′

)†
−
(
Γ̇F ′0

)†(
F0Γ̇′

)†V′MΓ̇VMF0 −MF0V′
(
F0Γ̇′

)†(
Γ̇F ′0

)†VMF0 +
(
Γ̇F ′0

)†VMF0V′
(
F0Γ̇′

)†
,

and ‖M (rem)

F̃
‖sp = Op(T

−3/2), which is the remainder term.

Lemma C.2. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. The concentrated AQS

vector (3.27) has the expansion S̃∗nT (ψ0)= S̃nT +op(
√
nT ). The leading term S̃nT has elements:

S̃j,nT = 1
σ2
v0

tr(ẊjMF0V′MΓ̇), for j = 1, . . . , k,

S̃k+1,nT = 1
σ2
v0

tr(Ẋk+1MF0V′MΓ̇)− tr[(MF0 ⊗MΓ̇)D−1],

S̃k+2,nT = 1
σ2
v0

tr(Ẋk+2MF0V′MΓ̇)− tr[(MF0 ⊗MΓ̇W1)D],

S̃k+3,nT = 1
σ2
v0

tr(Ẋk+3MF0V′MΓ̇)− tr[(MF0 ⊗MΓ̇W2)D−1],

S̃k+4,nT = 1
σ2
v0

tr(W3B
−1
30 VMF0V′)− (T − r)tr(W3B

−1
30 ),

S̃k+5,nT = 1
2σ4
v0

tr(VMF0V′)−
n(T−r)

2σ2
v0

.

In addition, we have E(S̃j,nT ) = 0 for all j = 1, . . . , k + 5.

Next lemma studies the properties of the derivative of the concentrated AQS function.
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Lemma C.3. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. We have,

− 1
nT

∂S̃∗nT (ψ)
∂ψ′ |ψ0= H̃nT + op(1).

The leading term H̃nT has elements H̃nT,(j,q), j, q = 1, 2, . . . ,dim(ψ):

(i) H̃nT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jMΓ̇ẊqMF0)−1{j = q = k+2}· T−rnT tr(W1B

−1
10 W1B

−1
10 ), j ≤ k+3,

q ≤ k + 3; H̃nT,(j,q) = op(1), q = k + 4, k + 5;

(ii) H̃nT,(j,q) = 1
n tr(B−1′

30 W ′3W3B
−1
30 −W3B

−1
30 W3B

−1
30 ), j = k + 4, q = k + 4;

(iii) H̃nT,(j,q) = 1
2σ4
v0

+ op(1), j = k + 5, q = k + 5; H̃nT,(j,q) = op(1), j = k + 5, q 6= k + 5.

Next lemma studies the variance matrix of S̃nT , for which we write

S̃nT =



Π̃′1v

v′Ψ̃1y0 + v′Φ̃1v + Π̃′2v − σ2
v0 tr(Φ̃1)

v′Ψ̃2y0 + v′Φ̃2v + Π̃′3v − σ2
v0 tr(Φ̃2)

v′Ψ̃3y0 + v′Φ̃3v + Π̃′4v − σ2
v0 tr(Φ̃3)

v′Φ4v − σ2
v0 tr(Φ4)

v′Φ5v − σ2
v0 tr(Φ5)

where Ψ̃1 = 1
σ2
v0

(MF0 ⊗MΓ̇B30)Q−1, Ψ̃2 = 1
σ2
v0

(MF0 ⊗MΓ̇B30W1)Q,

Ψ̃3 = 1
σ2
v0

(MF0 ⊗MΓ̇B30W2)Q−1, Π̃1 = 1
σ2
v0

(MF0 ⊗MΓ̇)X,

Π̃2 = 1
σ2
v0

(MF0 ⊗MΓ̇B30)[η−1 + D−1vec(Γ0F
′
0)],

Π̃3 = 1
σ2
v0

(MF0 ⊗MΓ̇B30W1)[η + Dvec(Γ0F
′
0)],

Π̃4 = 1
σ2
v0

(MF0 ⊗MΓ̇B30W2)[η−1 + D−1vec(Γ0F
′
0)],

Φ̃1 = 1
σ2
v0

(MF0 ⊗MΓ̇B30)D−1B
−1
30 , Φ̃2 = 1

σ2
v0

(MF0 ⊗MΓ̇B30W1)DB−1
30 ,

Φ̃3 = 1
σ2
v0

(MF0 ⊗MΓ̇B30W2)D−1B
−1
30 , Φ4 = 1

σ2
v0

(MF0 ⊗W3B
−1
30 ), Φ5 = 1

2σ4
v0

(MF0 ⊗ In).

Lemma C.4. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. Denote the variance of

S̃nT /
√
nT conditional on D as Σ̃nT . We have Σ̃nT = H̃nT + Ξ̃nT + op(1). All three matrices

are symmetric. The upper triangular part of Ξ̃nT has (j, q)-entries:

Ξ̃nT,(1:k,1:k) = 0; Ξ̃nT,(1:k,q) = µ3

nT Π̃′1,jdiag(Φ̃a), q = k + a and a = 1, . . . , 5;

Ξ̃nT,(k+1,k+1) = 2µ3

nT (Π̃2 + Ψ̃1y0)′diag(Φ̃1) +
σ4
v0
nT tr(Φ̃1Φ̃1) +

(µ4−3σ4
v0)

nT ‖diag(Φ̃1)‖2;

Ξ̃nT,(k+1,k+2) = µ3

nT (Π̃2 + Ψ̃1y0)′diag(Φ̃2) + µ3

nT (Π̃3 + Ψ̃2y0)′diag(Φ̃1)

+
σ4
v0
nT tr(Φ̃1Φ̃2) +

(µ4−3σ4
v0)

nT diag(Φ̃1)′diag(Φ̃2);

Ξ̃nT,(k+1,k+3) = µ3

nT (Π̃3 + Ψ̃2y0)′diag(Φ̃3) + µ3

nT (Π̃4 + Ψ̃3y0)′diag(Φ̃2) +
σ4
v0
nT tr(Φ̃2Φ̃3)

+
(µ4−3σ4

v0)
nT diag(Φ̃2)′diag(Φ̃3);

Ξ̃nT,(k+1,k+4) = µ3

nT (Π̃2+Ψ̃1y0)′diag(Φ4)+
σ4
v0
nT tr(Φ̃1Φ4+Φ̃1Φ′4)+

(µ4−3σ4
v0)

nT diag(Φ̃1)′diag(Φ4);
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Ξ̃nT,(k+1,k+5) = µ3

nT (Π̃2+Ψ̃1y0)′diag(Φ5)+
σ4
v0
nT tr(Φ̃1Φ5+Φ̃1Φ′5)+

(µ4−3σ4
v0)

nT diag(Φ̃1)′diag(Φ5);

Ξ̃nT,(k+2,k+2) = nT
2µ3

(Π̃3 + Ψ̃2y0)′diag(Φ̃2) + nT
σ4
v0

tr(Φ̃2Φ̃2) + nT
(µ4−3σ4

v0)
‖diag(Φ̃2)‖2;

Ξ̃nT,(k+2,k+3) = µ3

nT (Π̃3 + Ψ̃2y0)′diag(Φ̃3) + µ3

nT (Π̃4 + Ψ̃3y0)′diag(Φ̃2) +
σ4
v0
nT tr(Φ̃2Φ̃3)

+
(µ4−3σ4

v0)
nT diag(Φ̃2)′diag(Φ̃3);

Ξ̃nT,(k+2,k+4) = µ3

nT (Π̃4+Ψ̃3y0)′diag(Φ4)+
σ4
v0
nT tr(Φ̃3Φ4+Φ̃3Φ′4)+

(µ4−3σ4
v0)

nT diag(Φ̃3)′diag(Φ4);

Ξ̃nT,(k+2,k+5) = µ3

nT (Π̃4+Ψ̃3y0)′diag(Φ5)+
σ4
v0
nT tr(Φ̃3Φ5+Φ̃3Φ′5)+

(µ4−3σ4
v0)

nT diag(Φ̃3)′diag(Φ5);

Ξ̃nT,(k+3,k+3) = 2µ3

nT (Π̃4 + Ψ̃3y0)′diag(Φ̃3) +
σ4
v0
nT tr(Φ̃3Φ̃3) +

(µ4−3σ4
v0)

nT ‖diag(Φ̃3)‖2;

Ξ̃nT,(k+3,k+4) = µ3

nT (Π̃4+Ψ̃3y0)′diag(Φ4)+
σ4
v0
nT tr(Φ̃3Φ4+Φ̃3Φ′4)+

(µ4−3σ4
v0)

nT diag(Φ̃3)′diag(Φ4);

Ξ̃nT,(k+3,k+5) = µ3

nT (Π̃4+Ψ̃3y0)′diag(Φ5)+
σ4
v0
nT tr(Φ̃3Φ5+Φ̃3Φ′5)+

(µ4−3σ4
v0)

nT diag(Φ̃3)′diag(Φ5);

Ξ̃nT,(k+4,k+4) = 1
nT tr(Φ4Φ′4) +

(µ4−3σ4
v0)

nT ‖diag(Φ4)‖2;

Ξ̃nT,(k+4,k+5) =
σ4
v0
nT tr(Φ4Φ5 + Φ4Φ′5) +

(µ4−3σ4
v0)

nT diag(Φ4)′diag(Φ5);

Ξ̃nT,(k+5,k+5) =
(µ4−3σ4

v0)
nT ‖diag(Φ5)‖2.

In Section 3.4, we propose an estimate for ΣnT (ψ0), the VC matrix of of the AQS funtion

S∗nT (ψ0). In the following, we use ΣnT = ΣnT (ψ0) for notation simplicity. Next Lemma finds

the asymptotic leading term of ΣnT .

Lemma C.5. Suppose Assumptions A-H hold. Then, as T/n+ n/T 2 → 0, we have,

(i) ΣnT,(k+a,k+b)) = 1
nTσ2

v0
vec(Ḟ ′a)

′(MF0 ⊗ Γ̇′Γ̇)vec(Ḟ ′b) +Op(T
−2), for a, b = 1, . . . , kφ,

‖ΣnT,φφ −HnT,φφ‖sp = op(T
−1), and ‖Σ̂nT,φφ − ΣnT,φφ‖sp = op(T

−1).

(ii) Σ̂nT,(k+5+a,j) − ΣnT,(k+5+a,j) = op(T
−1) uniformly, j ≤ k + 5, a = 1, . . . , kφ;

ΣnT,(k+5+a,j) = 1
σ2
v0nT

vec(Ẋj)
′(MF0 ⊗ Γ̇)vec(Ḟ ′a) + op(T

−1), j = 1, . . . , k;

ΣnT,(k+5+a,j) = 1
σ2
v0nT

vec(Ẋj)
′(MF0 ⊗ Γ̇)vec(Ḟ ′a) + µ3

nT diag(Φj−k)
′Π4+a + op(T

−1),

j = k + 1, . . . , k + 3;

ΣnT,(k+5+a,j) = µ3

nT diag(Φj−k)
′Π4+a + op(T

−1), j = k + 4, k + 5;

(iii) ΣnT,ψψ = HnT,ψψ + ΞnT , where Ξ is the same as Ξ̃ with quantities Π̃a’s, Ψ̃b’s and Φ̃c’s

replaced by Πa’s, Ψb’s and Φc’s.

For the next lemma, we derive detailed expressions of the elements HnT,(j,q) of HnT .

For j = 1, . . . , k,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0), q ≤ k + 3,
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HnT,(j,q) = 1
nTσ2

v0
tr[X ′j(B

′
30W3 +W ′3B30)Z(θ0)MF0 ], q = k + 4,

HnT,(j,q) = 1
nTσ4

v0
tr[Ẋ ′jB30Z(θ0)MF0 ], q = k + 45,

HnT,(j,q) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,a], q = k + 6, . . . , k + 5 + kφ,

For j = k + 1,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0), q ≤ k,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0)− 1

nT tr[(MF0 ⊗ In)Ḋ−1,ψq ], q = k + 1, k + 2, k + 3

HnT,(j,q) = 1
nTσ2

v0
tr[Y ′−1(B′30W3 +W ′3B30)Z(θ0)MF0 ], q = k + 4,

HnT,(j,q) = 1
nTσ4

v0
tr[Ẋ ′jB30Z(θ0)MF0 ], q = k + 5,

HnT,(j,q) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,s]− 1

nT tr[(ṖF,s ⊗ In)D−1], q = k + 6, . . . , k + 5 + kφ.

For j = k + 2,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0), q ≤ k,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0)− 1

nT tr[(MF0 ⊗W1)Ḋψq ], q = k + 1, k + 2, k + 3

HnT,(j,q) = 1
nTσ2

v0
tr[YW ′1(B′30W3 +W3B30)Z(θ0)MF0 ], q = k + 4,

HnT,(j,q) = 1
nTσ4

v0
tr[Ẋ ′jB30Z(θ0)MF0 ], q = k + 5,

HnT,(j,q) = 1
nTσ2

v0
tr[Y ′W ′1B

′
30B30Z(θ0)ṖF,s]− 1

nT tr[(ṖF,s⊗W1)D], q = k+6, . . . , k+5+kφ.

For j = k + 3,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0), q ≤ k,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0)− 1

nT tr[(MF0 ⊗W2)Ḋ−1,ρ], q = k + 1,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0)− 1

nT tr[(MF0 ⊗W2)Ḋ−1,λ1 ], q = k + 2,

HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0)− 1

nT tr[(MF0 ⊗W2)Ḋ−1,λ2 ], q = k + 3,

HnT,(j,q) = 1
nTσ2

v0
tr[Y ′−1W

′
2(B′30W3 +W ′3B30)Z(θ0)MF0 ], q = k + 4,

HnT,(j,q) = 1
nTσ4

v0
tr[Ẋ ′jB30Z(θ0)MF0 ], q = k + 5,

HnT,(j,q) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,s]− 1

nT tr[(ṖF,s ⊗W2)D−1], q = k + 6, . . . , k + 5 + kφ.

For j = k + 4.

HnT,(j,q) = 1
nTσ2

v0
tr[X ′j(B

′
30W3 +W ′3B30)Z(θ0)MF0 ], q ≤ k,

HnT,(j,q) = 1
nTσ2

v0
tr[Y ′−1(B′30W3 +W ′3B30)Z(θ0)MF0 ], q = k + 1,

HnT,(j,q) = 1
nTσ2

v0
tr[YW ′1(B′30W3 +W3B30)Z(θ0)MF0 ], q = k + 2,

HnT,(j,q) = 1
nTσ2

v0
tr[Y ′−1W

′
2(B′30W3 +W ′3B30)Z(θ0)MF0 ], q = k + 3,

HnT,(j,q) = 1
nTσ2

v0
tr[Z(θ0)′W ′3W3Z(θ0)MF0 ], q = k + 4,

HnT,(j,q) = 1
nTσ4

v0
tr[Z(θ0)′B′30W3Z(θ0)MF0 ] + (T−r)

nT tr[W3B
−1
30 W3B

−1
30 ], q = k + 5,

HnT,(j,q) = 1
nTσ2

v0
tr[Z(θ0)′B′30W3Z(θ0)ṖF,s], q = k + 6, . . . , k + 5 + kφ.

For j = k + 5,

HnT,(j,q) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,s], q ≤ k + 3,

HnT,(j,q) = 1
nTσ4

v0
tr[Z(θ0)′B′30B30Z(θ0)MF0 ]− T−r

2Tσ2
v0
, q = k + 4,

HnT,(j,q) = op(1), q = k + 5, . . . , k + 5 + kφ.
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For j = k + 5 + s,

HnT,(j,q) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,s], q ≤ k + 3,

HnT,(j,q) = 1
nTσ2

v0
tr[Z(θ0)′B′30W3Z(θ0)ṖF,s], q = k + 4,

HnT,(j,q) = op(1), q ≤ k + 5,

HnT,(j,q) = 1
2nTσ2

v0
tr[Z(θ0)′B′30B30Z(θ0)P̈F,sq].

Lemma C.6. Suppose Assumptions A-H hold. Then, as T/n+ n/T 2 → 0, we have,

(i) HnT,(j,q) = 1
nTσ2

v0
tr(Ẋ ′jẊqMF0) + op(1), j, q ≤ k + 3 except j = q = k + 2;

HnT,(k+2,k+2) = 1
nTσ2

v0
tr(Ẋ ′jẊjMF0) + T−r

nT tr(W1B
−1
10 W1B

−1
10 ) + op(1), ;

HnT,(k+4,k+4) = 1
n tr(B−1′

30 W ′3W3B
−1
30 +W3B

−1
30 W3B

−1
30 ) + op(1);

HnT,(k+5,k+5) = 1
2σ2
v0

+ op(1); HnT,(jq) = op(1), for other cases with j, q ≤ k + 5.

(ii) HnT,(k+5+a,k+5+b) = 1
nTσ2

v0
vec(Ḟ ′a)

′(MF0 ⊗ Γ̇′Γ̇)vec(Ḟ ′b) + op(T
−1), a, b = 1, . . . , kφ.

(iii) HnT,(j,k+5+a) = 1
nTσ2

v0
tr(Ẋ ′jΓ̇Ḟ

′
aMF0) + op(T

−1), j ≤ k + 3;

HnT,(j,k+5+a) = op(T
−1), j = k + 4, k + 5, a = 1, . . . , kφ.

(iv) HnT,(k+5+a,q) = 1
nTσ2

v0
tr(Ẋ ′qΓ̇Ḟ

′
aMF0) + op(T

−1), q ≤ k + 3;

HnT,(k+5+a,q) = op(T
−1), q = k + 4, k + 5, a = 1 . . . , kφ.

(v) H∗,nT = H̃nT + op(1) and H−1
nT,φφ exists with a leading term stated in the proof.

The next Lemma calculates the matrix [H−1
nTΣnTH

−1′
nT ]ψψ. Recall the partition matrix

expression of H−1
nT and write ΣnT = [ΣnT,ψψ,ΣnT,ψφ; ΣnT,φψ,ΣnT,φφ]. We can verify that

[H−1
nTΣnTH

′−1
nT ]ψψ = H−1

∗,nTΣ∗nTH
−1
∗,nT ,

where Σ∗nT = ΣnT,ψψ −HnT,ψφH
−1
nT,φφΣnT,φψ − ΣnT,ψφH

−1
nT,φφHnT,φψ +HnT,ψφH

−1
nT,φφHnT,φψ.

Lemma C.7. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. We have Σ∗nT = Σ̃nT +

op(1) and H−1
∗,nTΣ∗nTH

−1
∗,nT − H̃

−1
nT Σ̃nT H̃

−1
nT = op(1).

Proofs of Lemmas C1-C7

Proof of Lemma C.1: This Lemma is a special case of Lemma S2 of Moon and Weidner

(2015). Note that F̃ contains the first r eigenvectors of

(ΓF ′0 +B−1
30 V)′B′30B30(ΓF ′0 +B−1

30 V) = F0Γ̇′Γ̇F ′0 + F0Γ̇′V + V′Γ̇F ′0 + V′V.

The first term is of rank r and its nonzero r eigenvalues are Op(
√
nT ). The remaining terms

are of smaller order in terms of spectrum norm. We can apply the perturbation theory as in

Kato (2013) to obtain this expansion. �
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Proof of Lemma C.2: First, consider the cases of j ≤ k+ 3. Using the identity B30Z(θ0) =

Γ̇F ′0 + V and the fact that MF0F0 = 0, we have

tr[Ẋ ′jB30Z(θ0)MF̃ ] = tr(Ẋ ′jVMF0) + tr[Ẋ ′j(V + Γ̇F ′0)(MF̃ −MF0)].

By Lemma D.1 (i-ii), we can readily show that Spj,nT (ψ0) = S̃j,nT + op(
√
nT ), for j ≤ k + 3.

Second, consider the cases of j = k + 4, k + 5. We have,

S̃∗k+4,nT (ψ0) = 1
σ2
v0

tr[(Γ̇F ′0 + V)′W3B
−1
30 (Γ̇F ′0 + V)MF̃ ]− (T − r) tr(W3B

−1
30 )

= 1
σ2
v0

tr(V′W3B
−1
30 VMF0)− (T − r) tr(W3B

−1
30 )

+ 1
σ2
v0

tr[[(Γ̇F ′0 + V)′W3B
−1
30 [(Γ̇F ′0 + V)(MF̃ −MF0)].

Lemma D.1 (iii) has shown that the last term is op(
√
nT ).

To show E(S̃j,nT ) = 0, one can follow an analysis similar to the proof of Theorem 3.1. �

Proof of Lemma C.3: (i) There are three sub-cases: (i-a) j ≤ k and q ≤ k + 3; (i-b) j ≤ k

and q ≤ k + 4, . . . , k + 5; and (i-c) j = k + 1, . . . , k + 3.

First, consider the cases (i-a) and (i-b). We have − ∂
∂ψq

S̃∗j,nT (ψ)|ψ0 =
1
σ2
v0

tr(Ẋ ′jẊqMF̃ )− 1
σ2
v0

tr[Ẋ ′j(Γ̇F
′
0 + V) ∂

∂ψq
MF̂ (ψ)|ψ0 ],

1
σ2
v0

tr{Ẋ ′j [W ′3B
−1
30 + (B−1

30 )′W3](Γ̇F ′0 + V)MF̃ } −
1
σ2
v0

tr[Ẋ ′j(Γ̇F
′
0 + V) ∂

∂λ3
MF̂ (ψ)|ψ0 ],

1
σ4
v0

tr[Ẋ ′j(Γ̇F
′
0 + V)MF̃ ].

By Lemma D.2, we can readily show 1
nTσ2

v0
tr(Ẋ ′jẊqMF̃ ) = 1

nTσ2
v0

tr(Ẋ ′jẊqMF0) + op(1) and

1
nTσ2

v0
tr[Ẋ ′j(Γ̇F

′
0 + V) ∂

∂ψq
MF̂ (ψ)|ψ0 ] = 1

nTσ2
v0

tr(Ẋ ′jPΓ̇ẊqMF0) + op(1).

It follows that − 1
nT

∂
∂ψq

S̃∗j,nT (ψ)|ψ0 = 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0) + op(1). For the case q = k + 4

and k + 5, we can show it is op(1).

Next, consider the case (i-c). For j = k + 1, . . . , k + 3, derivatives of Spj,nT (ψ) can be

similarly studied. In addition, we need to consider terms like ∂
∂βq

tr[MF̂ (ψ)W1D(ρ, λ1, λ2)]|ψ0 .

Lemma D.2 has found the asymptotic leading terms. Some algebra leads to the desired results.

(ii) For the case j = k + 4 and q ≤ k + 3, we have

− 1
nT

∂S̃∗j,nT (ψ)

∂ψq
|ψ0= 1

nTσ2
v0

tr[Ẋ ′q(W3B
−1
30 + (B′30)−1W ′3)(Γ̇F ′0 + V)MF̃ ]

− 1
nTσ2

v0
tr[(Γ̇F ′0 + V)′W3B

−1
30 (Γ̇F ′0 + V)

∂MF̂ (ψ)

∂ψq
|ψ0 ].

We can verity that both terms on the right hand side are op(1). The same result holds for the

case q = k + 5.
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For the case j = q = k + 4, we have

− 1
nT

∂S̃∗j,nT (ψ)

∂ψq
|ψ0= 1

nTσ2
v0

tr[(Γ̇F ′0 + V)′(B′30)−1W ′3W3B
−1
30 (Γ̇F ′0 + V)MF̃ ]

− 1
nTσ2

v0
tr[(Γ̇F ′0 + V)′W3B

−1
30 (Γ̇F ′0 + V)

∂MF̂ (ψ)

∂ψq
|ψ0 ] + T−r

nT tr(W3B
−1
30 W3B

−1
30 )

= 1
nT tr(V′B−1′

30 W ′3W3B
−1
30 VMF0) + T−r

nTσ2
v0

tr(W3B
−1
30 W3B

−1
30 ) + op(1)

= 1
n tr(B−1′

30 W ′3W3B
−1
30 +W3B

−1
30 W3B

−1
30 ) + op(1).

(iii) The derivation is similar to parts (i-ii). �

Proof of Lemma C.4: First, consider the case j, q ≤ k. By Lemma D.3, we can show that

Σ̃nT,(jq) =
σ2
v0
nT Π̃′jΠ̃q = 1

nTσ2
v0

tr(Ẋ ′jMΓ̇ẊqMF0) = H̃nT,(jq).

Second, consider the case j ≤ k, q = k + 1. We have

Cov(S̃j,nT , S̃q,nT | D) =σ2
v0Π̃′1,j(Π̃2 + Ψ̃1y0) + µ3Π̃′1,jdiag(Φ̃1)

=σ2
v0Π̃′1,j [(Π̃2 + Ψ̃1y0) + Φ̃1v] + µ3Π̃′1,jdiag(Φ̃1) + op(nT )

= 1
σ2
v0

tr(Ẋ ′jMΓ̇Ẋk+1MF0) + µ3Π̃′1,jdiag(Φ̃1) + op(nT ).

It follows that Σ̃nT,(jq) − H̃nT,(jq) = µ3Π̃′1,jdiag(Φ̃1)/(nT ) + op(1). For the other cases where

j ≤ k, q = k + 1, . . . , k + 5, the analysis is identical to that of q = k + 1 case.

Third, consider the case j = q = k + 1. We have,

Var(S̃k+1,nT | D) =σ2
v0‖Π̃2 + Ψ̃1y0‖2 + 2µ3(Π̃2 + Ψ̃1y0)′diag(Φ̃1)

+ σ4
v0 tr(Φ̃1Φ̃1 + Φ̃1Φ̃′1) + (µ4 − 3σ4

v0)‖diag(Φ̃1)‖2.

And we have the identity that

H̃nT,(jj) = 1
σ2
v0
vec(Ẋk+1)′(MF0 ⊗MΓ̇)vec(Ẋk+1)

=σ2
v0‖(MF0 ⊗MΓ̇B30)(Q−1y0 + η−1 + D−1B

−1
30 vec(Γ̇F ′0 + V))/σ2

v0‖2

=σ2
v0‖Π̃2 + Ψ̃1y0 + Φ̃1v‖2

=σ2
v0‖Π̃2 + Ψ̃1y0‖2 + σ2

v0v
′Φ̃′1Φ̃1v

′ + 2σ2
v0v
′Φ̃′1(Π̃2 + Ψ̃1y0)

=σ2
v0‖Π̃2 + Ψ̃1y0‖2 + σ4

v0 tr(Φ̃1Φ̃′1) + op(nT ).

Combining the above two identities, we can find the leading term of Ξ̃nT,(jj). The rest of the

results can be verified by similar analysis. �

Proof of Lemma C.5: (i) By Lemma D.3 we have Var(Π′4+av) = σ2
v0‖Π4+a‖2 = Op(n)

and Var(v′Φ5+av) = (µ4 − 3σ2
v0)‖diag(Φ5+a)‖2 = Op(n/T

2). It follows that Π′4+av/
√
nT =
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Op(T
−1/2) and v′Φ5+av/

√
nT = Op(T

−3/2). Hence, one can easily see that

ΣnT,(k+5+a,k+5+b) =
σ2
v0
nT Π′4+aΠ4+b +Op(T

−2) = 1
σ2
v0nT

tr(Γ̇′Γ̇Ḟ ′aMF0Ḟb) +Op(T
−2)

= 1
σ2
v0nT

vec(Ḟ ′a)
′(MF0 ⊗ Γ̇′Γ̇)vec(Ḟ ′b) +Op(T

−2).

In addition, we show that the absolute column sums of ΣnT,φφ and HnT,φφ is op(T
−1). There-

fore, we have the spectrum norm bound of their difference. For the estimator Σ̂nT,φφ, we only

need to find the asymptotic orders of 1
nT

∑n
i=1(ĝiĝ

′
i − gig

′
i). The derivation is tedious but

straightforward, and thus are omitted.

(ii) First consider the j ≤ k. Similar to part (i), we have that

ΣnT,(k+5+a,j) =
σ2
v0
nT Π′1,jΠ4+a + op(T

−3/2) 1
σ2
v0nT

vec(Ẋj)
′(MF0 ⊗ Γ̇)vec(Ḟ ′a) + op(T

−3/2).

Next, consider the case j = k + 1. We have that

ΣnT,(k+5+a,j) =
σ2
v0
nT (Π2 + Ψ1y0)′Π4+a + µ3

nT diag(Φ1)′Π4+a +Op(T
−3/2)

=
σ2
v0
nT (Π2 + Ψ1y0 + Φ1v)′Π4+a + µ3

nT diag(Φ1)′Π4+a + op(T
−1)

= 1
σ2
v0nT

vec(Ẋj)
′(MF0 ⊗ Γ̇)vec(Ḟ ′a) + µ3

nT diag(Φ1)′Π4+a + op(T
−1).

The cases j = k + 2, . . . , k + 5 can be similarly studied.

(iii) The proof is identical to that of Lemma C.4. �

Proof of Lemma C.6: (i) It suffices to study that terms like 1
nT tr[(MF0 ⊗ In)Ḋ−1,ρ]. By

Lemma D.4, we have

1
nT tr[(MF0 ⊗ In)Ḋ−1,ψj ] =op(1), for j = k + 1, k + 2, k + 3

1
nT tr[(MF0 ⊗ In)Ḋψj ] =op(1), for j = k + 1, k + 3

1
nT tr[(MF0 ⊗W2)Ḋ−1,ψj ] =op(1), for j = k + 1, k + 2, k + 3,

where ψk+1 = ρ, ψk+2 = λ1, and ψk+3 = λ2.

(ii) Note that HnT,(k+5+a,k+5+b) = 1
2nTσ2

v0
tr[Z(θ0)′B′30B30Z(θ0)P̈F,ab]. We have,

P̈F,ab = ∂2PF
∂φa∂φb

|ψ0 =F0(F ′0F0)−1(Ḟ ′aMF0Ḟb + Ḟ ′bMF0Ḟa)(F
′
0F0)−1F ′0

−MF0 [Ḟa(F
′
0F0)−1Ḟ ′b + Ḟb(F

′
0F0)−1Ḟ ′a]MF0

+MF0Ḟa(F
′
0F0)−1F ′0Ḟb(F

′
0F0)−1F ′0 + F0(F ′0F0)−1Ḟ ′bF0(F ′0F0)−1Ḟ ′aMF0

+MF0Ḟb(F
′
0F0)−1F ′0Ḟa(F

′
0F0)−1F ′0 + F0(F ′0F0)−1Ḟ ′aF0(F ′0F0)−1Ḟ ′bMF0 .

Plugging in the expression of P̈F,ab intoHnT,(k+5+a,k+5+b) = 1
2nTσ2

v0
tr[Z(θ0)′B′30B30Z(θ0)P̈F,ab],

we obtain the results after some tedious algebra.
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(iii) First consider the j ≤ k case. We have,

HnT,(j,k+5+a) =− 1
nTσ2

v0
tr(Ẋ ′jΓ̇F

′
0ṖF,a)− 1

nTσ2
v0

tr(Ẋ ′jVṖF,a)

= 1
nTσ2

v0
tr(Ẋ ′jΓ̇Ḟ

′
aMF0) +Op(n

−1/2T−1)

= 1
nTσ2

v0
vec(Ḟ ′a)

′(MF0 ⊗ Γ̇′)vec(Ẋj) +Op(n
−1/2T−1).

Next consider the cases j = k + 1, we have,

HnT,(j,k+5+a) = 1
nTσ2

v0
tr[Ẋ ′jB30Z(θ0)ṖF,a] + 1

nT tr[(ṖF,a ⊗ In)D−1]

The analysis is similar to the j ≤ k case. However, one difference is that now we need to use

the result − 1
nTσ2

v0
tr(Ẋ ′k+1VṖF,a) + 1

nT tr[(ṖF,a ⊗ In)D−1] = op(T
−1). The key point is that

Ẋk+1 is B30Y−1 which is no longer exogenous. Its mean is 1
nT tr[(ṖF,a ⊗ In)D−1], which is

not of small order. But the recentered term can be verified to be small. The same analysis

procedure gives us the result for cases j = k + 2, . . . , k + 5.

(iv) It suffices to find the exact expression of − 1
nTσ2

v0
tr(Ẋ ′jVṖF,a):

− 1
nTσ2

v0
tr(Ẋ ′jVṖF,a) = 1

nTσ2
v0

tr[Ẋ ′jV(MF0Ḟa(F
′
0F0)−1F ′0 + F0(F ′0F0)−1Ḟ ′aMF0)]

= 1
nTσ2

v0
tr[(F ′0F0)−1Ḟ ′aMF0(Ẋ ′jV + V′Ẋj)F0]

= 1
nTσ2

v0
vec[F ′0(Ẋ ′jV + V′Ẋj)]

′[MF0 ⊗ (F ′0F0)−1]vec(Ḟ ′a).

This term is Op(T
−1), for j = k + 1, . . . , k + 3.

(v) Recall HnT,∗ = HnT,ψψ −HnT,ψφH
−1
nT,φφHnT,φψ, in the inverse of the partitioned HnT :

H−1
nT =

[
H−1
nT,∗ −H−1

nT,∗HnT,ψφH
−1
nT,ψψ

−H−1
nT,φφHnT,φψH

−1
nT,∗ H−1

nT,φφ +H−1
nT,φφHnT,φψH

−1
nT,∗HnT,ψφH

−1
nT,φφ

]
.

The key step to establishing the result is to study the second term HnT,ψφ(HnT,φφ)−1HnT,φψ,

which involves high-dimensional matrices.

First, consider (HnT,φφ)−1, we can show that S = [vec(Ḟ ′1), . . . , vec(Ḟr(T−r)′)] = S∗ ⊗ L,

where S∗ = [IT−r, 0
′
r×(T−r)]

′, L = [er,r, . . . , e1,r], and ej,r is the jth unit vector of dimension r.

Using the result MF0 = MF0S∗(S ′∗MF0S∗)−1S ′∗MF0 in Lemma D.5. We can obtain,

‖HnT,φφ − 1
nTσ2

v0
(S′∗MF0S∗ ⊗ LΓ̇′Γ̇L)‖sp = op(T

−1).

It follows that ‖(HnT,φφ)−1 − nTσ2
v0[(S′∗MF0S∗)

−1 ⊗ L(Γ̇′Γ̇)−1L]‖sp = op(T ).

Next, we consider HnT,ψφ. For its jth row, HnT,jφ, we obtain

‖HnT,jφ − 1
nTσ2

v0
vec(Ẋj)

′(MF0S∗ ⊗ Γ̇L)‖ = op(T
−1/2), for j = 1, . . . , k + 3;

‖HnT,jφ‖ = op(T
−1/2), for j = k + 4, k + 5.
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Finally, consider HnT,φψ. Its jth column has the following property,

HnT,φj = 1
nTσ2

v0
{(S ′∗MF0 ⊗ LΓ̇′)vec(Ẋj) + [S ′∗MF0 ⊗ L(F ′0F0)−1]vec[F ′0(Ẋ ′jV + V′Ẋj)]}.

One can verify that

1
nTσ2

v0
vec(Ẋq)

′[MF0 ⊗ Γ̇(Γ̇′Γ̇)−1(F ′0F0)−1]vec[F ′0(Ẋ ′jV + V′Ẋj)]

= 1
nTσ2

v0
tr[Ẋ ′qΓ̇(Γ̇′Γ̇)−1(F ′0F0)−1F ′0(Ẋ ′jV + V′Ẋj)] = op(1).

Combine the above results, we have, the (j, q) element of HnT,ψφ(HnT,φφ)−1HnT,φψ is

1
nTσ2

v0
vec(Ẋj)

′(MF0 ⊗ PΓ̇)vec(Ẋq) + op(1) for j, q ≤ k + 3

and is op(1) for j, q = k+ 4, k+ 5. Summing up, we have shown that HnT,∗ = H̃nT + op(1). �

Proof of Lemma C.7: We take five steps to establish the result and within each step we

discuss several cases.

(i) First, we consider the term HnT,ψφ(HnT,φφ)−1ΣnT,φψ. The leading term of its (j, q)th entire

can be summarized as follows:

(i-1) 1
σ2
v0nT

vec(Ẋj)
′(MF0 ⊗ PΓ̇)vec(Ẋq), for j, q ≤ k + 3;

(i-2) 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0) + µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φa) + op(1),

for j ≤ k + 3, q = k + a, a = 1, 2, 3;

(i-3) µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φa), for j ≤ k + 3, q = k + a, a = 4, 5;

(i-4) op(1), for j = k + 4, k + 5.

To see the results, we take q = k + 1 in case (i-2) as an example, the leading term of the

(j, q)th entry of HnT,ψφ(HnT,φφ)−1ΣnT,φψ is in this case,

1
nT vec(Ẋj)

′(MF0 ⊗ PΓ̇)[Π2 + Ψ1y0 + µ3diag(Φ1)]

= 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0) + µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φ1) + op(1).

The equality is by the fact that 1
nT vec(Ẋj)

′(MF0 ⊗ PΓ̇)Φ1v = 0 and the decomposition of

Y−1. Other cases can be shown similarly.

(ii) Second, we consider the term ΣnT,ψφ(HnT,φφ)−1HnT,φψ. Compared to HnT,ψφ, the (∗, k +

1 : k + 3) entries of HnT,φψ has an additional term, as in Lemma C.6. However, we can

show that these additional term only results in additional op(1) terms in the final product

ΣnT,ψφ(HnT,φφ)−1HnT,φψ. The leading terms of the (j, q)th entry is summarized as:

(ii-1) 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0), for j, q ≤ k + 3;

(ii-2) 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0) + µ3

nT vec(Ẋq)
′(MF0 ⊗ PΓ̇)diag(Φa),

for, j = k + a, a = 1, 2, 3, q ≤ k + 3;

(ii-3) µ3

nT vec(Ẋq)
′(MF0 ⊗ PΓ̇)diag(Φa), for j = k + a, a = 4, 5, q ≤ k + 3;
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(ii-4) op(1), for q = k + 4, k + 5.

(iii) Third, consider the last termHnT,ψφ(HnT,φφ)−1HnT,φψ. We have already found the leading

term of its (j, q)th entry in Lemma C.6, which can be summarized as follows:

(iii-1) 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0), for j, q ≤ k + 3;

(iii-2) op(1), for the other cases.

(iv) Then we derive the summation of three matrices studied in parts (i-iii).

(iv-1) For j, q ≤ k the (j, q)th entry has leading term − 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0);

(iv-2) For j ≤ k, q = k + a, a = 1, 2, 3, the (j, q)th entry has the leading term

− 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0)− µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φa).

The leading term of (q, j)th entry is identical to the above one.

(iv-3) For j ≤ k, q = k + a, a = 4, 5, the (j, q)th entry has the leading term

− µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φa).

The leading term of (q, j)th entry is identical to that of the (j, q)th entry.

(iv-4) For j = k + a and q = k + b, where a, b = 1, 2, 3, the leading term is

− 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0)− µ3

nT vec(Ẋj)
′(MF0⊗PΓ̇)diag(Φb)− µ3

nT vec(Ẋq)
′(MF0⊗PΓ̇)diag(Φa);

(iv-5) For j = k + a and q = k + b, where a, b = 4, 5, the terms are op(1).

(v) Finally, we look at the difference between Σ̃nT and ΣnT . It suffices to compare the leading

terms as in Lemmas C.4 and C.5.

(v-1) For j ≤ k, the leading term of Σ̃jq,nT is

σ2
v0
nT Π̃′1,jΠ̃1,q, for q ≤ k;

σ2
v0
nT Π̃′1,jΠ̃k+a + µ3

nT Π̃′1,jdiag(Φ̃a), for q = k + a, a = 1, 2, 3;

µ3

nT Π̃′1,jdiag(Φ̃a), for q = k + a, a = 4, 5.

By Lemma D.5, the above terms can be rewritten as

Σjq,nT − 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0) + op(1), for q ≤ k;

Σjq,nT− 1
nTσ2

v0
tr(Ẋ ′jPΓ̇ẊqMF0)− µ3

nT Π′1,j(IT⊗PΓ̇)diag(Φa)+op(1), for q = k+a, a = 1, 2, 3;

Σjq,nT − µ3

nT Π′1,j(IT ⊗ PΓ̇)diag(Φa) + op(1), for q = k + a, a = 4, 5.

(v-2) Consider cases with j = k + a, and a = 1, 2, 3. We show the case q = k + 1.

Σ̃jj,nT =
σ2
v0
nT ‖Π̃2+Ψ̃1y0‖2+2µ3

nT (Π̃2+Ψ̃1y0)′diag(Φ̃1)+
σ4
v0
nT tr(Φ̃1Φ̃1+Φ̃1Φ̃′1)+

(µ4−3σ4
v0)

nT ‖diag(Φ̃1)‖2

= 1
σ2
v0T

tr[Ẋ ′jẊjMF0 ]+ 2µ3

nT (Π2 +Ψ1y0)′diag(Φ̃1)+
σ4
v0
nT tr(Φ1Φ1)+

(µ4−3σ4
v0)

nT ‖diag(Φ1)‖2

− 1
σ2
v0nT

tr(Ẋ ′jPΓ̇ẊjMF0)− 2µ3

nT σ
2
v0(Π2 + Ψ1y0)′(MF0 ⊗ PΓ̇)diag(Φ̃1) + op(1)
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= Σjq,nT − 1
σ2
v0nT

tr(Ẋ ′jPΓ̇ẊjMF0)− 2µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φ̃1) + op(1).

For other cases we have can follow a similar analysis to show the following results.

For j = k + a, q = k + b, a, b ≤ 3,

Σ̃jq,nT = Σjq,nT − 1
σ2
v0nT

tr(Ẋ ′jPΓ̇ẊjMF0)− µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φ̃b)

− µ3

nT vec(Ẋq)
′(MF0 ⊗ PΓ̇)diag(Φ̃)a + op(1);

For j = k + a, q = k + b, a ≤ 3, and b = 4, 5,

Σ̃jq,nT = Σjq,nT − µ3

nT vec(Ẋj)
′(MF0 ⊗ PΓ̇)diag(Φb) + op(1).

(v-3) Consider the cases with j = k + 4, k + 5. We can show.

Σ̃jq,nT = Σjq,nT + op(1), for q = k + 4, k + 5.

Therefore,we have shown that Σ∗nT = Σ̃nT + op(1). �

Appendix D: Additional Technical Lemmas

Some technical lemmas are given in this appendix, which are used in Appendix C. The

following results are useful in their proofs: D =
∑T−1

j=0 (J jT ⊗ B
j
0B
−1
10 ) and D−1 =

∑T−1
j=1 (J jT ⊗

Bj−1
0 B−1

10 ), where JT = [01×(T−1), 0; IT−1, 0(T−1)×1]; ‖D‖F = O(
√
nT ) and ‖D−1‖F = O(

√
nT ).

Let mat(·) be the reverse operator of vec, that is mat(vec(Xj)) = Xj .

Lemma D.1. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. Then we have

(i) tr[Ẋ ′j(V + Γ̇F ′0)(MF̃ −MF0)] = − tr(Ẋ ′jPΓ̇VMF0) + op(
√
nT ),

(ii) tr[(MF̃ ⊗ In)D−1] = tr[(MF0 ⊗MΓ̇)D−1] + op(
√
nT ),

tr[(MF̃ ⊗W1)D] = tr[(MF0 ⊗MΓ̇W1)D] + op(
√
nT )

tr[(MF̃ ⊗W2)D−1] = tr[(MF0 ⊗MΓ̇W2)D−1] + op(
√
nT )

(iii) tr[(V + Γ̇F ′0)′(V + Γ̇F ′0)(MF̃ −MF0)] = op(
√
nT ),

tr[(V + Γ̇F ′0)′W3B
−1
30 (V + Γ̇F ′0)(MF̃ −MF0)] = op(

√
nT ) .

Lemma D.2. Suppose Assumptions A-H hold and T/n + n/T 2 → 0. Let Ẋk+1 = B30Y−1,

Ẋk+2 = B30W1Y , Ẋk+3 = B30W2Y−1, and Ẋk+4 = W3B
−1
30 (Γ̇F ′0 + V). We have,

(i) ∂
∂ψq

MF̂ (ψ)

∣∣
ψ0

= MF0Ẋ
′
p(F0Γ̇′)† + (Γ̇F ′0)†ẊqMF0, for p = 1, . . . , k + 4;

(ii) ∂
∂ψp

tr[MF̂ (ψ)D−1(ρ, λ1, λ2)]
∣∣
ψ0

and ∂
∂ψp

tr[MF̂ (ψ)W2D−1(ρ, λ1, λ2)]
∣∣
ψ0

are both op(nT ),

for p = 1, . . . , k + 4;

(iii) ∂
∂ψp

tr[MF̂ (ψ)W1D(ρ, λ1, λ2)]
∣∣
ψ0

= (T − r) tr(W1B
−1
10 W1B

−1
10 ) + op(nT ), for p = k + 2,

and ∂
∂ψp

tr[MF̂ (ψ)W1D(ρ, λ1, λ2)]
∣∣
ψ0

= op(nT ), for p 6= k + 2.

(iv) ∂
∂ψp

tr[W3B
−1
3 (λ3)]

∣∣
ψ0

= tr(W3B
−1
30 W3B

−1
30 ), for p = k+ 4 and ∂

∂ψp
tr[W3B

−1
3 (λ3)]

∣∣
ψ0

=

0, for p 6= k + 4.
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Lemma D.3. For a random vector v with i.i.d. zero mean entries, whose third and fourth

moments are denoted as µ3 and µ4, we can obtain that

cov(Π′av + v′Φav − σ2
v0 tr(Φa),Π

′
bv + v′Φbv − σ2

v0 tr(Φb))

=σ2
v0Π′aΠb + µ3[Π′adiag(Φb) + Π′bdiag(Φa)] + σ4

v0 tr(ΦaΦb + Φ′aΦb)

+ (µ4 − 3σ4
v0)diag(Φa)

′diag(Φb)

Lemma D.4. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0. We have,

(i) 1
nT tr[(MF0 ⊗ In)Ḋ−1,ψj ] = op(1) and 1

nT tr[(MF0 ⊗W2)Ḋ−1,ψj ] = op(1), for j = k +

1, k + 2, k + 3;

(ii) 1
nT tr[(MF0 ⊗ In)Ḋψj ] = op(1), for j = k + 1, k + 3.

(iii) 1
nT tr[(MF0 ⊗W1)Ḋλ1 ] = T−r

nT tr[W1B
−1
10 W1B

−1
10 ] + op(1).

Lemma D.5. Suppose Assumptions A-H hold and T/n+ n/T 2 → 0.

(i) Π̃a = (IT ⊗MΓ̇)Πa = Πa − (IT ⊗ PΓ̇)Πa, for a = 1, . . . , 4,

Ψ̃b = (IT ⊗MΓ̇)Ψb = Ψb − (IT ⊗ PΓ̇)Ψb, for b = 1, 2, 3, and

Φ̃c = (IT ⊗MΓ̇)Φc = Φc − (IT ⊗ PΓ̇)Φc, for c = 1, 2, 3;

(ii) ‖diag[(IT ⊗ PΓ̇)Φa]‖∞ = Op(n
−1/2), and

‖diag[(IT ⊗ PΓ̇)Φa]‖ = Op(
√
T/n), for a = 1, 2, 3;

(iii) Π̃′aΠ̃b = Π′aΠb −Π′a(IT ⊗ PΓ̇)Πb,

Π̃′adiag(Φ̃b) = Π′adiag(Φb)−Π′a(IT ⊗ PΓ̇)diag(Φb) + op(nT ), and

diag(Φ̃a)
′diag(Φ̃b) = diag(Φa)

′diag(Φb) + op(nT ); tr(Φ̃aΦ̃b) = tr(ΦaΦb) + op(nT );

(iv)
σ2
v0
nT Π̃′1,jΠ̃1,q = 1

nTσ2
v0

tr(Ẋ ′jMΓ̇ẊqMF0), for j, q ≤ k,

σ2
v0
nT Π̃′1,j(Π̃a+1 + Ψ̃ay0) = 1

nTσ2
v0

tr(Ẋ ′jMΓ̇Ẋk+aMF0) + op(1), for j ≤ k, a = 1, 2, 3,

σ2
v0
nT (Π̃b+1 + Ψ̃by0)′(Π̃a+1 + Ψ̃ay0) +

σ4
v0
nT tr(Φ̃′aΦ̃b) = 1

nTσ2
v0

tr(Ẋ ′k+aMΓ̇Ẋk+bMF0) + op(1),

for a, b = 1, 2, 3;

(v) Let Π4+s be defined as in Section 6. We have [Π4+1, . . . ,Π4+φs ] = 1
σ2
v0

(MF0S∗⊗ Γ̇L). In

addition, we have MF0 = MF0S∗(S ′∗MF0S∗)−1S ′∗MF0.

Proofs of Lemmas D1-D5

Proof of Lemma D.1: (i) First, we study tr[Ẋ ′jΓ̇F
′
0(MF̃ −MF0)], and tr[Ẋ ′jV(MF̃ −MF0)].

(i-1) Consider the first term. The decomposition of MF̃ −MF0 in Lemma C.1 leads to

tr[Ẋ ′jΓ̇F
′
0(MF̃ −MF0)] = tr(Ẋ ′jΓ̇F

′
0M

(1)

F̃ ,v
) + tr(Ẋ ′jΓ̇F

′
0M

(2)

F̃ ,v
) + tr(Ẋ ′jΓ̇F

′
0M

(rem)

F̃ ,v
),

where the first term tr(Ẋ ′jΓ̇F
′
0M

(1)

F̃ ,v
) = − tr(Ẋ ′jPΓ̇VMF0), and the third term tr(Ẋ ′jΓ̇F

′
0M

(rem)

F̃ ,v
) =

Op(n/
√
T ) = op(

√
nT ).
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For the second term, plugging the expression ofM
(2)

F̃ ,v
given in Lemma C.1 into tr(Ẋ ′jΓ̇F

′
0M

(2)

F̃ ,v
),

we obtain tr(Ẋ ′jΓ̇F
′
0M

(2)

F̃ ,v
) ≡ A = A1 +A2 +A3, where

A1 = tr[ẊjMF 0V′(F0Γ̇′)†V′(F0Γ̇′)†F0Γ̇′];

A2 = tr[ẊjMF 0V′MΓ̇V(Γ̇F ′0)†(F0Γ̇′)†F0Γ̇′];

A3 = tr[Ẋj(Γ̇F
′
0)†VMF0V′(F0Γ̇′)†F0Γ̇′].

For A1, we have by Cauchy-Schwarz inequality,

|A1| = | tr[Γ̇′ẊjMF 0V′Γ̇(Γ̇′Γ̇)−1(F ′0F0)−1F ′0V′Γ̇(Γ̇′Γ̇)−1]|

≤
√
T
‖Γ̇′ẊjMF0

‖
n
√
T

‖V′Γ̇‖√
nT
‖( Γ̇′Γ̇

n )−1‖2F ‖(
F ′0F0

T )−1‖F
‖F ′0V′Γ̇‖√

nT
= Op(

√
T ).

For A2, we have,

A2 = tr[ẊjMF 0V′MΓ̇V (Γ̇F ′0)†(F0Γ̇′)†F0Γ̇′]

= tr[ẊjMF 0V′MΓ̇V (Γ̇F ′0)†]

= tr[ẊjMF 0V′V(Γ̇F ′0)†]− tr[ẊjMF 0V′PΓ̇V(Γ̇F ′0)†]

= tr[ẊjMF 0(V′V− nσ2
v0IT )(Γ̇F ′0)†] +Op(

√
T ) = Op(T/n+

√
T ).

The fourth equality used the fact that MF0(Γ̇F ′0)† = 0. Applying Cauchy-Schwarz inequality

on tr(ẊjMF 0V′PΓ̇V(Γ̇F ′0)†) shows that it is Op(
√
T ). The last equality used the assumption

that ‖V′V/n−σ2
v0IT ‖sp = Op(T/n) and the inequality ‖AB‖ ≤ ‖A‖sp‖B‖F . For A3, we have,

A3 = tr[Ẋj(Γ̇F
′
0)†VMF0V′(F0Γ̇′)†F0Γ̇′]

= tr[Ẋj(Γ̇F
′
0)†VV′PΓ̇]− tr[Ẋj(Γ̇F

′
0)†VPF0V′PΓ̇]

= tr[Ẋj(Γ̇F
′
0)†VV′PΓ̇] +Op(1).

It follows that A3 = tr[Ẋj(Γ̇F
′
0)†VV′PΓ̇] + op(

√
nT ),

(i-2) Consider the second term tr[Ẋ ′jV(MF̃ −MF0)]. Again we use result in Lemma C.1 to

split it into three terms. For the first term tr(Ẋ ′jVM
(1)

F̃ ,v
), we have

tr ẊjM
(1)

F̃ ,v
V′ =− tr[ẊjMF0V′(F0Γ̇′)†V′]− tr[Ẋj(Γ̇F

′
0)†VMF0V′]

=− tr[Ẋj(Γ̇F
′
0)†VV′] + op(

√
nT ).

For the last two terms we have tr[Ẋ ′jV(M
(2)

F̃ ,v
+M

(rem)

F̃ ,v
)] = op(

√
nT ).

Combining the leading terms of (i-1) and (i-2), we have

tr[Ẋj(Γ̇F
′
0)†VV′MΓ̇] = tr[Ẋj(Γ̇F

′
0)†(VV′ − Tσ2

v0In)MΓ̇] = Op(T/n).

Summing up the terms, we have tr[Ẋ ′j(Γ̇F
′
0 + V)(MF̃ −MF0)] = tr(Ẋ ′jPΓ̇VMF0) + op(

√
nT ).
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(ii) Recall that D−1 =
∑T−1

j=1 (J jT ⊗ B
j−1
0 B−1

10 ). We can write

tr(MF̃D−1) =
∑T−1

j=1 tr(MF̃J
j
T ⊗ B

j−1
0 B−1

10 )

= tr(MF0D−1) +
∑T−1

j=1 tr[(MF̃ −MF0)J jT ⊗ B
j−1
0 B−1

10 ]

= tr(MF0D−1) +A1 +A2 +A3,

where ‖MF̃ −MF0‖sp = op(1) and

A1 =
∑T−1

j=1 tr(M
(1)

F̃ ,v
J jT ⊗ B

j−1
0 B−1

10 ) =
∑T−1

j=1 tr(M
(1)

F̃ ,v
J jT ) tr(Bj−1

0 B−1
10 ),

A2 =
∑T−1

j=1 tr(M
(2)

F̃ ,v
J jT ⊗ B

j−1
0 B−1

10 ) =
∑T−1

j=1 tr(M
(2)

F̃ ,v
J jT ) tr(Bj−1

0 B−1
10 ),

A3 =
∑T−1

j=1 tr(M
(rem)

F̃ ,v
J jT ⊗ B

j−1
0 B−1

10 ) =
∑T−1

j=1 tr(M
(rem)

F̃ ,v
J jT ) tr(Bj−1

0 B−1
10 ).

We have | tr(Bj−1
0 B−1

10 )| ≤ ‖Bj−2
0 B−1

10 ‖‖B0‖ < Cρj‖B10‖ · ‖B0‖ = ρjOp(n). Now,

tr(M
(1)

F̃ ,v
J jT ) = − tr[MF0V′(F0Γ̇′)†J jT ]− tr[(Γ̇F ′0)†VMF0J

j
T ] = Op(1/

√
n),

uniformly over j. Summing up, we have A1 = op(
√
nT ). By similar arguments, we can show

A2 + A3 = op(
√
nT ). We can also show that tr[(MF0 ⊗ PΓ̇)D−1] = op(

√
nT ). Therefore, we

have tr(MF̃D−1) = tr[(MF0 ⊗MΓ̇)D−1] + op(
√
nT ). The analysis of the other two terms are

symmetric and are therefore omitted.

(iii) We prove the first result. Again we use the result in Lemma C.1 to obtain

tr[(V + Γ̇F ′0)′(V + Γ̇F ′0)(MF̃ −MF0)] = A1 +A2 +A3,

where A1 = tr[(V + Γ̇F ′0)′(V + Γ̇F ′0)M
(1)
F,v], A2 = tr[(V + Γ̇F ′0)′(V + Γ̇F ′0)M

(2)
F,v], and

A3 = tr[(V + Γ̇F ′0)′(V + Γ̇F ′0)M
(rem)
F,v ]. We show that

A1 = − 2 tr[(V + Γ̇F ′0)′VMF0V′(F0Γ̇)†]

= − 2 tr[V′VMF0V′Γ̇(Γ̇′Γ̇)−1(F ′0F0)−1F ′0]− 2 tr(PΓ̇VMF0V′)

= Op(
√
n+ T/n) = op(

√
nT );

A2 =− tr[V′VMF0V′Γ̇(Γ̇′Γ̇)−1(F ′0F0)−1(Γ̇′Γ̇)−1Γ̇′VMF0 ]

+ 2 tr[(V + Γ̇F ′0)′VMF0V(F0Γ̇′)†V′(F0Γ̇′)†]

− 2 tr[(V + Γ̇F ′0)′VMF0V′MΓ̇VF0(F ′0F0)−1(Γ̇′Γ̇)−1(F ′0F0)−1F ′0]

+ tr(PΓ̇VMF0V′) + 2 tr[V(Γ̇F ′0)†VMF0V′PΓ̇] + tr[V′V(F0Γ̇′)†VMF0V′(Γ̇F ′0)†]

= op(
√
nT );

and A3 = op(
√
nT ). The first result thus follows. The second result is proved similarly. �

Proof of Lemma D.2: (i) Note that the columns of F̂ (ψ) are the first r eigenvectors of

S(θ) = [B3(λ3)mat(Z(θ))]′[B3(λ3)mat(Z(θ))].
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We obtain,

B3(λ3)mat(Z(θ)) = Γ̇F ′0 + V−
∑k

j=1(βj − βj0)Ẋj − (ρ− ρ0)Ẋk+1

−
∑3

`=1(λj − λj0)Ẋk+1+` − (λ3 − λ30)[mat(Z(θ))− mat(Z(θ0))]

= Γ̇F ′0 + V + ∆(θ),

with ‖mat(Z(θ))−mat(Z(θ0))‖sp ≤ ‖θ−θ0‖Op(
√
nT ), and ‖∆(θ)‖sp = ‖θ−θ0‖Op(

√
nT ). For

small enough θ − θ0, we have,

S(θ) =F0Γ̇′Γ̇F ′0 + F0Γ̇′V + V′Γ̇F ′0 + V′V

+ F0Γ̇′∆(θ) + ∆′(θ)Γ̇F ′0 + ∆′(θ)V + V′∆(θ) + ∆′(θ)∆(θ).

The leading term of S(θ) is F0Γ̇′Γ̇F ′0, which is low rank and Op(NT ) non-zero eigenvalues

values. The remainder terms are of smaller order in terms of spectrum norm. One can use

the perturbation theory to show the desired results.

(ii) Note MF̂ (ψ)D−1(ρ, λ1, λ2) =
∑T−1

j=1 MF̂ (ψ)J
j
T ⊗ Bj−1(ρλ1, λ2)B−1

1 (λ1), then we have

∂
∂ψp

tr[MF̂ (ψ)D−1(ρ, λ1, λ2)]
∣∣
ψ0

=
∑T−1

j=1
∂
∂ψp

{
tr[MF̂ (ψ)J

j
T ] tr[Bj−1(ρ, λ1, λ2)B−1

1 (λ1)]
}∣∣
ψ0

=
∑T−1

j=1
∂
∂ψp

tr(MF̂ (ψ)J
j
T )
∣∣
ψ0

tr(Bj−1
0 B−1

10 )

+
∑T−1

j=1 tr(MF̂ (ψ0)J
j
T ) ∂

∂ψp
tr[Bj−1(ρ, λ1, λ2)B−1

1 (λ1)]
∣∣
ψ0

≡ A+B.

For term A, we derive the case for p = 1, , k + 3, we have,

∂
∂ψp

tr(MF̂ (ψ)J
j
T )
∣∣
ψ0

=− tr[MF0Ẋ
′
k(F0Γ̇′)†J jT ]− tr[(Γ̇F ′0)†ẊkMF0J

j
T ] = Op(1)

uniformly over j, and | tr(Bj−1
0 B−1

10 )| < ρ̄jOp(n). It follows that A = Op(n). For term B, first

note that B = 0 for p = 1, . . . , k and p = k + 4. For p = k + 1, k + 2, andk + 3, we can show

that ∂
∂ψp

tr[Bj−1(ρ, λ1, λ2)B−1
1 (λ1)]

∣∣
ψ0

= ρ̄jOp(n). For tr(MF̃J
j
T ), we have,

| tr(MF̃J
j
T )| = | tr(PF̃J

j
T )| ≤ ‖F̃ ′J jT F̃‖ · ‖(F̃

′F̃ )−1‖ = Op(1), for any j > 0.

The first equality is by the fact that tr(J jT ) = 0. Hence, we can conclude that B = Op(n).

(iii) Recall the representation of D(ρ, λ1, λ2) given at the beginning of Appendix D. We have,

tr[MF̂ (ψ)W1D(ρ, λ1, λ2)] =
∑T−1

j=0 tr(MF̂ (ψ)J
j
T ) tr[W1Bj−1(ρ, λ1, λ2)B−1

1 (λ1)]

= (T − r) tr[W1B
−1
1 (λ1)] +

∑T−1
j=1 tr(MF̂ (ψ)J

j
T ) tr[W1Bj−1(ρ, λ1, λ2)B−1

1 (λ1)].

The analysis of the second term is similar to part (ii). For the first term is a function of λ1

only and its derivative equals (T − r) tr[W1B
−1
1 (λ1)W1B

−1
1 (λ1)]. �
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Proof of Lemma D.3: This lemma can be proved by direct derivation. �

Proof of Lemma D.4: The proof is similar to the proof of Lemma D.2. �

Proof of Lemma D.5: (i) The results can be verified by direct calculation.

(ii) We take diag[(IT ⊗ PΓ̇)Φ1] as an example. We have,

(MF0 ⊗ PΓ̇B30)D−1B
−1
30 /σ

2
v0

= 1
σ2
v0

(MF0 ⊗ PΓ̇)


0 0 · · · 0 0

B30 0 · · · 0 0

B30B0 B30 · · · 0 0
...

...
. . .

...
...

B30BT−2
0 B30BT−3

0 · · · B30 0

 (IT ⊗B−1
10 B

−1
30 )InT .

Its jth diagonal elements can be thought of product of jth row of MF0 ⊗ PΓ̇, the middle part

matrix and jth column of InT . Rows of MF0 ⊗PΓ̇ are uniformly Op(n
−1/2) in Euclidean norm

and each column of InT is a unit vector. The middle part matrix is of spectrum norm Op(1).

It follows that the diagonal elements are uniformly Op(n
−1/2).

(iii) The results can be verified easily. The derivation is similar to that of part (ii).

(iv) The first two results can be verified easily. We prove the third result. Note that

(MF0 ⊗MΓ̇)vec(Ẋk+a)/σ
2
v0 = Π̃1+a + Ψ̃ay0 + Φ̃av. We can show

1
nTσ2

v0
tr[Ẋ ′k+aMΓ̇Ẋk+bMF0 ]

=
σ2
v0
nT (Π̃b+1 + Ψ̃by0)′(Π̃a+1 + Ψ̃ay0) +

σ2
v0
nT v′Φ̃′aΦ̃bv +

σ2
v0
nT (Π̃b+1 + Ψ̃by0)′Φ̃av

+
σ2
v0
nT (Π̃a+1 + Ψ̃ay0)′Φ̃bv

=
σ2
v0
nT (Π̃b+1 + Ψ̃by0)′(Π̃a+1 + Ψ̃ay0) +

σ2
v0
nT v′Φ̃′aΦ̃bv + op(1).

One can verify that
σ2
v0
nT v′Φ̃′aΦ̃bv =

σ4
v0
nT tr[Φ̃′aΦ̃b]. Hence, the desired result follows.

(v) The first result follows from Π4+s = 1
σ2
v0

(MF0 ⊗ Γ̇)vec(Ḟ ′s).

Consider the second result. Recall that S∗ = [IT−r, 0(T−r)×r]
′. Write MF0 as a partitioned

matrix MF0 = [M1,M12;M21,M2], where M1 is (T − r) × (T − r) and M2 is r × r. We have

that S ′∗MF0S∗ = M1 and MF0S∗ = [M ′1,M
′
21]′. It follows that MF0S∗(S ′∗MF0S∗)−1S ′∗MF0 =

[M1,M12;M21,M21M
−1
1 M12]. Then, it suffices to show M21M

−1
1 M12 = M2.

As F0 = [F ∗′, Ir]
′, one can easily see that M1 = IT−r−F ∗(Ir+F ∗′F ∗)−1F ∗′, M21 = M ′12 =

−(Ir + F ∗′F ∗)−1F ∗′, M2 = Ir − (Ir + F ∗′F ∗)−1, and M−1
1 = IT−r + F ∗F ∗′. It follows that

M21M
−1
1 M12 = (Ir + F ∗′F ∗)−1F ∗′(IT−r + F ∗F ∗′)F ∗(Ir + F ∗′F ∗)−1

= (Ir + F ∗′F ∗)−1F ∗′F ∗ = Ir − (Ir + F ∗′F ∗)−1 = M2.

�
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