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Abstract
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proposed framework allows comparing the forecast performance of agents or predictive models. The
asymptotic properties of the tests are studied. Monte Carlo results reveal excellent finite sample
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1. Introduction

Despite the large and ever-growing time series literature,! testing equal predictive ability (EPA)
using panel data has attracted attention among econometricians only recently. To the best of our
knowledge, the only contributions are those of Akgun et al. (2024, APUY hereafter) and Qu et al. (2024,
QTZ hereafter). Both papers focus on two EPA hypotheses: the overall EPA (O-EPA) hypothesis and
the clustered EPA (C-EPA) hypothesis, where overall refers to the equivalence of two forecasts for a
given loss function on average over all time periods and all panel units, whereas clustered means that
two competing forecasts are equivalent for G clusters of panel units on average over all time periods.

The main contribution of this paper is twofold. First, we develop tests for the C-EPA hypothesis
considered by APUY and QTZ in the case of unknown clusters. These unknown clusters are estimated
from data which are then used to test the C-EPA hypothesis. To address the problem with testing
a hypothesis selected from data, we establish a selective inference framework and a sample splitting
solution based on kmeans estimates of the cluster membership and cluster centers. Second, we propose
conditional panel EPA tests, thus extending to panels the framework by Giacomini and White (2006)
in a time series context, and by Qu et al. (2023) in cross-sections.

Developing tests on the cluster centers which successfully control the Type I error rate following
the estimation of the unknown clusters constitutes the main theoretical contribution of this paper.
Several well-known clustering methods exist, such as hierarchical and kmeans clustering.? In this
paper, we focus on the kmeans clustering approach which is arguably the most commonly used method
in econometrics (see Lin and Ng, 2012; Bonhomme and Manresa, 2015; Sarafidis and Weber, 2015;
Bonhomme et al., 2022, among others). If the predictive abilities of two forecasters differ so that, while
they are equally good (or bad) within clusters, they differ between clusters, kmeans can detect these
clusters under general conditions. That is, the kmeans estimator of the cluster centers is consistent
if the clusters are well separated. However, under the C-EPA hypothesis, this assumption does not
hold, which implies that there is only one cluster in the population because all clusters are mean zero.
Hence, the problem of C-EPA testing post-clustering falls into the category which is called “double
dipping” (see, for instance Kriegeskorte et al., 2009) to describe the use of the same data to generate a

hypothesis and test it. Recent literature in statistics and econometrics recognizes the consequence of

!See Giacomini (2011), Clark and McCracken (2013), and Rossi (2021) for reviews of the early and more recent
contributions to the area.
2See Tkotun et al. (2023) for a recent review of the kmeans clustering algorithms.



double dipping in clustering and shows that the Wald tests based on estimated clusters are extremely
anti-conservative, if there are no heterogeneous clusters in the underlying population distribution (Gao
et al., 2024; Chen and Witten, 2023; Patton and Weller, 2023).

A straightforward way to deal with the problem of double dipping is sample splitting. In a cross-
sectional setting, Gao et al. (2024) show that sample splitting does not provide a valid way to test
null hypotheses on cluster centers. However, the time series dimension of a panel provides a solution
to this, as in Patton and Weller (2023) where a split-sample test statistic is proposed to test the
homogeneity of the mean of a panel process among clusters chosen by kmeans. Despite its theoretical
and computational simplicity, sample splitting has its drawbacks. First of all, split-sample test statis-
tics rely on the selection of two sub-samples. One sample is used for the estimation of the clusters
and another for inference on the centers of these estimated clusters. However, this selection can be
arbitrary in practice and there is no guidance in the literature on how to split the sample.? Second,
the fact that the inference is based on a number of observations smaller than the whole sample may
cause the associated test statistics to have high size distortions or low power. Third, the validity of the
split-sample method is not guaranteed for dependent data (Kuchibhotla et al., 2022). Lunde (2019)
shows that the split-sample approach is valid under weak-dependence conditions but their framework
covers variable selection in a regression model and it is not necessarily valid for clustering. Patton
and Weller (2023) propose a solution to the case where general time series dependence of ¢ > 1 lags
are allowed but impose independence beyond ¢ lags. They show that, in this case, sample splitting
continues to be valid if ¢ periods between the two sub-samples are discarded. This validates the use
of the split-sample tests but makes the drawbacks even more pronounced.

In this paper, we develop an alternative selective inference framework which uses the full sample
of observations for both estimating the unknown clusters and making inference on their centers. Our
framework is motivated by recent papers by Gao et al. (2024) and Chen and Witten (2023), who
propose a selective p-value to test the equality of two cluster means post-clustering which are, however,
based on strong assumptions on the data generating process such as normality, homoskedasticity and
independent observations which we relax in this paper. Furthermore, their testing procedure concerns
with the equality of only two cluster means.

We develop a selective p-value procedure for testing the equality of two cluster centers for het-

eroskedastic, dependent and potentially non-Gaussian panel data. Then we apply a p-value combina-

3For an attempt to answering this question in a related but different context, see Hansen and Timmermann (2012).



tion method using the p-values of G — 1 pairwise homogeneity tests together with that of an O-EPA
test. To deal with the dependencies in the time series dimension, a heteroskedasticity and autocorrela-
tion robust variance estimator is employed following Sun (2013, 2014). This estimator is then applied
to the cross-sectional averages of the loss differentials which in turn provides a test statistic robust to
arbitrary form and strength of cross-sectional dependence (CD) (see Driscoll and Kraay, 1998).

We derive the limiting theory of the proposed test statistics. In particular, we show that the tests
are correctly sized, and consistent under general alternatives even in the presence of arbitrary weak
time series correlation and strong CD. In order to establish the asymptotic power of the tests, we
prove that the kmeans estimator of the cluster centers remain consistent under strong CD contrary to
the weak dependence assumptions in Bonhomme and Manresa (2015) and Patton and Weller (2023)
which is, to the best of our knowledge, a result which has not previously appeared in the literature.

The small sample properties of the proposed tests are assessed via an extensive Monte Carlo
simulation, and are compared with a set of split-sample test statistics. The results show that our test
statistics have optimal properties even in samples which can be considered very small in potential
applications. In particular, our tests have negligible size distortions in very small samples and have
high power even under weak deviations from the C-EPA null.

The empirical relevance of our proposed methodology is illustrated in an application on model
comparison. Using the data set on the exchange rate forecasts compiled by Spreng and Urga (2023,
SU hereafter), different time series models are compared. The results show that there are exchange
rate clusters for which the predictive ability of different models differ significantly.

The remainder of the paper is organized as follows. Section 2 presents the null and the alternative
hypotheses of interest, and the kmeans estimator of the unknown clusters. Section 3 introduces the test
statistics and presents their asymptotic properties. Section 4 presents essential Monte Carlo results.
An empirical illustration is reported in Section 5. Section 6 concludes. Appendices A-C contain the
proofs of the theoretical results and additional simulation evidence.

Notation. Random variables are denoted by upper-case letters and their realizations by the corre-
sponding lower-case letters. For instance, wyr(-, ) denotes a particular realization of the test statistic
Wxr(+,+). Further, || - || denotes Euclidean norm, 1{-} is indicator function, diag(-) forms a diagonal
matrix by given elements, [ - | returns an integer by rounding, ® denotes Kronecker product, LN
convergence in probability, BN convergence in distribution, and (7, N) — oo the joint passage to

infinity of T" and N.



2. Setup

In this section, we introduce the testing framework, the C-EPA null and alternative hypotheses, and
the assumptions; we then introduce our proposed conditional C-EPA test for predetermined clusters;

finally, we present the kmeans estimator and the associated algorithm.

2.1. Testing framework, hypotheses and assumptions

Let }Afa,it be the 7-steps ahead, 7 > 1, forecast of forecasters a = 1,2 for the target variable Y;;
made at timet—7,¢t=1,2,...,T, forunit : = 1,2,..., N. Here, a represents a forecasting agent such
as IMF, OECD, or a forecasting model. Let L(-,-) be a generic loss function. This can be a quadratic
loss, an absolute loss or a loss function which is not necessarily in the forecast error form. Define the
loss differentials of the two forecasts as AL; = L(}/}Lit,Yit) - L(%7it,mt) which are assumed to be
specified on a complete probability space (§2,.4,P).

The null and the alternative hypotheses. The null hypothesis of interest is the generalized C-
EPA hypothesis. We call the null of this paper the “generalized C-EPA hypothesis” because it allows
conditioning variables contrary to the null hypotheses considered in recent papers by APUY and QTZ.

This null hypothesis is stated as

N
1
Ho: lim — » E(ALi | Gi—7)1{gi =9} =0, as., forallg=1,2,...,G (1)

where G; C A is a conditioning set (see the description below) and n, = Zf\; 1 H{gi = g} with
gi € {1,2,...,G} being the cluster membership variable stating the cluster which ith unit belongs to.
Typically, the clusters are chosen to be mutually exclusive and exhaustive. That is, for any g # ¢/,
Zfil 1{g; = g} x 1{g; = ¢’} = 0 and Zngl Zf\il 1{g; = g} = N. Moreover, n, is assumed to be

diverging to infinity with N (see Assumption 2 below). The alternative hypothesis is
T
Hy: lim — ZE(ALit | Gi—r)1{g; = g} # 0, a.s., for at least one g =1,2,...,G. (2)
N—o0 Ng im1
In the formulation of the hypotheses, it is implicitly assumed that the conditional expectation of
interest is time invariant almost surely. With a more complicated notation and without much gain of
insight, we could also focus on the averages of these expectations over time.

Two cases covered in the null hypothesis (1) and the corresponding alternative hypothesis are

important. The first null is the unconditional C-EPA hypothesis which is obtained when G; = {0, 2}.



For predetermined clusters, the tests for this null hypothesis were developed by APUY and QTZ
under different assumptions on the autocorrelation and CD properties of the loss differentials. The
second null hypothesis that we consider is the conditional C-EPA hypothesis. Two sub-cases of the
conditional null are particularly useful. First, let W, = o({Wis}Y,, s < t), the o-field generated by the
present and the past of the measurable-A random variables W;; = (Yi;, X/,) with X;; being a vector
of external predictors used to make the predictions }Afa,it. Then an interesting null hypothesis of the
form (1) is obtained when G; = W;. Second, a researcher may be interested in the conditional EPA
with respect to the realization of a vector of measurable-A common factors F;. In this case, we let
Fi =0(Fs,s <t)and Gy = F;. Some common factors can be particularly useful to model via dummy
variables indicating, for example, the global financial crises, the COVID-19 period, etc. Through a
careful choice of these dummies, our framework makes it possible to focus on local differences in the
predictive abilities of the two forecasters.

The null hypothesis Hy implies that limpy_s e n;l Zf\il E(f[i,t,TALit)l{gi = g} = 0, for any
measurable-A vector of random variables ﬁ[it (Giacomini and White, 2006). Let H;; be such a K x 1
vector, called a “testing function” by Giacomini and White (2006) and Z;; = H;;—ALj. We define
ﬁ? = E(Z;;) which is assumed to be time invariant, and V;; = Z; — B?. Moreover, 927% (v) =
ngt YN, 891{g; = g}, 09,0, (7) € O CRX, for all g, where v := v = (91,..-,98) € Tnvg € RY
is the vector of membership variables with G distinct elements. Here, @é( is the parameter space
of the gth cluster center and I'y ¢ denotes the set of membership vectors associated to all vectors «y

involving GG distinct elements. Then testing Hy is equivalent to testing

Hp: lim 02, (y) =0, forallg=1,2,...,G. (3)

Noeoao Vgimg

Let Vg,ngi('y) = n;l vazl Vitel{g; = g} be the cross-sectional mean of the innovations of cluster g,
Ve (V) = Vi e (1) Vé}na,t(y)]’ with a given v € I'y ¢ where G > 1. We also collect the true
cluster means in 0°(v) = (87, (7), ..., ngmc (7)) € ©YK C REK where 9K = 0 x ... x ©K. The

following assumptions will be referred to throughout the paper.
Assumption 1. (a) O%K is a compact set of REK, (b) E||Vi||* < C, (c) T~} ng:l E|ViV5| <C.

Assumption 2. Let v € I'nyg with G > 2. Then as N — oo, ng/N — kg € (0,1) for each

g=1,....G.
Assumption 3. Q(y) V2N T 12T Uy () N N(0, Igk) for some € € [1/2,1] as (T,N) —
00, for each v € T'n g, with Q(y) = > o Nl_eE[VN,t(7)‘7](,775_5(7)]/\/1_6 being positive definite and

S§=—00
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N = diag(nl,...,ng) ® Ik

Assumptions 1(a) and 1(b) are standard conditions which ensure that the cluster centers are well
defined and all moments up to the fourth of the innovation process Vj; exist. Assumption 1(c) limits
the time series dependence. We do not place any restriction on the CD characteristics of the panel
and allow for both strong and weak CD.

Assumption 2 controls the asymptotic number of units per cluster for a given «. It is standard in
the econometrics literature of clustering (see, for instance Assumption 2(a) of Bonhomme and Manresa
(2015) and Assumption Al(vii) of Su et al. (2016)). It states that each cluster has a non-negligible
contribution. This assumption can be relaxed at the expense of more complicated notation.

The CLT in Assumption 3 holds under standard mixing conditions. Let Vj ;, k = 1,..., K, be
the kth element of Vj;. The sufficient conditions for it to hold are, for all i = 1,..., N, V;; is weakly
stationary with €; = > 322 E[VitV}, ] being positive definite and either (i) E(|Vk.i1])¢ < oo for all
k=1,...,K and for ¢ > 2, (ii) Vi is ¢-mixing with >";°, goll_l/c < o0, or (i) E(|Vga])® < oo for
all k = 1,...,K and for { > 2, (ii) Vj is a-mixing with » ;°; %172/4 < oo (Phillips and Durlauf,
1986). Then the same conditions hold for N1¢V}y () because the mixing properties are hereditary.
The scalar € € [1/2, 1] defined in Assumption 3 measures the degree of CD in Vj;. The case of € = 1
corresponds to the case of strong CD of the loss differentials and if € = [1/2,1), they are weakly
cross-sectionally dependent. Weak CD includes the case of independence over ¢ = 1,..., N. We refer
to Chudik et al. (2011) for examples of panel models satisfying different cases of CD and Bailey et al.
(2016) for the estimation of the parameter ¢ when € = (1/2,1].

By Assumption 3, £(v) is positive definite which is a well-known condition for the validity of EPA
testing using Diebold and Mariano (1995) type tests (West, 1996). This assumption means that the
forecasts are made by either non-nested models or they satisfy the conditions of Giacomini and White
(2006) for nested models. In particular, if two models are nested, they need to be made using rolling
window or fixed estimation sample forecasting schemes. An expanding window scheme is ruled out in
the case of nested model comparisons (see McCracken, 2020; Zhu and Timmermann, 2020, for counter
arguments for the validity of fixed estimation sample scheme). For general nested model comparisons,
we refer to the recent paper by Clark and McCracken (2015) and the references therein.

Let ég,ngj('y) = Zg,ngﬁT('y) = (ngT)*1 Zfil Ethl Zit1{g; = g} be the sample mean of cluster g,
and On7(v) = (éll,m,T(’Y)’ ce éb’nG’T('y))’. The following standard result will be used as the basis for

robust EPA testing in this paper.



Lemma 1. Under Assumptions 1-3, the following results hold as (7', N) — oc:

(a) Onr(7) = 0°() + 0, (1),
(b) Q) V2N TV2(By1(v) — (7))~ N(O, Iax).

Part (a) is a law of large numbers which shows that Assumptions 1-3 are sufficient for the consis-
tency of the sample means for the cluster centers defined by a given . Part (b) is the corresponding
central limit theorem. The result concerns with the case of a fixed v € I'y ¢ and does not necessarily
hold with estimated cluster memberships. Below, we will make use of this result in a conditional

framework to obtain the asymptotic properties of our proposed tests with estimated clusters.

2.2. Generalized clustered EPA tests with predetermined clusters

The tests for the unconditional C-EPA hypothesis have been developed by APUY and QTZ for pre-
determined clusters. When G; = {0, 2}, the C-EPA null reduces to limy_, ng_l Ef\il E(ALy)1{g; =
g} =0forall g =1,2,...,G and we obtain the unconditional C-EPA hypothesis. APUY suggested
several test statistics under different assumptions on the dependence structure of the loss differen-
tials. Here, we generalize their methodology to the case of G; # {0, 2} together with a small sample
adjustment to their test statistics. Let « be a vector of predetermined cluster membership variables
implying ng > 1 for all g = 1,2,...,G. The case of ng = 0 for some g is trivial and leads only to the
reduction of the number of groups. The hypothesis in (3) can be tested using

 B-GK+1 .

W (Hipr7) = =g T (1) (10xr (), (4)

where Qyp(y) is an orthonormal series (OS) estimator of Q(v) which we introduce below in (5),
and B is the number of orthonormal basis functions used in its estimation. The first factor in (4),
(B—GK +1)/GKB, is a small-sample correction which will allow us to use the connection between
Hotelling’s T2 distribution and the F' distribution together with an appropriate variance estimator.
APUY and QTZ suggest kernel type estimators as in Newey and West (1987) and Andrews (1991).
APUY show that their test statistics are asymptotically distributed as a x? variate. For better small

sample properties, we propose using the following OS estimator:

B
Onr(r) = 3 S KR ),
j=1

R0 = 2.3 (2t ] eos [ (1 522)]

t=1




with Zn (V) = (2] 0 i)+ 2 s Zgingt(7) = gt o0, Za1{gi = g}

The general class of OS estimators of a long-run variance (LRV) was first proposed by Phillips
(2005). Different OS were then used to construct estimators by Miiller (2007), Sun (2011, 2013,
2014), among others. Under the results of Lemma 1 and following Sun (2013), it is easy to show
that N1=¢Qnr(7)NT = Q(y) = 0p(1) (see Lemma A.3 in Appendix A). This implies that the
variance estimator is consistent if € = 1 and it is proportional to the true value if € € [1/2,1). It
follows that Té?VT('y)ﬁjvlT(v)éNT('y) LN TQGK’ p for B fixed, where T}, denotes the Hotelling’s T
distribution with v; and vy being its degrees of freedoms. The connection between Hotelling’s 72
distribution and the F' distribution then implies that Wxr(H;t—r,7) i> For, B—Gr+1 under the
null, where F,, ,, denotes the F' distribution with numerator and denominator degrees of freedom of
v1 and ve, respectively. When B — o0, a generalization of the usual results of APUY hold such that
Té?VT(y)ﬁj_\%p(v)éNT(v) 4, X% - The results of Sun (2013) show that when B is not too large, using
the For,B—cr+1 critical values instead of (scaled) X2G i critical values results in better size properties.
With some abuse of notation, let pyr{wnT(Hit—r,7)] = Py Forx,B—car+1 > wnT(Hit—r,7)] be the p-
value associated with wyr(H;¢—-,7). Here, as in the rest of the paper, we do not show the dependency
of pn7[ - ] to the reference distribution for the sake of simplicity. Moreover, we simply write Py, [ - ]
to mean the null hypothesis of interest even if different statistics may test different nulls. These will
be clear from the context as we establish the asymptotic distribution of each test, and the respective
p-values are defined by this asymptotic distribution under the respective null. Using this p-value, a
level-« test rejects the null hypothesis if pyr[wnr(Hit—7,7)] < a where a € (0, 1) is the predetermined

Type I error rate.

2.3. kmeans estimators of cluster membership and centers

If there is no a priori information allowing us to specify the cluster membership variables g; €
{1,2,...,G}, testing the C-EPA hypothesis becomes non-trivial. However, under suitable assumptions,
it is possible to estimate them from data. Namely, it is required that BZQ = E(Z;) is homogeneous

within clusters but heterogeneous between them which we formalize in the following assumption.

Assumption 4. 3) = Zfzol 02(70)1{9? = g} where 02(70) with ||98(70)|| > 0 is the true cluster center
of the gth cluster, v° = (¢9,...,9%) € Tyco C RY . and 0°(7°) = (0Y'(7°),...,02%(1%)) € OG"K C

RG'K be the true cluster centers.

For a given G, the kmeans estimators of the cluster membership and centers are defined as the



solution to the following optimization problem:
N T
(Onr.AnT) = argmin > Y [ Ziy — 6,17 (6)
(07)€OCK XN 6 11 =1
This optimization problem is usually solved by an iterative algorithm such as Lloyd (1982) or Hartigan
(1975). Below, we provide an iterative algorithm which is a generalization of that of Lloyd’s. To see
how this iteration is implemented, we define the estimator of the cluster membership variables g; for
any given 6 = (61,...,0;) and panel unit ¢ € {1,..., N} as

T

9:(Z,0) = argmin Y || Zi — 0, (7)
g&€{1,...G} 1=

Using this estimator, the kmeans estimator of the cluster centers ° can then be written as

N T
OnT(inT) = arg minz Z HZit — 9@.(2,9)H2 , (8)

S e

which shows that the kmeans estimator of the center of cluster g is the sample mean of that clus-

. - . L o1 N T ~ . N 1~

ter: Ogn,,7(YNT) = Zgpgr(INT) = (7gT) P Y1 Zul{gi = g}, where iy = 37,0, 1{g; = g}.
Following these lines, using the NT' x K matrix Z = (Z],...,2Z%) where Z; = (Z,,...,Z.;), the
kmeans estimates of the cluster membership variables and the cluster centers can be calculated using

the following algorithm.

Algorithm 1: Iterative algorithm for panel data

Input: Data matrix Z, number of clusters G.
(m)

Output: Cluster membership variables g,

m=12...

,i=1,..., N, calculated at each iteration

1. Initialize the GK x 1 vector of cluster centers #(9) by randomly sampling G observations from
the time averages Z; + = 71 Zthl Zit, 1 =1,..., N, without replacement.

2
2. Compute ggo)(Z, 6©)) = arg minger ) Zthl HZ“ - GéO)H foralli=1,...,N.

3. Initialize m = 0.

a. Update centers: Hémﬂ) = (71§]m)T)_1 Sy ST Zitl{ggm) =g}, 9=1,...,G, where
”gm) = Zfil 1{9im) =g}

2
b. Update assignment: gl(mﬂ)(Z, gty = arg mingeg o S HZit - 9§m+1)‘ )
i=1,...,N.
c. Stop if gi(mﬂ) = gz(m) foralli=1,..., N and save M = m + 1, the number of iterations.

Otherwise, Set m = m + 1 and go to Step a..




Algorithm 1 is a panel data generalization of Lloyd’s kmeans algorithm as used by Chen and Witten
(2023). A similar iterative algorithm is used in panel data econometrics by Bonhomme and Manresa
(2015). The difference lies in the choice of the initial cluster centers (9) given in the first step. While
Bonhomme and Manresa (2015) are agnostic about how to choose these values, our conditional testing
framework is crucially dependent on the choice. Although other initialization methods can be used,
this would potentially change the derivations in Appendix B. To establish the asymptotic properties

of the kmeans estimator, we make following assumptions.

Assumption 5. Let G° > 2. Then for all g,g' € {1,...,G°}, g # ¢, there exists Cy y > 0 such that
109(7°) = 09, (¥)I? = Cy g

Assumption 6. There exist constants a; > 0 and by > 0 such that, for all i = 1,...,N, Vi is
a-mizing with mizing coefficients aft] < emat’ Moreover, there exist constants ag > 0 and by > 0

such that P(|Vii| > C) < el=(C/a2)"2 for qil k, i, t and C > 0.

Assumption 5 formalizes the situation where H, fails because there are clusters in the population
which differ in terms of their expectations. It simply states that the true cluster centers are well
separated. Although it implies that the C-EPA null hypothesis fails, this cluster separation assumption
is not necessary (but sufficient) for our tests to have power. As documented in the next section, even
if GO = 1, that is there is only one cluster in the population, our proposed tests have power if the
population overall mean is different from zero.

Assumption 6 places additional constraints on dependence properties and tail probabilities of the
process {Vj; };+ over Assumption 1. These conditions are imposed for the consistent estimation of cluster
membership and the asymptotic equivalence of the cluster center estimators based on kmeans to the
one based on true clusters.

We have the following result which summarizes the asymptotic properties of the kmeans estimator.

Lemma 2. Under Assumptions 1-5 and if G = GY, as (T, N) — oo,

(a) Onr(AnT) = 6°(7°) + 0p(1).
If Assumption 6 also holds, for all £ > 0,
(b) P(supjeqr,. aylGi — 971 > 0) = o(1) + o(NT~¢),

(¢) Onr(InT) = OnT(7°) + 0p(T5),
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(d) if also N/T¢ — 0, Q%) V2N 1=<TY2(fnr(AnT) — 0°(4°)) L N(0, Tx).

Based on this result, a naive attempt to test the null hypothesis of C-EPA would be to estimate
the unknown clusters using the kmeans estimator and then to use these estimates to construct a Wald
test statistic. Let Wt (H;¢—7,ynT) be the test statistic of the form (4) calculated using the kmeans
estimates obtained using the above algorithm. Consider the test which rejects the associated null
if pyr{w(Hit—r,YNT)] < @ for a € (0,1). The problem with this approach is that the clusters are
estimated from the data which are then used to test the null hypothesis of C-EPA. It is now well known
in the literature that testing the null hypothesis of homogeneity (that is no clusters exist), following
a clustering method such as kmeans or hierarchical clustering leads to extremely anti-conservative
test statistics, as the results of Gao et al. (2024), Patton and Weller (2023), Chen and Witten (2023)
show. As explained in Section 3 below, the null hypothesis of these studies is a sub-hypothesis of the
null in our paper, hence, the naive tests of EPA suffer from the same problem. We demonstrate the

consequences of this naive approach in Appendix C.1.

3. Clustered EPA Tests with Unknown Clusters

In this section, we develop the valid tests of the C-EPA null hypothesis with clusters estimated
by kmeans. As is shown in the previous section, using the estimated clusters for testing in a naive
manner results in over rejection of the null hypothesis. Here, first the selective inference approach will
be employed to control for the Type I error rate by conditioning on the estimated clusters. Then a
more straightforward sample splitting solution will be considered.

To begin, we first break down the C-EPA hypothesis into its sub-hypotheses of homogeneity and
O-EPA. Namely, the implication (3) of the null hypothesis of interest (1) can be written as Hj :
Hpomo M HP?, with

e [ Jim 60, () = lim 60, ()] ®)
9€{2,..G}

being the homogeneity hypothesis and
1
HeP s lim — > ng) () =0, (10)

N—oo N
g=1

the O-EPA hypothesis, as named by APUY. Both H{*" and HoP" are of particular empirical rel-
evance. The tests of the unconditional O-EPA hypothesis are studied by APUY under different

11



assumptions on the dependence structure of the loss differentials. The empirical importance of testing
the homogeneity hypothesis 7-[80’"0 goes beyond EPA testing (see, in particular, the applications of
Patton and Weller, 2023, and the discussion therein).

In Section 3.1, we first develop a selective inference framework to test the homogeneity of a pair
of clusters selected by kmeans. Then we propose a p-value combination test of Hgomo. In Section 3.2,
an O-EPA test and the main test statistic of Hy are presented. Section 3.3 contains a split-sample

test based on Patton and Weller (2023) as an alternative method. Finally, in Section 3.4 we cover the

case of an unknown number of clusters and develop a method for its estimation.

3.1. Testing the null of homogeneity

The homogeneity null 7-[6“””" is the intersection of G — 1 pairwise homogeneity hypotheses. For

each of these pairwise homogeneity nulls, we define the following test statistic:
~=1/2 /4 i . A .
Dy nr(Hir—r) = VT HULQ,/NT(’YNT)[91,ﬁ1,T(’YNT) - Hg,ﬁg,T(VNT)}H :

where 67 , yr(AnT) = ©11NT(INT) + Bg g NT(INT) — 2019 NT(GNT) With Ty g N7 (YNT) Deing the
{g9,¢'}th K x K block of 0 ~T(9nT). For notational simplicity, we ignore showing the dependence of
the test statistic on 47 as it does not risk confusion, i.e. Dy n7(H;i—r) := Dg nT(H;t—r,ynT). It is
easily seen that, this test statistic is the square root of a Wald test of the equality of two estimated
cluster centers. Hence, under appropriate conditions, Dy n7(H;¢—7,7) g Xk as T — oo, where g
is a random variable distributed as a x variate with K degrees of freedom. However, as discussed in the
previous section, the associated critical values lose their validity when used with estimated clusters.
We define the following asymptotic selective Type I error rate which will be the basis for valid C-EPA

testing with unknown clusters.

Definition 1. Let g,¢' € {1,...,G} be two cluster indexes such that g # ¢’ and define the following

null hypothesis:
g9 . 1 0 /2 T 0 R
HO : ]\}gnoo eg,ng (’YNT) - 1\}51100 eg’,ng/ (’YNT)'
Then a test of ’Hg’g/ controls the selective Type I error rate asymptotically as (T, N) — oo if, under

9.9
Hy

N
lim Py, |Reject Hg’g/at level « ﬂ {9:(2,0) = 9i(2,0)}| <, Ya € (0,1), (11)
(T,N)—o0 i1

where g;(Z,60),i=1,..., N is the output of Algorithm 1 and g;(z, @) is its sample counterpart associ-
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ated with the realization z of Z.

The definition states that a valid test of the pairwise equality hypothesis ”Hg’g/ is the one that
controls the selective Type I error rate given the clusters estimated by the kmeans algorithm. More
specifically, the conditioning event in (11) implies that ’Hg’gl should be rejected if the probability of
obtaining a test statistic as large as the one in hand does not exceed o among all realizations of Z
which result in the same clustering as the one obtained using the realization z. As stated by Chen and
Witten (2023), characterising this condition is not trivial but we can instead condition on the clusters
estimated at all m = 1,..., M steps of the algorithm. Hence, following Gao et al. (2024) and Chen

and Witten (2023), we define the asymptotic p-value

Pg,00 (dg,NT(Hi,tf‘r))

M N
- L . , (m) _ (m)
- (T,Jl\lfI)goo PHO Dg,NT(Hz,tf‘r) > dg,NT(Hl,th) OO Q {gi (Za 0) =9; (Z, 0)} 3 (12)

a2 s . c~1/2 s .
I,7Z = ng,dlr(al’/g’NT(’yNT)Z/ug) = dlr(UL/g’NT(’YNT)Z/Vg)] ,

for g € {2,...,G} where Iy = Iy — 0y /|0g]1% D9 = (9 1,..., 0} ), Dgi = trdgi, 7 being a
T-vector of ones, §,; = 1{g; = 1}/i — 1{g; = g}/fy. Notice that Z'vy = 01 4, 7(957) — Og.0, 7(INT)
and |72 = (A7)~ + (g )~

The first condition in (12) is the most crucial to the selective inference framework. It states that
the cluster to which each panel unit 7 assigned in every iteration m of the kmeans algorithm using the

(m)

realization z, namely g; ’(z), corresponds to the cluster obtained using Z, that is gim)(Z). In other
words, as required by Definition 1, we focus on the realization of the random matrix Z resulting in
the same clustering as the one results from the application of the kmeans algorithm applied to the
particular realization z in hand. The next two conditions allow us to remove the nuisance parameters
II,Z and dir(&i/ 927 ~r(AnT)Z'g). These are standard conditions in selective inference literature (see
Fithian et al., 2014; Gao et al., 2024; Chen and Witten, 2023).

The p-value pgoo(dgNT(Hii—r)) is based on the selective inference methodology of Chen and
Witten (2023) but it generalizes it in several ways. First of all, here, we have double indexed random
variables Z;, 1 =1,...,N,t=1,...,T. Second, their study does not allow for dependencies between
Ziyy and Zjg, for either ¢ # j and t # s, but only across different variables of the same observation,

i.e. between Zj; and Zj ;;, the kth and the k’th elements of Z;;. Whereas, we allow for arbitrary

autocorrelation and CD as well as dependencies between different elements of Z;;. Third, their method
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depends crucially on the normality of the data generating process, whereas we make use of the CLT
in Lemma 1 by exploiting the time series dimension of the data. The following lemma shows how to

calculate a p-value in observed samples following this definition.

Lemma 3. Let g € {2,...,G} with G > 2 given, and B — oo as (T, N) — oo such that B/T — 0.
Under Assumptions 1-3 and ”H(l)’g, a p-value following the asymptotic principle (12) can be calculated
using

Py NT(dg NT(Hit—7)) = 1 — Fyp [dg nT(Hit—7); S], (13)

where F, (- ;S) denotes the cumulative distribution function of a y g random variable truncated to

the set & with
M N
S= {¢ eR: () o™ (2(0),0) = g§m><z,e>}, (14)
m=0i=1
and
Vg B2

~ A*l 2 A~ A~
VT2 |5 s wep Givr) 2Dy |

2(¢) =z — |’99V|T2|| Dgldir(2',)] + ¢ [dir(z'Dy)]'. (15)

The equation in (15) defines a perturbation z(¢) of the original data matrix z. Depending on
o, z(¢) is a version of z such that the two clusters g and 1 are either pushed towards each other
or pulled further apart. If ¢ = dy y7(Hi¢—r) then 2(¢) = 2. If ¢ > dg y7(H;+—,) then the two
clusters are pulled apart. If instead ¢ < dg n7(H;—-), the two clusters are pushed towards each
other and in the extreme case of ¢ = 0, their centers correspond to each other. Hence, the variable
¢ measures the degree of perturbation (see, Figure 2 of Chen and Witten, 2023). We document the
steps of the calculation of this p-value in Appendix B through a characterization of the truncation set
S. The following result establishes the asymptotic validity of py y7(dg N7 (Hi¢—7)) for the pairwise
null hypothesis 7-[(1]’9 defined in Definition 1.

Proposition 1. Let g € {2,...,G} with G > 2 given, and B — oo as (I,N) — oo such that
B/T — 0.

. 1,
(a) Under Assumptions 1-3, and H,"7,

lim P[pg,NT(Dg,NT(Hi,t—T)) < Oé] =a, Ya € (0, 1).
(T,N)—o0

(b) Suppose now that G = G° > 2 and N/T¢ — 0. Under Assumptions 1-6, and if ’H(l)’g fails,

lim ]P)[pg,NT(Dg7NT(Hi,t—T)) < a] =1, Va € (0, 1).
(T,N)—o0
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Part (a) of the proposition states that the random variable py N7(Dg n7(H;¢—7)) satisfies the
definition of a p-variable of Vovk and Wang (2020) asymptotically, under the null of pairwise cluster
equality. The p-value py n7(dg N1 (H;t—r)) is a realization of this p-variable. Following the common
practice, hereafter we refer to both of these quantities as p-values. In Part (b), it is shown that
Dy n7(H;t—7) is consistent whenever ’Hé’g fails. Here, it is required that the number of clusters G
is correctly chosen to be equal to G°. We relax this assumption in Section 3.4 by proposing an
information criterion to estimate G©°.

Now, using the fact that each G — 1 pairwise cluster equality p-values pg n7(Dg N7 (Hit—r)) are
asymptotically uniform under their corresponding null, we can define a p-value combination test statis-

tic for the homogeneity null (9) as follows:

1/r
1 G

W]}\l]%“mo<Hi,t—T> = m Zpg,NT(Dg,NT(Hi,t—T))ir , T E (17 OO); (16)
g=2

The test statistic combines G — 1 p-values following the methodology developed by Vovk and Wang
(2020). Another recent application of this methodology to EPA testing, in particular to multi-
variate predictive ability comparison, is proposed by SU. Alternative p-value combination methods
such as Fisher (1932) are not necessarily suitable to the problem in hand because the p-values
pgNT(Dg,NT(H;+—7)) use overlapping samples through their dependence on Cluster 1 by construc-
homo

tion. Proposition 2 of SU shows that a pseudo p-value associated with the test statistic W7’ can

be calculated as

homo i " !
Hiy ;)= 1) o
pNT(wNT ( it )) Tnin (r -1 w]’"(,ojmo(Hi,t—r> ) ( )

As discussed by SU, the variable pyr(WE°(H;,—,)) can be interpreted as a p-value although it is

not distributed uniformly. However, it satisfies the desired properties of a p-value. These properties

are summarized in the following theorem.
Theorem 1. Let G > 2 be given, and B — oo as (T, N) — oo such that B/T — 0.
(a) Under Assumptions 1-3, and Hhomo,

lim sup pNT(W]]\zf?TmO(Hi,th)) < «, Va € (0’ 1)
(T,N)—o0

(b) Suppose now that G = G° > 2 and N/T¢ — 0. Under Assumptions 1-6, and if ’Hgomo fails,

lim  Plpyr(WE(H;—r)) < a] = 1, Ya € (0,1).
(T,N)—o0

15



Although non-crucial for the development of our C-EPA test statistic with unknown clusters, the
test statistic Wf{,%mo is of particular empirical importance as it is a strong alternative to the split-
sample homogeneity test proposed by Patton and Weller (2023). Part (a) of the theorem shows that
the test statistic controls for the Type I error rate asymptotically whereas Part (b) shows that it is

consistent if at least one of the pairwise equality null hypothesis 7{(1)’9 fails.

3.2. The overall EPA test and the main result

The second sub-hypothesis of the C-EPA hypothesis (1), namely the O-EPA hypothesis Hg ™" states
that the two forecasts are equally good on average given past information. To test this sub-hypothesis,
consider the test statistic

B—K+1._-, A1 -
WP (H,y ) = TTZQ, N1 N7 ZoNT (18)

where ZO,NT =71 Zthl ZNJ? Zth =N"1 Zfil Zit, and ﬁo,NT is given by

1 B
Q()NT:*E AO'A,‘
) B 3] 10,70
Jj=1

T
~ /2 _ _ (t—1/2
A= 7 tEI[ZN’t — Zo,NT] COS |:7T] < T )} .

The asymptotic properties of this test statistic are summarized in the following proposition.

(19)

Proposition 2. Suppose that Assumptions 1 and 3 hold with v = (1,...,1), that is G = 1. Then,
for B fixed as (T, N) — oo, the following results hold.

(a) Under ,ngpa’ W](\)[e]]za<Hi7t_T) i) FK,B—K+1~
(b) Suppose that Hg™* fails. Then, for any C' > 0, P[W 2" (H;4—r) > C] — 1.

The test rejects the null of O-EPA if pyr(wih (Hit—7)) = Py, [Frp—k+1 > wip (Hip—7)] < o
where o € (0,1) is the predetermined Type I error rate. When B = T and K = 1, the test statistic
becomes a Wald-type statistic which is robust to arbitrary CD but does not control for autocorrelation.
It becomes then a special case of the S](\%ﬂ test of APUY where the bandwidth parameter of the kernel
function is chosen to ignore potential autocorrelation.

We now turn to our main test statistic for the C-EPA null Hg. As in the previous section, we

propose the following p-value combination statistic which uses the p-values associated with the G — 1
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pairwise homogeneity tests and the O-EPA test:
1/r

1 oepa —r —r
W (Hip—r) = o | enr(WR (Hip—r)) ™" + > pont(Dgnr(Hip-r)) , (20
ge{2,...,G}

for any r € (1,00). Again, for notational simplicity, we ignore showing the dependence of the test

statistic on T, i.e. W;?,IT(HZ-,t_T) = W]%IT(Hi,t_T,fS/NT). The associated pseudo p-value is given by

S1 — mi r 1
L)) = 1), 21
pr oy (o) = min (1 e —1) ()

As in the case of (17), py7(WxE(H;it—)) is not a p-value because it is not necessarily uniform under
the associated null. However, it can be interpreted as one as the following main result of the paper

summarizes its desired asymptotic properties.
Theorem 2. Let G > 2 be given, and B — oo as (T, N) — oo such that B/T — 0.

(a) Under Assumptions 1-3, and Ho,

limsup py7(Wak(His—r)) < a, Yo € (0,1).
(T,N)—o0

(b) Suppose now that G = G > 2 and N/T¢ — 0. Under Assumptions 1-6, and if either H}°™° or
HoP* fails, then,

lim  Ppyr(WRE(Hit—r)) < o] =1, Ya € (0,1).
(T,N)—o0

The asymptotic result shows that the proposed selective inference test successfully controls the
Type I error rate and it is consistent as its power approaches one when either Hgomo or Hg™* fails.
The finite sample properties of the test statistic are investigated in Section 4 where the simulation

results confirm these theoretical expectations.

3.3. Split-sample test statistic

In the previous subsection, the selective inference approach was adopted to condition on the esti-
mated cluster memberships. An alternative and more straightforward method is sample splitting in
the time dimension. The current section develops a testing procedure similar to the homogeneity tests
developed by Patton and Weller (2023).

Let R and P be two mutually exclusive but not necessarily exhaustive subsets of 7 = {1,...,T}

given by R = {1,2,...,S —¢+ 1} and P = {S+ 1,5+ 2,...,T} where ¢ > 1. We denote R :=
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S —q+1=card(R) and P = card(P). Let ynr = (G1,NR,---,gn,NR) be the vector of the estimated
cluster membership variables obtained from the kmeans estimator given in (6) using the sample of N
cross-sectional units and the subsample R. We define Oyp(§ng) = [éi,ﬁl,PﬁNR)’ e 7é/c;,ﬁg,P(;yNR)]’
ég,ﬁg,P(’?NR) = p~! Z;‘FZSH Zy gt ANR)s Zgigt(ANR) = 7y ! SN Zul{Ginr = g}. A split-sample

test statistic for Hg is

Wit (Hit—r, ANR) = %P%P(&NR)Q‘}(&NR)éNP(&NR), (22)
N 1 B N
Qnp(iNR) = 5 > A(nr)A; (v e),
, = (23)
R;(vr) = \/z > | ZviGiv) = Ovp(inn)| cos [M- (t— ]31/2)] .
t=S+1

The asymptotic properties of the split-sample test crucially depends on the following assumption.

Assumption 7. Vj; is independent of all measurable-Gi—, random variables for some ¢ > 1 and for

allt=1,...,T,i=1,...,N.

According to Assumption 7, time series dependence in the process {Vi;}; is limited such that V;
is independent of Vjs whenever [t — s| > ¢ for all ¢ and j. This assumption is somewhat restrictive as
it rules out many mixing processes for {Vj;};. We can now state the following result which is similar

to Theorem 6 of Patton and Weller (2023) with the differences we discuss in the remarks below.

Theorem 3. Suppose that Assumptions 1-3 and 7 hold. Then, for B fixed, R, P — oo as (T, N) — oo,

the following results hold.
~ d
(a) Under Ho, WRT(Hi—r,4nR) — Fox,B-GK11-

(b) Suppose now that G = G° > 2. Under Assumptions 1-5 and 7, and if H fails, then, for any
C >0, PIWR5(Hit—r,ANR) > C] — 1.

The result above leads us to the following remarks. First, the split-sample test statistics rely on
the selection of the two sub-samples R and P which can be arbitrary in practice. Furthermore, the
fact that the inference is based on P observations may cause the associated test statistics to have
low power. However, we note that the selective inference approach has extra conditioning due to the
nuisance parameters discussed above. Hence, the comparative power of the split-sample statistics is

an empirical question which we investigate with simulations. Second, here, we apply a small sample
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correction contrary to the asymptotic tests of Patton and Weller (2023). Third, our framework allows
for strong CD which is ruled out by the authors. Finally, their testing procedure focuses only on

homogeneity of the panel whereas we test if each cluster has zero mean.

3.4. Estimating the number of clusters under the alternative

When the researcher wishes to learn the number of clusters under the alternative from data,
the sample in hand can be used to obtain an estimate of it. For this purpose, Patton and Weller
(2023) suggest to use a multiple testing procedure based on the Bonferroni correction. An adaptation
of their proposal would be calculating the p-value associated to the test statistic (20) or (22) for
G =2,...,Gmaee and applying the usual Bonferroni correction to these p-values. The test rejects Ho
if the Bonferroni p-value does not exceed the predetermined Type I error rate. As an alternative, we

propose an information criterion (IC) to estimate the number of clusters. Consider the following IC:

1 LK ~ ¢log(NT)
I =1 det | — f i K+N)——=
Cr(@) = s a1 33 Tu(@7iic) | + e s 0 ET
where ‘Z-t(G) = Ty — HAG,@, with ég@. being the solution to (6) with G clusters, and ¢ is a tuning

constant. In our simulations we found that ¢ = 3 works well, as was also suggested by the results of
Lumsdaine et al. (2023). The IC estimate of the number of clusters is given by
Gyr = argmin  ICn7(G). (24)
Ge{2,....Gmaz}

For the split-sample test, this IC can be adapted by using only the R portion of the data. This IC
is denoted as ICyg(G). Penalty functions other than the one used here can also be employed (see, for
instance Bai and Ng, 2002, for different penalties for determination of the number of factors in factor
models). Our IC is an adaptation of the one used by Lumsdaine et al. (2023) to our multivariate
framework. It is easy to see that the G N7 is consistent for G° > 2 under Assumptions 1-5 if N and T
diverge at the same rate. We explore the finite sample properties of this estimator in Section 4 with
numerical experiments.

The main advantage of using an information criterion instead of a Bonferroni p-value is its compu-
tational efficiency. Although the extra computational burden is negligible in the case of split-sample
test statistics, it is quite important for the selective inference tests. This is because the computation
of the conditioning set S is time consuming, and contrary to the Bonferroni p-value, an information

criterion requires only the kmeans estimates for different values of G and not §.
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4. Monte Carlo Study

4.1. Design

To investigate the small sample properties of the proposed test statistics, we generate samples from

the following models under different parameter constraints:

DGP1: ALy =d+ p; + MiFre—1 4+ XoiFo1 + Ury
DGP2: ALy =d+ pi + MiF1 -1+ Ui

DGP3: ALy = pi + MgFrp—1 + Ao Foi—1 + Ur it
DGP4: ALy =d+ p; + MiiFi—1 + Uzt

DGP5: ALj = d + p; + MiF1 -1 + AoiFo i1 + Ua it

where Fyy, Foy ~ #idN(0,1). For all experiments, the loadings of Fy; are drawn once as Ag; ~
19dN (0, 0.2) for all i so they are fixed. We also set their variance to be exactly 0.2 for each experiment.
The error terms are generated as Uy ~ #idN(0,1) and Uz = Uiy + 0.5U1,4—1. The parameter
d controls the distance between the clusters. We consider values d € {0,0.125,0.25,0.375,0.5}. The
number of true clusters is G = 1 for size experiments and G = 2 otherwise. When G = 2, we have
gi=1fori=1,...,N/2and g; =2 for i = N/2+41,...,N. The number of replications is 2000. For
the main experiment we have N € {50,100} and T € {20, 50, 100,200}. In a relatively limited set of
robustness checks, we set N = 50, T' € {50,100} and d = 0.25. We evaluate the performance of the
tests by setting either H; ;1 = 1 or H;;_1 = Fy;—1. These correspond to unconditional and condi-
tional C-EPA tests, respectively. The parameter constraints particular to these cases are reported in

Table 1.

Table 1: Constraints in Monte Carlo Design

Test type Size (d = 0) Power (d # 0)

Unc. tests (Hj;—1 =1) wi =0 i =—d fori=1,...,N/2, u; = d otherwise
/\li =0 )‘li =0

Con. tests (H;1—1 = F14-1) w; =0 i =—d fori=1,...,N/2, u; = d otherwise

Ai=0 A =—dfori=1,...,N/2, \;; = d otherwise

DGP1 is considered the main experiment of the Monte Carlo study and the others to be robustness

checks, as dictated by the lengthy computations. DGP1 corresponds to the case where we have
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cross-sectionally dependent but serially uncorrelated loss differentials. DGP2 imposes cross-sectional
independence by setting Ag; = 0 for all . As seen in Table 1 Ay; # 0 only for conditional tests but
they condition on F;_1 hence, the independence holds conditionally. DGP3 is a particular case of
DGP1 where the O-EPA hypothesis is satisfied even when the C-EPA hypothesis fails. When d = 0,
DGP3 is identical to DGP1 so we omit the associated results in Table 3. DGP4 and DGP5 are used
to check the effect of autocorrelation in loss differentials.

Our main interest is in the test statistics WJ*E;IT, Wj\g,*% computed with G = 2 as well as the same
statistics computed using the IC-based estimate, (AJ, of the number of clusters. For the latter we use
Gmaz = 5. As a benchmark, we also report the unfeasible test W which is computed using g; = 1 for
i=1,...,N/2and g; = 2fori = N/2+41,..., N so it is based on the true clusters under the alternative.
We omit the results of the naive tests as they are clearly invalid in the light of Figure 2. Split-sample
tests are computed by splitting the sample into two equally sized parts as R = {1,2,...,T/2—q+ 1}
and P={T/2+1,7/2+2,...,T}. In DGP1, DGP2 and DGP3, we set B =T, ¢ = 1. In the other
DGPs with autocorrelation, we set ¢ = 2, and B = 2max (|(GK + 4)/2|,1) which provides tests with

the best size properties in the simulation study of Sun (2013).

4.2. Results

Main Results. The main results on the empirical size of the test statistics are reported in Table
2. The first observation which we draw is that all tests have excellent size properties in small samples
under DGP1. In particular, all unconditional tests are correctly sized with the exception of very small
size distortions for the split-sample tests when T' is small. We note that the Monte Carlo results of
APUY as well as Qu et al. (2024) show that the Wald tests of the C-EPA display important size
distortions. Our results on the comparable test statistic with known clusters show that the small
sample correction using the OS LRV estimator together with the p-values calculated from the F
distribution works perfectly. Furthermore, the uncertainty due to the estimation of the clusters does
not change the conclusions.

The findings are only marginally different for the conditional tests. One particular observation
here is that, in certain cases, Wy4 and WxE [IC] tests are slightly undersized whereas Wx5 and
W5 [IC] are oversized as before. The size of both classes of tests reaches to the nominal value with
increases in T'. We conclude by noting that these small deviations may be due to the limited number

of replications dictated by the computational capacity. Further research may shed light on this issue.
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Table 2: Empirical Size of the Test Statistics-Main Results

N T  Wyr [Known| Wgi Wgp[IC] W55 W3 [IC]
Unconditional Tests (H;;—1 = 1)
50 20 0.06 0.06 0.07 0.07 0.07
50 50 0.05 0.06 0.06 0.05 0.05
50 100 0.05 0.04 0.05 0.06 0.06
50 200 0.05 0.04 0.05 0.05 0.05
100 20 0.07 0.06 0.05 0.07 0.07
100 50 0.05 0.04 0.05 0.05 0.05
100 100 0.06 0.06 0.05 0.05 0.05
100 200 0.05 0.04 0.04 0.05 0.05
Conditional Tests (Hj¢—1 = Fi¢-1)
50 20 0.05 0.05 0.05 0.06 0.06
50 50 0.05 0.04 0.04 0.05 0.05
50 100 0.05 0.04 0.04 0.05 0.05
50 200 0.05 0.04 0.05 0.05 0.05
100 20 0.06 0.04 0.04 0.06 0.07
100 50 0.05 0.04 0.05 0.05 0.05
100 100 0.06 0.05 0.04 0.05 0.05
100 200 0.05 0.04 0.04 0.05 0.05
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The power properties of the test statistics are reported in Figure 1. The overall conclusion is
that all test statistics are consistent. The first and the second columns of the figure let us analyze
the power loss due to the estimation of the number of clusters. We can conclude that this effect
of estimation uncertainty is negligible. One particularly important comparison is the power of the
conditional selective inference and conditional split-sample tests. We see that the selective inference
tests are more powerful than their split-sample counterparts for small T'.

Alternative DGPs and additional results. The results on the empirical power and size of the test
statistics for DGP2 to DGP5 are reported in Table 3. First, let us focus on the size and power of
the unconditional tests for different DPGs. In DGP2, which differs from the main experiment in that
it does not contain CD, we show that our tests display only minor size distortions. They reach the
power of 100% in the sample sizes and the deviations from the null that we consider.

We remind that DPG3 is identical to DGP1 when d = 0. So we discuss only its power properties.
A particularly important finding arises in this case as for both unconditional and conditional tests the
power of Wj\%ﬂ and Wj%ﬂ [IC] is low when the O-EPA fails, although it increases with the sample size.
In this DGP, when the O-EPA hypothesis fails, split-sample tests seem to be the reliable choice.

With DGP4 and DGP5, we analyze the effect of autocorrelation in the loss differentials on the
small sample properties of the test statistics. In this case, both conditional and unconditional W;?,IT
and WL [IC] tests are slightly oversized whereas the Wg5 and Wys [IC] show no particular size
distortions. Both sets of tests have their power increased with sample size, as expected. We see in
particular that, in the case of autocorrelation, selective inference based tests have superior power to
the split-sample tests, although this superiority might be due to the slight size distortions of W;\q,IT and
WL [1C] in this particular case.

Some supporting Monte Carlo evidence is reported in Tables 5-7. Measures on the performance
of the kmeans estimator and the proposed IC are presented in Table 5 where we set N = 50 and
T € {20,50,100,200}, as above. In particular, for each DGP and d # 0, we report the recovery
probability (abbreviated as Rec.) which is the percentage of Monte Carlo replications which result
in the true clusters, and the Rand Index (abbreviated as Rand. Ind.) which is a measure of the
similarity between the estimated clusters and the true clusters. This index varies between 0 and 1
with the latter signifying perfect recovery of the true clusters. Finally, this table also reports the
average of the estimated number of clusters by the IC over 2000 replications. The results can be

summarized as follows. First, as expected the performance of the kmeans estimator increases with T’
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Figure 1: Empirical Power of the Test Statistics-DGP1




Table 3: Empirical Size and Power of the Test Statistics—Alternative DGPs

T d DGP Wyr [Known] WL WRL[IC] W55 Wig [IC]

Unconditional Tests (H;;—1 = 1)

50 0 2 0.05 0.06 0.06 0.07 0.07
100 0 2 0.05 0.05 0.05 0.05 0.05
50 0 4 0.06 0.10 0.09 0.05 0.05
100 0 4 0.04 0.09 0.09 0.05 0.05
50 0 5 0.05 0.09 0.08 0.05 0.05
100 0 5 0.05 0.09 0.09 0.06 0.06
50 0.25 2 1.00 1.00 1.00 1.00 1.00
100 0.25 2 1.00 1.00 1.00 1.00 1.00
50 0.25 3 1.00 0.54 0.51 1.00 1.00
100 0.25 3 1.00 0.87 0.83 1.00 1.00
50 0.25 4 1.00 1.00 1.00 0.99 0.96
100 0.25 4 1.00 1.00 1.00 1.00 1.00
50 0.25 5 1.00 0.80 0.72 0.80 0.71
100 0.25 5 1.00 0.98 0.96 0.99 0.95
Conditional Tests (Hj¢—1 = Fi¢-1)
50 0 2 0.04 0.04 0.05 0.05 0.05
100 0 2 0.05 0.05 0.04 0.05 0.06
50 0 4 0.05 0.06 0.06 0.04 0.04
100 0 4 0.05 0.07 0.06 0.05 0.05
50 0 5 0.05 0.06 0.06 0.05 0.05
100 0 5 0.04 0.06 0.05 0.05 0.05
50 0.25 2 1.00 1.00 1.00 1.00 1.00
100 0.25 2 1.00 1.00 1.00 1.00 1.00
50 0.25 3 1.00 0.32 0.31 0.96 0.96
100 0.25 3 1.00 0.83 0.83 1.00 1.00
50 0.25 4 1.00 1.00 1.00 0.97 0.97
100 0.25 4 1.00 1.00 1.00 1.00 1.00
50 0.25 5 0.96 0.64 0.64 0.68 0.68
100 0.25 5 1.00 0.96 0.97 0.96 0.96
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as well as the distance between the true clusters measured by d. Second, especially in the alternative
DGPs that we consider, both the kmeans estimator and the IC perform better in the conditional
setting. The low performance is most apparent in DGP4 with 7' = 50 in unconditional case where
the true clusters are never correctly recovered by kmeans and the IC overestimates the true number
of clusters with average estimated number being 2.86. However, in general, the estimators have very
good small sample properties.

Finally, Tables 6 and 7 focus on the performance of the components of the selective inference tests,
i.e. W]f,e%m and W](L]%ﬂmo Table 6 reports the performance of these tests under DGP1. First, we see that
both tests have excellent size control even in smallest samples. The biggest size distortion is observed
when the number of clusters is estimated for unconditional homogeneity testing W]Q,"Tmo which results
in a size of 9% when N = 50 and T' = 20. However, this seems to be an exceptional case as no other
setting results in a size superior to 6%. Second, we see that the power of the O-EPA test approaches
1 very rapidly with d. Even when N = 50 and T = 20 it has a power of 87% when d = 0.25 for the
unconditional test. Although it has in general lower power than WX,E%’“, this observation applies to
W]@(’Tmo as well.

Among the results of the alternative DGPs reported in Table 7, two findings stand out. First, in
the DGPs with autocorrelation, W]}\L,"Tm" tests display some size distortions which is not the case for
W]ffer_ﬁa. Hence, the size distortions observed in Table 3 are due to the fact that the selective inference
component of the W]*\S;gﬂ test uses the x distribution instead of the F' distribution. Second, the low
power of W;?,IT in DGP3 discussed above is entirely due to the fact that the O-EPA hypothesis holds,

as in this case Wf{,%mo still has high power.

5. Empirical Illustration

In this section, we present an empirical illustration of the usage of our test statistics for the
comparison of predictive models. For this purpose, we use the data set constructed by SU on a large
set of daily exchange rates. The complete data set contains 84 exchange rates with the longest time
series spanning between January 4, 2011 and April 1, 2021. These contain 39 currencies against the
USD, 23 currencies against the EUR, and 22 currencies against the GBP. The time series for the
currencies against the USD are observed for a total number of 2558 days, against the GBP for 2590
days, and against the EUR for 2622 days.

For our illustration, we use the out-of-sample forecasts generated by 4 different time series models.
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These are given by

RW:Y; =Y 1+ Uy
AR1: Yy = Bi1Yii—1 + Uy
AR2: Yy = Bi1Yit1+ Bi2Yis—2 + Uy

TVP: Vi = VY1 + Ui, Vi = pithis—1 + €it

where Yj; is the first difference of the natural logarithm of exchange rate ¢ at day t. Using the
Matlab codes made available by the authors,* we generate the one-step ahead forecasts with a rolling
estimation window of 750 days. This results in 1806, 1870 and 1838 time series observations for the
exchange rates against the USD, EUR and GBP, respectively. Our focus is on the balanced portion of
the data set after leaving out the COVID-19 period, i.e. before 1st of January 2020. The final forecast
errors data set contains 7' = 1517 observations of each of the NV = 84 exchange rates.

For each model above, we compute the quadratic loss differentials as AL;; = (}A/l’it —Yi)?— (}Afzzt -
Y;t)z where ?g’it denoting the RW forecasts. We compare each of the 3 other models with RW using
the test statistics Wz [Known], Wy [Naive], Wyt and Wy5. for both the unconditional and the
conditional EPA hypotheses. The tests with predetermined clusters, noted Wy [Known], use the
base exchange rate, that is G = 3 for USD, EUR, and GBP. The conditional tests are evaluated
using H; ;1 = AL; ;1. For the kmeans estimates, the number of random initial observations and the
maximum number of iterations in the kmeans algorithm are chosen as 10. We set G = 3 for Wy
[Naive], and for the tests taking into account the estimation of the clusters, the number is chosen
by IC with Gpee = 5. The split-sample statistics are calculated using R = {1,2,...,7/2 — ¢ + 1}
and P = {T/2+1,T/2+2,...,T} with ¢ = 2. All tests are robust to autocorrelation with B =
2max ([(GK +4)/2],1) as in the Monte Carlo simulations. Following SU, we set r = 20 for the
calculation of the p-value combination tests.

The results are reported in Table 4. The first observation is that all tests conclude that each of
AR1, AR2 and TVP models have significantly different predictive power compared to the RW model
at 5% level. In fact, unreported results show that, for any exchange rate series that we observe, the
RW model produces a higher root mean squared error. Therefore, we conclude that all alternative
models have significantly better forecast performance than the RW.

As expected, in each comparison, naive tests result in very small p-values. In all cases except one,

“The data set and the Matlab codes are available in https://doi.org/10.1080/07350015.2022.2067545.
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Table 4: p-values of Test Statistics Comparing Exchange Rate Forecasts

Model Compared Wyr Wyr [Naive] WRE [IC] W5 [IC]
Unconditional Tests (H;;—1 = 1)

AR1 0.020 0.012 0.025% 0.025

AR2 0.020 0.007 0.025% 0.025

TVP 0.010 0.048 0.045 0.030
Conditional Tests (H;;—1 = AL;;—1)

AR1 0.015 0.000 0.021¢ 0.033

AR2 0.014 0.000 0.023° 0.031°

TVP 0.006 0.002 0.044 0.029

Note: ¢, ® and € signify GNT =3, GNT =4 and éNT = 5, respec-
tively. Otherwise IC chooses Gy = 2.

namely unconditional TVP comparison, selective inference tests give larger p-values than the naive
tests. This is similar for split-sample test statistics. One important observation is on the estimated
number of clusters: we see that using the full sample (selective inference tests) and the first half
of the sample (split-sample tests) result in different estimations, the exceptions being unconditional
TVP comparison (é n7T = 2), and conditional AR2 comparison (Gyr = 4). We finally note that,
in unreported results of Wyn' and WM tests, we find that the inferiority of the RW forecasts is
due to the overall differences instead of heterogeneity, except in one case for which the homogeneity
hypothesis is rejected using the WJ'\}OTW’ test with a p-value of 0.027. This is the conditional AR2

comparison which results in the estimated exchange rate clusters given in Table 8.

6. Conclusion

This paper developed a statistical framework for testing a linear hypothesis on the cluster centers
of a panel process after having estimated these clusters using the kmeans estimator. This statistical
framework was then applied to conditional C-EPA testing in order to compare the forecast perfor-
mance of agents or predictive models. In particular, we developed two distinct strategies to deal with
the problem of what is sometimes called “double dipping” in recent statistical literature. Our pro-
posed method is a conditional testing procedure based on recent developments in the area of selective
inference. The main idea behind the methodology is to compute a p-value for the C-EPA hypothesis
which can be thought as the percentage of rejections of a true null among all realizations of the panel

process which result in the same clustering obtained using kmeans with the realization in hand. The
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second strategy resulted in a set of more straightforward split-sample tests. The two methodologies
were then compared theoretically as well as in Monte Carlo experiments.

Our simulation results show that both testing strategies work very well in small samples. They are
correctly sized even in very small samples and they have power against viable alternative hypotheses. In
particular, selective inference tests perform very well and together with their theoretical and practical
advantages, they stand out as the preferred methodology.

Finally, to illustrate the empirical validity of our tests, we compared several time series models
with random walk forecasts in terms of their predictive ability, using a large data set of 84 exchange
rates. The results showed that all alternative models are have superior predictive power over the
random walk, and there is some evidence on exchange rate clusters for which the predictive ability of

alternative models differs significantly.

Appendices

A. Proofs

A.1. Proof of Lemma 1

To prove Part (a), we will show that each K x 1 component of Oy(7) satisfies ég,ng, (v) =69 ny (V) +

0p(1). By definition, Z = 59 + Vi; and E(Vy) = 0. Since 0y, 7(7) = (ngT) "t o0 S/, Zaul{gi =

g}, we have

R | NI
Og.ng, (V) — 92,ng (v) = T Z Z Viel{g: = g}, (25)

n
97 =1 t=1

which gives E(ég,n .r(7) — 09, (7)) = 0. Turning to the variance, we have

gng

|ELOgnyir () ~ egnq( D Ogny (1) = 03,0, (1)

= L Z Z (VieVis)1{gi = g}1{g; = g}

n i,j=1t,s=1

1 L1 (26)
S 7 Z T Z E|[VieVill | Hgi = g}1{g; = g}

97 =1 t,s=1

N T

1 1 1

< nf]iT Z T Z E|\ViVisll | = (M> ;
i,5=1 t,s=1 9

29



by Assumptions 1 and 2 which concludes Part (a). For Part (b), we write

T
Q)N T2 By (v) = 0°(7) = Q) TN Y T V(y)

t=1
and the result follows from Assumption 3.
A.2. Proof of Lemma 2

Let O(6,~) = (NT)~! SN S 11 Zis — 6,112, be the objective function of the kmeans estima-
tor divided by NT, and Q(6,~) = N~ ZfilHGSQ — 05,112 + (NT)P SN 5T 1Viell?, the auxiliary

objective function. We also define the Hausdorff distance between y7 () and 6°(v) as

Hg/y'n,g/T gng H >

max min Hé 1 (Y H
g/€{1,7G} <g€{177G} g ’ng/ 97"9

Our proof is based on the proof of Theorem 1 and Proposition S.4 of Bonhomme and Manresa (2015)

di(Onr(7),0°(7)) = :
H(ONnT(7),67(7)) =max Leglffg} (ye?ll,l.?,c}

but it generalizes their results for the multivariate case with potentially strong CD. Part (a) of Lemma

2 is proved by the following lemma.

Lemma A.1. Under the assumptions of Lemma 2, we have

(a) Q(0,7) — Q8,7) = op(1),

(b) Q(OnT(AnT), AnT) — O(6°,7°) = 0,(1).

Proof. To prove (a), we write

5\”
M=
M’ﬂ
:S
C%
<

which follows directly from Assumption 1(a)-(c). To show (b), we first note that Q(6,~) is uniquely
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minimized at true values. To see this, it suffices to write

G010 = LS o

G G
SN gl = gh1{gi = ¢} [6501°) — 8y ()|

g=lg'=1

2\"
Mz H

Il
—

7

¢ W ) 2 (27)
23w 2 M =) pin 1507~ 00 )]
G no
=2, 00 0l
where ng/N — /-ig € (0,1) by Assumption 2. Note that, by definition, kmeans estimator satisfies
Q(Onr(AnT), AnT) < (6, 7). Combining this with (a), we find Q(On7(InT), A1) +0p(1) < O, 7)+
op(1). Hence, by (27), we have QOnr(ANT), AnT) — 9(0°,70) = 0p(1) which ends the proof. O

For Part (a), we will show the consistency of the kmeans estimator of the cluster centers with
respect to the Hausdorff distance, as in Proposition S.4 of Bonhomme and Manresa (2015). Namely,

we will show that dg (Onr(5nT),0°(7°)) = 0,(1). Define the permutation v : {1,...,G} = {1,...,G}

as v(g) = arg mingle{ly_..7g}||92(70) — b0, nT(3NnT)|)?. Following steps similar to those in (27), it is easy

to show that Heg('yo) - éQIVNT(’A)/NT)HQ is bounded away from zero. It follows that v(g) # v(g’) for

all g’ # g, with probability approaching to one. Thus, for all ¢’ € {1,...,G}, mingeg . [165(7°) —

[ I?

Oy NT(ANT) 10914 (V) = by nr(ANT)|? = minge1,. a3 10915 (7°) = 03,87 (AnT) |12 = 0p(1)

where the last equality follows from (27) and Lemma A.1(b). This in turn implies that

max

ge{1,...,G} <g 6{1, 7G}
Combining this with the definition of the Hausdorff distance, we find dg (Onr(3nT), 0°(1°)) = 0,(1)

160 egfn?) — 0,(1).

which shows that there exists a permutation v(g) such that Hﬁg(g) (7°) = 8, nT(AnT) |2 = 0,(1) which
ends the proof of Part (a).
For Part (b), we define ©,, as the set of parameters § € OYK that satisfy [|§ — 60°(7°)||? < n for

n > 0. We state the following result which is similar to Lemma B.4 of Bonhomme and Manresa (2015).

Lemma A.2. For n > 0 small enough, we have, for all £ > 0 and as (T, N) — oo

9
N

sup 3" 1{G(2,6) £ o) = 0,(T7)

oco, N —

Proof. As in the proof of Lemma B.4 of Bonhomme and Manresa (2015), we first note that, by
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the definition of g;(Z,0) in (7), 1{g:(Z,0) = g} <1 {Z;‘F:lHZit — 0,0 <SSE 1 Zit — Qg?HZ}. Notice
also that we can write N7V N, 1{G:(2,0) # ¢} = S0, N7UY 1{g? # g}1{G:(2,0) = g}
Combining these two gives N"' SN 1{5:(Z,0) # ¢} < 25:1 NN Qig(0) where Qiy(0) =
1{g? # g}1 {zleuzﬁ — 0,02 < ST |1 Zu — 99?112}. We will bound Qi4(6). By the fact that Zy =
08? + Vi, we have

979 151 =L
Define
T K
Ar = Z Z [2Vk’it(0k’9' ~Okg) + (92,9/ (70) - ek,g)Z - (eg,g' (’70) - ‘9k7g’)2]
1; 1 I;{ 1
= 30N [2Vian (00, (7%) — 62.,(30)) + (82,5 (1°) — 02, (7°)°]
t=1 k=1

Rearranging and using the triangular inequality, we find,

Ar < |Air| + |Aar| + |Asr| + |Aar],

where
AIT—QZZszt ekg ekg( ))7
t=1 k=1
Agr = 222% it(00,4(7°) = Org),
t=1 k=1
K
Azr = TZ(GIOc,g’ (’YO) - 0k7g’>2’
k=1
and

A4T = TZ 9]{,‘9 ) - ek,g)2 - (0279’(’70) - 9/2,9(70))2]

k=1
K
=T (62,00 ,(1°)% = 260, (1°) (Ohg — 62 ,(+*))]
k=1
K K
=Ty (62,090,327 3" [62 ,(7°) By — 62.,,(1°))] -
k=1 k=1
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For 6 € ©,), we find that

T K 1/2
AT < TCl < Z Z Vk 1t> + T0277 + TC3\/ﬁa

t=1 k=1
with C, O, C3 being constants independent of 1 and 7" which follows from the definition of ©,,. We
find

T K
Qig(#) < max1 {Z D [2Viie (B (1°) — 0 (0)) + (6 5 (1) — R s (1))

T K 1/2
1
< TCiy/1 <T >N V,iit> +TCon + TCs/1

The right-hand side does not depend on 6, hence, supyeg, Qig(0) < @ig with

P SoEt {ZZWk (g (1) =0y (1))

t=1 k=1
K

T K 1/2
1
< Ty (69 ,(7°) = 00 ,(+))* + TC1/n ( 3 vk%,-t> + TCon +TC3/1

k=1 t=1 k=1

This gives supgee, N~ ZZ L\ 15:(Z,0) #£ g9} < N1 Zl 1 Zg 1 ng Now we have

T K
PGy —1) <SP (z S Wi, () — 82, (1))

g'#g t=1 k=1

<-T

S

K T K
1
+IP’<;9 — 60 (v ))2<cg7g,>+P<TZZVk%ﬁ>C>

t=1 k=1

K 1/2
1
ng (70))2 —i—TCl\/ﬁ (TZZVk zt> —I—TCQH—}—TC;;\/E

t=1 k=1

™= EMN
M=

>
Il

2Vt (0 (7°) — 07 ,(7°)) < —TCy.y + TC1y/mVC + TCon + T03ﬁ>
1

By Assumption 5, the second term above is null, and by Lemma B.5 of Bonhomme and Manresa
(2015) and under Assumption 6, P (T‘l STSE V2, > C) = o(T~%), for all £ > 0. Furthermore,
by choosing 7 suitably, we find

T K
1
g (T DD 2Wea®y (1) = 0,(1) < ~Cyy + CLyiIVC + Con + cm)
t

T K
1 C,q _
<P (T YD Vil (1°) = 0,(1)) < —2> = o(T™%)
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where we obtain the last equality by applying Lemma B.5 of Bonhomme and Manresa (2015) with

2z = Vk’it(ﬁgg, (%) — 0279(70)) and z = C, /2. This in turn implies that N=' SN Zngl P(Qig =

1) = o(T~%). Finally we note that, for all £ > 0 and £>0,

| X 3 N G 3
P <GSEUG§) Nzl{@'(zﬁ) # 97} >§T_§) <P N_lzZQig >t
| i=1 g=1

- E (Nfl Yis, Zf];:l QV@'Q)
< T

which ends the proof. O

= o(1),

We now prove the last three parts of Lemma 2. For Part (b) we refer to the proof of Bonhomme and
Manresa (2015) which is identical to our case. Part (c) also follows similar lines to the proof of Theorem
2 and Corollary 1 of Bonhomme and Manresa (2015) with a difference that we have in (28). First,
like in the proof of Part (a), let Q*(9) = (NT)"' SN ST (| Zis — 05,|%, be the concentrated version
of O(6,7), and Q1 (8) = (NT)™ valeZit - Hg?HQ. By choosing 7 small enough, Lemma A.2 leads to
Supgeo, | Q*(0)— Q! (8)| = 0,(T~%) for all ¢ > 0. Furthermore, by consistency of O (yn7) and y7(7°),
as (T, N) = o0, Q" (Onr(Iv1)) = Q1 (Bnr(InT)) = 0p(T %) and Q*(Onr(1°)) ~ QT (OnT(1%)) = 0p(T~F)
which in turn gives Qf (Onr(AnT)) — QF (A7 (

~—

") = OP(T_g)- Now, as in (27),
R . LN
Q' (Onr(AnT)) — Q' (Onr (")) = 5 3 ’9@ b,
i=1
L NG @ o
NZZ Hgi = 931{g; :g’}HH@. — b,
=1 g:1 g’:l 28
AR T
> AT - i I~ [e—
> gz:; N ; 1{gi = g}1{g:i = ¢'} ’egl,mg} Hggi

A~ A~

2
9§z‘ — 0, ‘

)

G .
g .
= e min
Z:: N ge{1,..,G}

where ng/N — KJS € (0,1) by Assumption 2. We thus obtain é@i — égi = 0,(T~%) which ends the proof

of Part (c). Part (d) then follows from the consistency of the estimator and Assumption 3.

A.3. Proof of Lemma 3

Let v € I'yg, G > 2, and vy, the associated NT' x 1 vector. For convenience, we remind that,

Vg = (V;}l, A 1/;7N)’, Vgi = t1dg, 7 being a T-vector of ones, d,; = 1{g; = 1}/n1 — 1{g; = g}/ng.

34



As in the main text, we also have I, = InT —vyv,/ lvg]|?. Following lemmas will be referred to in the

proof of our result.

Lemma A.3. Suppose that Assumption 1 holds. Then as B — oo as (T, N) — oo such that B/T — 0,
N Qur ()N = Q(7) = 0y(1).

Proof. Let Qnr(v) = VIT™V2 3 Vivy(v)]. We have, Qnr(v) = TP S B[V (1) Vi (7)]. Un-
der the assumptions and standard arguments N1 =¢Qn7(v)N1=¢ — Q(y) = 0,(1) as (T, N) — oo.
Following Sun (2013), we have Qn7(v) — Qnr(v) = op(1) from which the desired result follows. [

Lemma A.4. Suppose that Assumption 1, and ’H(l)’g limpy oo 9?7711 (7) = limy 00 92(7) hold. Then,
Dy nT(Hit—7,7) A, Xk forall g € {2,...,G}, as B — oo, (T, N) — oo such that B/T — 0.

Proof. We write

A~

D nr(Hig—r) = Tl01ny (1) = g, r DT g per (N 01,00, (7) = Oy (V)]

A~ ~

which is a standard Wald-type statistic for the test of the difference of the two cluster centers.
Therefore, for the result to hold, it suffices to show that D; Nr(Hit—r) a4, x% under the assump-
tions. Let R; 4 be the 2K x GK selection matrix with its first and gth columns being (¢, 0% )" and
(0, =)', respectively, and zeros otherwise, where O is a K-vector of zeros. Using Lemma 1, we
find X(7)"V2TV2Ry N~ [Onr(7) — 8°(7)] ~% N(0, Ix) where £(7) = Ry, Q(y)R},. Under Hy?,
this in turn gives that

—€eA A _ €A —en d
Ting b1, 0(7) = 1y~ Oy 0 (V) o1 (NN O 0(7) = 15 bgny (V)] == X

where o7 () = w1,1(7) +wy g (7) — 2w14(7) With wg g (7) begin the {g, g'}th K x K block of Q(v). But

by Lemma A.3, we have (ngng)' @, g n7(7) — wg,g'(7) = 0p(1) from which the result follows. O

Lemma A.5. Suppose that Assumptions 1-3, and ”H(l)’g s limpy oo 9‘1)77“ (7) = limpy_e0 08(7) hold.
Then, as (T,N) — oo, yZ, Dy nr(Hi—r,7v) and dir(G;;/K,T('y)Z’ug) are asymptotically pairwise

independent.

Proof. Notice first that we can write Dy y7(Hi—7,7) = ||\/TE;;/]3T(V)Z’VQH and under Assumptions

1-3 \/Tﬁl_;/f,T(v)Z'ug LN N(O, [|vy||* 1) if ’Hé’g holds, by Lemma 1. It follows that Dy y7(Hi—7,7)
is asymptotically independent of dir(c, ;/ Jz,T('y)Z’ vg) as the length and the direction of a standard

normal random vector are independent of each other.

35



To show that Dy y7(Hi—7,7) is asymptotically independent of II,Z, we first note that Il v, = 0.
This implies by the properties of the matrix normal distribution that Z'v, is independent of II,Z from

which the desired result follow immediately. O

Our proof of Lemma 3 follows lines similar to the proof of Theorem 1 of Gao et al. (2024) and
Proposition 1 of Chen and Witten (2023). We first write

v 2 e ()31 ()

g g
Z=WgZ + (Iny —lg)Z =yZ + 17971’\\[5 |12 O
g
~—1/2 y
151 4 N7 (V) 2| . a—1/2 ~1/2 29
=Ty Z + e A5y, R ()2 00) 31 g (0) (29)
g

-1 ~1/2
=1yZ + Dy nr(Hp—r,y )\/»HV ”2[d1 r(o ,g/NT(V)ZIVQ)]/UL/g,NT('Y)'
9

By replacing this equation into (12), we find

Pg,co(dg,NT(Hit—7,7))

= lim Py,

o Dy nT(Hit—7,7) > dg nT(Hit—7,7)

m=0i=1

M ﬂ{ (H Z 4 Dy nr(Hi—7,7) WHV ”2[d1 1@y wr (1) 2w )]'a}{;NT(y)) - gi(m)(z)},
9
I,7Z =1z, dir(&i{;NT(’y)Z’l/g) dlr(ai/ZNT(fy)z'Vg)]

= lim Py,

o Dy nr(Hit—7,7) > dg NT(Hit—7,7)
oo

N ﬂ{ (HHDQNT( -ra7) ﬂy N ,;/NT<v>z’ug>]'ai,/5NT<v>> :gﬁ’")(z)},

m=01i=1
1,7 = 10,2, dir(6/> Z'v,) = dir(6/? '
g4 = gz, 1r(01,g7NT(’Y) vg) = dir(o; J, nr(Mzg) |,

where we used the two conditions II;Z = Ilyz and dir(o 1/ (7)Z'vy) = dir(El_;/jiT(v)z’yg) to obtain

the second equality. By Lemma A.5, this implies

Pg,00(dg NT(Hit—7,7))

= lim ]P’HO
(T\N)—

Dy nr(Hit—7,7) > dg nT(Hit—7,7)

m=01i=1

M N
m 14 . -~ -~ m
ﬂ ﬂ {gl( ) (ng—i-Dg,NT(Ht—m’Y)ﬁ”gy HQ[dlr( 1,;,/NT(7)Z/Vg)]lgi/g%NT(’Y)) = 91( )(Z)}] .
g
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Next, by plugging in the definition of II, into the first term of (29), we have,

Vgl . v . a—1/2 ~1/2
15 vgldir(2'vg)]" + Dy N7 (Hi—r, V)M[dlr(ULg,/NT(W)Z/Vg)]/01,/g,NT(7)
g

v ) Vg 2y,
ng/g[dlI'(Z/Z/g)]/ + Dy N1 (Hit— Ta’Y)\F 2 A_1/||2 o
HVgH ||0'19NT( )2 Vg”

[dir(2"vg)] (30)

Vg 14|

oy Tllvgll? |13, Y 2 r(7)2'vl

01,g,NT\Y

[dir(z"vy)]'
with ¢ ~ xg which follows from Lemma A.4 under Hg. This in turn gives

alatt ey —g§m><z>}] ,

pg,oo(dg,NT(Hi,thaFY)) = IED7-[0 [@b > dg,NT it—1,7
m=0i=1

which shows that pg o(dg N7 (Hit—1,7)) can be calculated as the survival function of a xx variable

truncated to the set S = {qb eER: m%:o ﬂf\il ggm)(z(d))) g(m)( )}, that is, pg N7 (dgNT(Hit—r)) =
1 — Fy ldgNT(H;it—7); S]. This completes the proof.

A.4. Proof of Proposition 1

Lemma A.6. Suppose that Assumptions 1-5, and Hi’g Hmpy o0 69 nl( 0) £ limy o0 927% (7°) hold.
Then, Dy n7(H;t—r) diverges as B — oo, (T, N) — oo such that B/T — 0.

Proof. We first write
T2Dy nr(Hig—r) = HULQ,NT(VNT)[% i, (INT) — Qg,ﬁg,T(’?NT)]“
~1/2
L |lorg (GO 0, (1) = 65,471 > 0.
by Lemma 1(a), Lemma 2 and Assumption 3 from which oy4 is positive definite. Then the result
follows from the fact that under H;*?, [|69 () =65, (YO > 0. O

g,”g

To prove the first part of the proposition, we write

limsup P [pg,NT(Dg,NT(Hi,tr,V)) S«
(T,N)—o0

M ﬂ{ (H Z + Dy Nt (H- T’V)fuy ”2{d1r(A1;/NT( N Z'vg) Y1 s e (v )) _gf’”)(z)},
g

m=01i=1

U, Z =11,z dlr( 1/NT(7)Z’1/9) = dir (aLéfjiT(y)z'Vg)]

M N
= Jmsup P [pg,w(Dg,NT(Hi,tm) <a| N N{o"™ GOyt (Hig—r, 7)) =g§m’<z>}]
T,N)—o0 m=01i=1
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= limsup P |1 — FXK [Dg,NT(Hi,thvfy);S] <a

(T,N)—o0

M N
N N {o"™ GDgvr(Hig—r ) = g§m><z>}] ,

m=01i=1
which follows similar lines to the ones above and the definition of F\, [Dg n1(H;it—7,7);S] as the
cumulative distribution function of a y g variate truncated to the set S. It remains to show that

M N
N N {o™ Dy (Hig 7)) = g™ <z>}] - a.

m=01i=1

limsup P
(T,N)—o0

1— FXK [DQJVT(Hi,t—T,’Y);S] <«

To show this, we note that, under Ho, the conditional distribution function of Dy y7(H;¢—7,7) given

Mo NI {0 Gyt (Hip e )]) = 0 (2) ) 15 P (5).

{d"(2) =g}

N {o"z) = g§M><z>}]

i=1

-

limsup P [pg,NT(Dg,NT(Hi,t—rﬁ)) Sa

(T,N)—o00

=1

= i E (1 D H; —Ty S
- [{pg,NT( o NT(Hit—7,7)) < a}

M N
= lim E[E (1 ponr(Dynr(Hig—r7) < a} | () (N {a™(@) = g™ (=)} 1,2 = 11,2,

(T,N)—o0 m=0i=1
N

dir (717 r(1)2'vy) = dir (375 xp ()20 ) N{s™2) = g§M)(z)}]
i=1

= lim E [a
(T,N)—o00

N
N{s"2) = g£M><z>}] o,

i=1
which concludes the proof of Part (a).
Part (b) follows directly from Lemma A.6 which implies that Dy n7(H;s—r) — oo under the

alternative hypothesis, hence, for any « € (0, 1)

" ]l\ifI)Ii)OOP[pg,NT(Dg,NT(Hi,th)) <a]=1,

and noting that under Lemma (d)(b), the conditioning event holds with probability 1.

A.5. Proof of Theorem 1

Lemma A.7. Let Pyy = (PiNT, ..., Py n7) a random n-vector such that Py 4 P as (T,N) —
oo where P is an n-vector of p-values. Let h(z1,...,2,) = (301, xi_r)l/r, r € (1,00). Then

W(Pyr) —5 h(P).

Proof. This follows from the Continuous Mapping Theorem by the fact that h( - ) is continuous. [
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Lemma A.8. Let Py7 = (P17, ..., Py n7) arandom n-vector such that Pyp 4, Pas (T,N) — oo
where P is an n-vector of p-values. Let Co, = {(p1,...,pn) € [0,1]™: f(p1,...,pn) < a}, for all a €
(0,1), with f(p1,...,pn) = min [T%ln (Z?:lpi_r)fl/r , 1} , 7 € (1,00). Then lim(z n)—oc P(PnT €
Co) < P(P €Cy).

Proof. This follows from the Portmanteau Theorem by the fact that the sets C, are closed (see, Section

3.4 of Gasparin et al., 2024). O

From Theorem 1 of SU, we have

G —1/r

1 —r 1-r)/r T — 1
g=2

where, the random variables P, are defined by py n7(Dg N7 (Hit—7)) LN P, ~U[0,1] as (T,N) — o0
for all g € {2,...,G} which holds by Proposition 1(a). For part (a), as in the proof of Proposition 2

of SU, we write the above inequality as

—1/r
T r 1

G
P G-1 P < =P < <
] P B R e ED

where, Whomo(HLt,T) is defined by WJQ,%T”O(HM,T) 4, WhomO(Hi,t,T) as (T,N) — oo. Now, by

applying Lemma A.8, we find

lim P(— L p(_—" 1 <al <
1m _— (03 = o)) (0]
(T,N) oo \7 — 1 Whemo = r— L Whomo(f;,_y =)=

which ends the proof of part (a).

Part (b) now follows from Proposition 1(a) under which at least for one g € {1,..., G} the p-value

satisfies pg N7 (Dg N7 (Hit—7)) — 1.

A.6. Proof of Proposition 2

Part (a) follows directly from Theorem 3.1 of Sun (2013) under our Assumptions 1 and 3 by setting
v=(1,...,1). Part (b) follows from Section 4.1 of Sun (2011) under the same assumptions.

A.7. Proof of Theorem 2

Part (a) follows the same lines as the proof of Theorem 1 and noting that the p-value associated

to the O-EPA test statistic is asymptotically uniform by Proposition 2. Similarly, Part (b) follows
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from the fact that under the alternative hypothesis, either at least for one g € {1,...,G} the p-value
satisfies pg N7(Dg nT(Hit—7)) — 1 and the conditioning event holds with probability 1 by Lemma
2(b), or the O-EPA test statistic diverges.

A.8. Proof of Theorem 3

The proof begins algebraically similar to the proof of Lemma 1 except that we will establish a CLT
conditional on Gr = a({Zzt}Z 1,t € R). First, we will show that each K x 1 sub-vector of HANp(fAyNR)

satisfies 0y 5, p(YNR) = 09.n,(ANR) + 0p(1). We have,

E(0g.iy,p(ANR) — b0, (INR) | GR)
N T
_ ( S 3 el =o ‘ gR>
i=1 t=5+
! (1)
ﬁ Z Vie | Gr){9i.nR = g}
t=S+
=0,
by Assumption 7. For the variance, we find,
|B[@unrCinr) = 690, (Gve) Oy Give) = 6., (v) | G |
= ﬁ P Z Z VieVisH{ginr = g}1{g;nr = g}
i,j=1t,s=S+1
1 L1 & (32)
< p Z Iz Z E (ViVj, | Gr) || Hainr = 9}1{gjNr = 9}
9% ij=1||" ts=5+1
1 L1 & 1
!
<sgp 2|5, 2 B9 =0 ().
1,7=1 t,s=S+1 g

by Assumptions 1 and 2 from which it follows that ég7ﬁg7p(’3/NR) = 027% (4nR) + op(1). Now, by

Assumption 3, conditional on Gr and under Hy, as P, R — oo, (T, N) — oo we have
Onp(vr) VPN PY2 (05, p(AINR) — 09, (ANR))

T
. 172 Vrl—e = d
= Qnp(Gwr) PNTTPTY2 N Vny(Avr) = N0, I),
t=S+1
with Qnp(Inr) = P71 Y iy N BV (Inr) Vi (Inr)IVE ¢ where N = diag(fi, . .., fie) @ Ik
Part (a) then follows from Theorem 1 of Sun (2013) noting that J\/l_eﬁNp(’AYNR)./VI_E — QANRr) =
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op(1), conditional on Gr.
For Part (b), we first write
One(inr) — 0°(7°) = Onp(ink) — Onr(iNR)] + Onr(INE) — 0°(3°)]
= [Onr(ANR) — ONR(ANR)] + 0p(1),

as (R, N) - co, which follows from Lemma 2(a). We will show that the first term is also 0,(1). To

see this we focus on the K x 1 sub-vectors of the term:

N R
S 1 )
09,2y, P(INR) — Ogy R(YNR) 1{giNr = g} — PR Y Ziut{ging =g}
i1 = s+1 i=1 t=1
, N R
w{ginr =g} — T > > Val{ging = g}
i=1 t=5+1 i=1 t=1
T R
1 _ 1 _
= F Vg7ﬁ!]7t - E Z %1ﬁ97t
t=S+1 t=

This in turn gives that
Onp(ANRIN QN (INR)IN N p(Avr) -2 07 (19)Q 71 (1%)0°(1°) > 0,

by Assumptions 3 and 4 from which it follows that 0 ~npP(YNRr) — oo which completes the proof.

B. Calculation of the Truncation Set S

We start by writing the truncation set S as follows:

N
={¢eR:ﬂg§O><z<¢ —g! <>}ﬂ{¢eR ﬂmgl 2( =g§m><z>}.

i=1 m=11i=1

As stated by Chen and Witten (2023), according to Step 2 of Algorithm 1, the equality in the first
term holds if and only if the initial cluster center which is closest to z;; in total over ¢, coincides with
the initial cluster center which is closest to [z(¢)]; in total over ¢, for all ¢ = 1,..., N. This is similar
for the equality in second term except that the cluster centers are determined by the assignments of

the previous step in the iteration. Proposition 2 of Chen and Witten (2023) can then be generalized
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as follows:

N G T 2 T 9
5= (m N {¢> 3 [ — o o] < X[t - oo }) N
i=1g=1 t=1 ¢ t=1
M N G T 1 T N 2
( NNN {¢ DO NE@ = 7 >0 el (6 (2) [0 (33)
m=1i=1g=1 t=1 t=1 j=1
T 1 T N (1) 2
< || = 7 20> e @@ ¢ ]
t=1 t=1j=1
where wgm) (g)=1 {gz(m)(z) = g} /Zjvzl 1 gj(-m)(z) = g}. By (30), we see that,
0 = 20— 50wy o [ L O ) i)
gl 70T\ 15 172 () 2w | VT g2 ’

Straightforward calculations which are similar to the proofs of Lemmas 14 and 15 of Chen and Witten

(2023) give
2

= a;;¢° + bijid + cijt,

DTS S EO

t=1

where
/ 2 N N 2
o [E2A ( 6~ 3 )
1) P )
16, e ()2l ) \VTlvgll?
[EAl (&—5]- o 6 — 6,2,
bie = 2 (2t — 20, dir(2'v)) — 2|1y || |
j (a‘l;/m ol | \ VT2 7 L AT
s o 2y 2
Cijt = ||Zit — ZJT—(@—%')HU i
g
and . )
1 m—1 ~ g -
@it = > >l V(@] = ai6? + biged + i
t=1 j=1

42



where

2. .2
N —1
_— EA <6i—zj:1w§’" %g)aj)
1] — y
157 N (1) 2wy NaAE
~ v
b — ,,A—u‘ Sl

UlgNT( V)2
b - S5 1w<m Y93 < :
w Vzjt, dir(2'v,)

@-—zf lw“” Y(9)6)?
- VAT 12wl 3,

2

T N
_ 1 m—1 (m—1), \¢ 2y
Cijt = ||zt — = g E wj(. )( 9)zjt — 5 — E w; (9)9; ||Vg‘£|72

t=1 j=1
These in turn show that the truncation set S can be analytically calculated as the inequalities defined

in the two components of (33) are all quadratic in ¢.

C. Additional Results

C.1. Consequences of naive testing

To illustrate the consequences of C-EPA inference following kmeans, we generate 2000 samples from
the following DGP: AL;; = A\ Fi—1 + Uy where Uy ~ iidN(0,1), F; ~ iidN(0,1), A\; ~ iidN(0,0.2)
with N =50, T'= 20. We then calculate pn7(Wnr(1,7)) for each 2000 samples, that is, the p-values
associated with the unconditional C-EPA test statistic based on predetermined clusters. For this test,
we assume GG = 2 is predetermined and we set g; = 1 for ¢ = 1,...,25 and ¢g; = 2 for ¢ = 26,...,50.
In addition, we compute the naive p-values py7(Wxr(1,4n7)) with G = 2. The histograms of these
p-values are given in Figure 2.

The results show that the p-value of the test (4) is approximately uniform under the null of C-
EPA whereas the test statistic using the kmeans estimates is extremely anti-conservative. Hence, the
consequences of double dipping to test the homogeneity of the cluster means are equally present in

the case of C-EPA testing post-clustering.
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Figure 2: Histograms of the p-values py7(Wnr(1,7)) and pyr(Wnr (1, 9nT))
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C.2. Details on Monte Carlo simulations and the empirical illustration

Table 5: Performance of the kmeans Estimator and the Proposed Information Criterion-G? = 2

T d DGP Rec. Rand. Ind. Gpr T d DGP Rec. Rand. Ind. Gpyr
Unconditional Tests (H;;—1 = 1) Conditional Tests (H;¢—1 = Fi+-1)
Main Results
20  0.125 1 0.00 0.59 2.00 20  0.125 1 0.00 0.62 2.00
50 0.125 1 0.00 0.68 2.01 50 0.125 1 0.00 0.78 2.00
100 0.125 1 0.00 0.79 2.02 100 0.125 1 0.13 0.91 2.00
200 0.125 1 0.10 0.91 2.05 200 0.125 1 0.62 0.98 2.00
20 0.25 1 0.00 0.75 2.10 20 0.25 1 0.06 0.85 2.02
50 0.25 1 0.09 0.91 2.15 50 0.25 1 0.61 0.98 2.00
100 0.25 1 0.64 0.98 2.11 100 0.25 1 0.97 1.00 2.00
200 0.25 1 0.97 1.00 2.05 200 0.25 1 1.00 1.00 2.00
20  0.375 1 0.06 0.89 2.27 20  0.375 1 0.48 0.96 2.00
50 0.375 1 0.74 0.99 2.14 50 0.375 1 0.97 1.00 2.00
100 0.375 1 0.99 1.00 2.06 100 0.375 1 1.00 1.00 2.00
200 0.375 1 1.00 1.00 2.03 200 0.375 1 1.00 1.00 2.00
20 0.5 1 0.42 0.96 2.31 20 0.5 1 0.86 0.99 2.00
50 0.5 1 0.98 1.00 2.12 50 0.5 1 1.00 1.00 2.00
100 0.5 1 1.00 1.00 2.05 100 0.5 1 1.00 1.00 2.00
200 0.5 1 1.00 1.00 2.04 200 0.5 1 1.00 1.00 2.00
Alternative DGPs
50  0.25 2 0.13 0.92 2.24 50  0.25 2 0.66 0.98 2.00
100 0.25 2 0.71 0.99 2.12 100 0.25 2 0.98 1.00 2.00
50 0.25 3 0.11 0.91 2.13 50 0.25 3 0.61 0.98 2.00
100 0.25 3 0.65 0.98 2.09 100 0.25 3 0.97 1.00 2.00
50 0.25 4 0.00 0.79 2.86 50 0.25 4 0.23 0.93 2.05
100 0.25 4 0.08 0.90 2.94 100 0.25 4 0.79 0.99 2.02
50 0.25 5 0.00 0.78 2.70 50 0.25 5 0.20 0.92 2.02
100 0.25 5 0.07 0.90 2.80 100 0.25 5 0.76 0.99 2.01
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Table 8: Estimated Exchange Rate Clusters—Conditional Test, Full Sample (AR1 vs. RW)

g=1 g=2 g=3 g=+4 g=>5

014, 7 = (—0.12,0.01) O9. 57 = (=0.3,0.21) O3 557 = (=0.32,0.3) 04,7 = (=0.2,0.08) 054, 7 = (—0.36,0.32)’
EUR/AUD GBP/HKD USD/HRK EUR/RUB EUR/BRL GBP/RUB GBP/CHF
EUR/CAD GBP/ILS  USD/HUF EUR/TRY USD/BRL GBP/TRY
EUR/CHF GBP/INR  USD/IDR USD/ARS GBP/ZAR
EUR/CNY GBP/JPY  USD/ILS USD/RUB
EUR/HKD GBP/KRW USD/INR USD/TRY

EUR/IDR GBP/MYR USD/ISK
EUR/ILS GBP/NOK USD/JPY
EUR/INR GBP/NZD USD/KRW
EUR/JPY GBP/SEK USD/LKR
EUR/KRW GBP/SGD USD/MKD
EUR/MXN GBP/THB USD/MXN
EUR/MYR GBP/TWD USD/MYR
EUR/NOK GBP/USD USD/NOK
EUR/NZD USD/ALL  USD/NZD
EUR/PHP USD/AUD USD/PHP
EUR/SEK USD/BAM USD/PLN
EUR/SGD USD/BGN USD/RON
EUR/THB USD/CAD USD/SEK
EUR/USD USD/CHF  USD/SGD
EUR/ZAR USD/CNY USD/THB
GBP/AUD USD/COP USD/TWD
GBP/CAD USD/CZK USD/UYU
GBP/CNY USD/DKK USD/ZAR
GBP/DKK USD/DZD
GBP/EUR  USD/GBP
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