Spatial Econometric Models and Methods - Homework 1

Jiezheng Wei*

September 7, 2024

1. Consider the spatial linear regression (SLR) model with spatial lag and error (SLE)
dependence: Y, = AW, Y, + X0 + up, up, = pWopu, + €,. (Sec. 2.4, Lecture 2)

(a) Give the detailed derivations of the quasi Gaussian log-likelihood £,,(#) in (2.26).
Solution: Let A,(\) = I, — AWy, and B, (p) = I, — pWs,. The parameters of
interest are summarized by 8 = (3,02, )\, p)’ whose truth is 6y = (), 72, Mo, po)’-
And if without specifying a matrix depending on # but actually it does, we mean
the matrix is valued at the true value 6y, for example, A, = A,,(Xo), B, = Bu(po)-
So the SARAR model can be written as

Y, =A'X, B+ A B e,, €, ~(0,001,) (1)
Note E(Y,) = A;'X,3 and Var(Y,) = 0?A;'B;'B; VA", Based on the mean
and variance of Y,,, the quasi Gaussian log-likelihood for Y, is

1 ’ ’
0,(0) = —g log(2r) — ; log[det(o” A, B, BV AL "))

(Yn - A;IXnB)/U_QA;LB;@BnAn(Yn - ArlenB)

NS o] =

= ——log(2m) — glog o? +log | B, A, |
1
o

= —g log(27) — glog0'2 +log |An(A)] + log | B, (p)]

_ %‘Q[Yn(é) — X, (p)B)'[Ya(6) — X (p) 8] (2)
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where § = (A, p), Y,,(0) = Bn(p)A,(N)Y,, and X, (p) = B.(p) X,

Give the detailed derivations of the quasi score function S, () in (2.27).
Solution: for the quasi score function, by taking the partial derivative of (2) to

different parameters, we have

) s X BHL(AIY(0) — Folp)F] = S )en(5.0)
) (B 0)eu(8.0)
a%ie) O (A1 () x (~ W] — % X 2[Bu(p) (~Win) Yol en(8, 6)
D VW Bl (p)en(8,6) — [ Fu (V)] )
(%5;9) @ B, () x (= Wan)] = 55 X 2= WanAu(N)Y + War X, B €0 (8,9)
(i) %6;1 (8,8)[G(p) Bu(p) An(N) Yy — G(p) Bu(p) X8 — tr[Go(p)]
= (B, D)Cn()en (5. 8) — Ci(p)] (4)

where €,(8, A) = Yu(6) = Xa(p)B, Fu(A) = Win ALH(A) and Gn(p) = Wan B (p)-
Note (i) and (iii) are due to the matrix differential formulae on Page 5 of the
Lecture 2 slides, (ii) and (iv) are due to tr(AB) = tr(BA). Finally,

80, (0) 90,(0) 90,(0) 90,(6) ., 5
ag’aaz’m’ap> )

SN(G) = (

Give the detailed derivations of the concentrated quasi score S(d) in (2.31).
Solution: For computational and analytical convenience, we use the concentrated
quasi-likelihood method by first concentrating out 3 and o? for § = (', 02,§').
Letting aen( ) — 0 and ag%‘(f) = 0 gives the QMLEs of 3 and o2

Bu(8) = [XL(0) X ()] X (p) Y (0) (6)
= L (B.(6), 6)en(Bul6).0)

G2(0) =
= _{Yn(é) - Xn(p) [Xln(p>xn(p)]_IX;L(p)Yn<5)},6n<6n<5)v 6)

" n



where M, (p) = I,, — X,,(p)[X (p)X,.(p)]'X! (p) which is symmetric and idempo-
tent. Substituting (6) and (7) back into the quasi log-likelihood function (2), we
get the concentrated quasi log-likelihood for 6,

£,(8) = =5 log(2m) — S 10g[62(8)] + log [ A, (V)] + log[Bu(p)| = 5 (8)

Maximizing (8) with respect to § gives QMLE of 6. On the other hand, one can use
the score method. Substituting (6) and (7) to (3) and (4) gives the concentrated

quasi score function,

ae(%ia) _ nY’W{ijM )( )%{(f()) ©) _ im0

_ ¥, <5>(ng «(p ﬁﬁﬁ(w) " ~ulE 0
- ns?é{?% < <(p>) ;Eaf o) "
50(6) = (8851)(\5)’ (‘%géé)), (11)

where F,,(0) = B,(p)Fn(N) B, (p).

n

Note maximizing ¢¢ is equivalent to solving S¢(d) = 0.

Give the detailed derivations of the Hessian matrix 7,(6y) in (2.33).

Solution: We notice that J,(0y) = Sy (6o)], henceforth by (5), the diagonal

[89’

elements of 7, are

0%0,,(0)

Tn1 = —E [05’8ﬁ Jo= oo =~ X'X
_ 32&1(6’) __n n €, (5o, 60)€n(Bo; o) _n
M



020,,(0 1 R 0
Tnss = —E[Wg)\)]ez% = J—gE[YnWmBn(PO)Bn(pO)WlnYn] + tf[aFn(A)]Azxo

(Note W1,,Y,, = F,(\) X80 + F(M\) B, te,.)
1

= ALK (%) Bl (o) B0 Fu (o) Xe
0

1 ,
+ —E{tr[e, B, " F, B, B, F, B, '€,]} + tr[F, )]
09
1 ,
= [ + —E{tr[B, F, B, 'e €, B, " F B} + tr[F, F,
09

=yt i + tr[B,F, B\ BV F! B'| + tr[F,, B ' B, F,,]

=yt pin + tr[F, F'] + tr[ B, F, F, B, ']

= W i + tr[EE,] + tr[B.F, B, ' B, F, B, "]

= Hptin + tr(F F)
020,,(0)
Tnaa = —E[W

_Lpdel)

€ _
]9:90, note = —WQanl(p>€n

+ tr[GGh]

— Jig]E[e;LBgl’(p)WénGn(p)en(p) + €,(9)G(P)Won B (0)€n] p=po
~ E[ () a%‘p(p )

99

= B (PICP)enl) + )G G )]

1
— —Ele,(p)(Wan B, Wan B~ )en(p)lp=py + t1[Gn Gl

)

En(p)]p:po + tr[GnGn]

=tr(G,G,) + tr(G,G,) — tr(G,G,) + tr(G,G,)
= tr(G;Gh)

where p,, = 0y 'B,F, X80 and F,, = B, F,B;, F: = F, + F!, G5 = G, + G'..

For the off-diagonal elements, we only calculate the up triangular area for 7,,(0y)



is symmetric.

920,,(0 1
o = {53 N o-a, = Bl e 0] =0
0
920,(0) 1
Tni1s = —E| Jo=o, = —E[5X], B, (—W,)Y,]
aNop 1= o2
1 1
- ?X;BnWInA;IXnﬁO = _X'/mun
d*0,,(6 1 _
Tuse = B[ 25 o0, =~ B X W60 + X (- Wa) By ] = 0
0
9%0,(9) 1
Tn23 = _E[W]OZGO = —EE[QYTZ(_W@)BZ%]
1 ;o 1
= —E[e,B, " A, " W], Ble,] = —tr(F,)
o) 99
920,,(0 1 oy 1
Toas = —El 2 omsy = — 57 B2 (~Who) By ] = —5tr(Go)
9%0,(6 1
Fuss = B[ A o, = LBV, W + YW, B Won B ]
0
1 ! ! / /
= —Ele, B, AL W W e + €, B ALY WL B W, By e
99
= tr(Wsy, F, B, ") + tr(G,, B, F,, B, ")
= tr(Wy, B, ' B, F,,B;") + tr(G!, B, F,,B;)
=tr(G, F,) +tr(G)F,) = tr(GE F,)
Therefore,
5X'X, 0 U—l()X;%un 0
g ~ 2oT %tr(Fn) gigtr(Gn)
' ~ o~ et (ER) w(GLF,)
~ ~ ~ tr(G:G)

Give the detailed derivations of the information matrix Z, () in (2.34).

Solution: Here the well-known information matrix equality (IME) does not nec-

essarily hold, that is 7, # Z,, because what we have done so far is based on

“quasi” log-likelihood function but not the true log-likelihood function. If the

(joint) distribution of €, is Gaussian shaped, then clearly there will be no differ-

ence between Z,, and 7,,.



To clarify the notations, we define the following,

En:(gl,"-,gn)” Ezzd(()ao) fori=1,---,n
&q €;

Yo = ]E(_)3> Ry = E(_)4 -3
0o (o)

We first calculate the diagonal entries of Z,, — 7,,.

1 1
Loy — Tng1 = TE[X;%%XTL] - —QX;Z n=>0
90 99

Tnoo — J, " ”2+1[(+3)4+(2 )od]
n22 — JInoo = —F— —5 +—<|nlk o n®—mn)oy| —
2 27 4l 208 T 408N 0 0

1 2
Lnzz— TInzz = E[ 4(Y,WMB/ €n)2 - _QYTiWIInB;LENtr(F">] + [tr(Fn)]2
) 00

n Nk
954 4 4
200 4o,

— o — tr(EF)
1 _ _ I
= ?E(e;Fnen + € F, By XnB0)* — [tr(F)])? — plop — tr(FEF,)

0
(v)

~ d%%fh+ﬁmFF3+%WWH+ﬂﬁ%%ﬁ+ﬁ%m}
0
— [tr(F)]? — ppp — tx(ESE,)
= Ko fhfn + 270 fptin
1 2,
In744 — jn744 = E[0'4 (6 G €n> -3 (Gn)E;GTLEn] + [tr(Gn)]2 — tr(GfLGn)
0

)

) hogagn + tr(GaG) + [11(G)]? = 20tr(G)]? + [12(G)]? — t2(GGn)

= KoGndn

where f, = diagv(F,), g, = diagv(G,) and (v) and (vi) are due to the Lemma
2.1.

For the off-diagonal entries of Z,, — 7,,, by intensively using Lemma 2.1.

1
Toio — Tni2 = =—E(X eq€6,) = 1o X’ ' ln

208 " 203
7, Tni1z = 1IE Y'W! B e, X Lot
n,13 — JIn,13 — 4 ( n"VinPnén nETL) -
1 _ X
— _E /Fn " /! " X/ ] — ni-n
O'é [(Gn €n + Op€, b ) n€ ] o0
1 _ 1
= jE(XgenE%Fnen) = _4E<X/ Fl 1t X;w ann ’i)
g g
0 0
00 Uo



1
In,14 — jn,14 = TE(eanenX;en) = EX;gn
90 a0

n 1 1 1
Lno3 — Tn2s = E(—EEZBnFan €n + ﬁYéW{nBZEnGZ%) - U—gtr(Fn)
ILE(G/FE €€ + ToLl,EnEnE )__n tr(F)—itr(F)
O_g nt ntntptn 0MnEntntn 20_(2) n 0_(2) n
_L[OAK fhin + 200t0(F,) + nogtr(F,) + ogvoil tn]
T 20800 i To it fn) T NOGI L ) 7 To Yoy tn
n 1
= (F) — —tx(F,
ti(F) = u(F)
Ko Yo o
= 0 Em) + 22
2052 T T gt

1 n 1
Lpos — Tnoa = FE[EanEnE;Gn] - FE[E;G’@ETL] - _gtl"(Gn)

1 n 1
= 200 [0 K0gntn + 204tr(Gy) + nogtr(Gp)] — 2T(%tr(Gn) — g_gtr(G”)
Ko
- 2 (q,
202 r(Gn)

1 1 _
Tnss — Tnsa = E[jYéW{nBﬁLeneglGnen — —QE’HGnentr(Fn)] —tr(GS Fy)
o) o)

1 _ s =
= O__éE[G;LFnGnEZGnen + O’O/"L;LG"’LE;’LGHETL] - tr<Gn)tr(Fn> - tr(GnFn)

1 _ _
= ?[aéﬁof;gn + aétr(FntL) + Uétr(Fn)tr(Gn) + ogﬁyo,u;gn]
0

— tr(Gy)tr(F,) — tr(GEF)

= Kol fn + YoGtin

where ¢,, is an n-dimensional column vector of ones. Therefore

Op 2K BXLF, 2% g,

B R s T s
~ ~ ’fOf;zfn + 2'70frlzﬂn ﬁog;fn + ’7091/#%
~ ~ ~ K09 Gn

2. Consider the GMM estimation of SLR model with SLE (Sec. 2.4.2, Lecture 2).

(a) Verify the expression for ¥, given in (2.25).



Solution: Note

en(V) = Bu(p)An(M\)Yn — Bu(p) X8, 0 = (8", \,p).
9,(9) = [€,(D)Qn, €,(F) Prnen (D), - -+, €,(9) Punen (V)]

then
0 / / / |
_E[a_ﬁ/gn(ﬁo)] = [X,Qu, E(X, Pracn + €,P1X,), 0, -, 0]
~
) , - - |
—E[559.(00)] = [(BaWin A" X0 50) Qu, E((Fuén) Prnen + € PrnFuen), - -]

= [(FanXnﬁo)/Qm E(Elnplsnpnen)’ T >E(€;zp7fmpn€n)]/

= [(FanXn/BO),Qm Ugtr(anFn)a T ,Ugtr(P;an)]/

a ! I
—E[a_pgn(%)] = [E(EZBJI Wén@n)v E(E;B;l Wénplnen + EfnpanQTLB'r:IETL)v e ]/

= [E(E;LB;PWQ/TLQH)7 E(E;zplan%B;l% + G/nPInW2nB;1€n)7 e ']/

= [0, Ugtr(anGn), T 70(2)tr(P7fznG”)]/
Therefore,
Q. X, Q,F,B,X.0 0
0 ogte(Py,Fn)  optr(Pr,Gh)
0 odte(Ps,Fo) oltr(Pe,Gr)

(b) Verify that I',, has an identical expression as that given in (2.24) for the SLR
model with only spatial lag dependence.

Solution: Note E(g,,(9)) = 0. Therefore, by Lemma.2.1.,

I, = E(g,(9)g,(V))

E(@%Eneg@n) USVOQ;Lpln e O-SVOanpmn
Jg’yoplln(@n Uéﬁopllnpln + Uétr(Plnan) o O-éﬁopllnpmn + Uétr(PlnPszn)
= ook, Pin + Oatr(Pon PS) -+ abkoph, Pmn + ootr(Pan P2)
USVOP;ann UéﬁOp/mnpln + Ugtr(PmnPISn) T Ugﬁop;nnpmn + Ugtr<PmnP7?1n)
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where p;; = diagv(F;;) and P, = P;; + Pj; for i, j =1,--- ,n. Now we may write
the above in a compact form, that is
08 Q'/n @n 0-8 Y0 @;z Wnm

USVOW%an Ué</€ow;mwnm + Amn)

r, =

where Wy = (P1n, Pan, * ** , Pmn) 18 @an nxXm matrix, and A, = (tr[PinPan])Z‘,je{L... m}

is an m x m matrix which also depends on the number of units, n.
3. Consider the Boston House Price data considered in Sec. 2.4.4.

(a) Extend the Matlab code provided for the QML estimation of SLR model with SLE,
and fit an SLR model with SLE and spatial Durbin (SD) effects using covariates

“crime” and “access”.

Solution: To extend the Matlab code, we modify the Matlab codes in Lab,
"Boson_Qmle_SLE.m”, by adding the Durbin term W, X into regressors where

Wi, = Wa, = W, and X = (crime, access). The regression result is as follows.

Command Window

QMLE and inference for Boston Housing Data, SLE model with SD effect
Response: Median value of owner-occupied homes in $1000

QMLE se_QMLE t_QMLE
constant 28.3412 6.4010 4.4276
crime -8.1473 0.03a5 -4.8354
zoning 0.0393 0.90141 2.7832
industry -0.0099 8.08731 -@.1355
charlesr -0.5500 #.8793 -0.6255
noxsq -18.8540 5.3074 -3.5524
rooms2 4,3384 ©.3670 11.8210
houseage -0.8270 0.0140 -1.9300
distance -1.6544 8.3181 -5.2016
access 0.3216 0.0812 3.9605
taxrate -0.0131 0.0036 -3.6501
ptratio -0.6092 ©.1533 -3.9731
blackpop @.0105 0.0031 3.3664
lowclass -0.4062 8.0533 -7.6225
durbin_crime -0.1077 2.0812 -1.3273
durbin_access 0.0586 ©.0912 0.6420
sigh”2 14,8575 1.7888 8.3060
SLD 0.0205 8.08755 0.2711
SED 0.6947 0.8576 12.0516
Elapsed time is 1.892461 seconds.

Jx>>

Figure 1: QMLE results for SLE model with SD effects.



Command Window

Based on the results, we find the spatial Durbin terms of “crime” and “access”
(shows up as “durbin_crime” and “durbin_access” ) are insignificant. Spatial error

dependence is strong while spatial lag dependence is insignificant.

Extend the Matlab code in part (a) to implement the OGMM procedure outlined
in Slide 41, Lecture 2 on the data.

Solution: Here I use just only two of instruments, say related to P, = W,
and Py, = W2 — 2tr(W?2)1,. Again, the spatial Durbin terms are included. The
results of feasible OGMM are as follows.

@

Exiting: Maximum number of function evaluations has been exceeded

- increase MaxFunEvals option.
Current function value: 1859.917151

OGMM and inference for Boston Housing Data, SLE model with SD effect
Response: Median value of owner-occupied homes in $1000

0GMM se_QMLE t_0GMM
constant -0.1865 19.4713 -0.0096
crime -0.0126 0.0595 -0.2116
zoning -0.0011 0.0250 -0.0428
industry 0.0970 9.1375 0.7060
charlesr -0.0523 1.5436 -0.8339
noxsq -0.1795 1@.9191 -0.0164
rooms2 9.0731 0.6143 9.1190
houseage -0.3617 0.0256 -14.1444
distance -0.2871 09.9215 -0.3115
access -0.1038 0.1481 -@.7085
taxrate -0.0226 0.0062 -3.6129
ptratio -0.1486 0.2821 -0.5266
blackpop 0.0243 0.0056 4,3093
lowclass 0.0401 9.0931 0.4307
durbin_crime ©.1654 8.1758 0.9411
durbin_access-90.3224 8.2617 -1.2318
SLD -0.2651 0.0977 -2.7128
SED 09.9817 0.0141 69.4387
Elapsed time is 18.247878 seconds.

fi>>

()

Figure 2: Feasible OGMM results for SLE model with SD effects.

Compare the QML and OGMM procedures in terms of point estimates and the
standard error estimates of an SLE model on Boston House Price data.

Solution: From the above (a) and (b), the two procedures disagree for a few
estimates and their standard errors. One source of the inconsistency could be the
iteration times of GMM procedure is not enough as we can find in Figure 2. Based

on QMLE, the significant regressors are “crime”, “zoning”, “noxsq”, “rooms2”,
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“distance”, “access”, “taxrate”, “ptratio”, “blackpop”, “lowclass”. And only spa-
tial error dependence is significant. Meanwhile, based on feasible OGMM, the
significant explanatory variables are “houseage”, “taxrate”, “blackpop”, and spa-
tial lag dependence contains some energy in understanding housing price. Note
that “houseage” is a new significant covariate in negative direction which is rea-
sonable, and “taxrate” and “blackpop”, the two elements maintains the direction
and significance for explaining house price, which means the two variables are

robust variables with explaining power.

4. Repeat Question 3, but using Python program language.
Solution: This part is incomplete. See “Spatial HW1_Q4.ipynb” in the submission.
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