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Abstract

Assigning products to and retrieving them from proper storage locations are crucial in minimizing
the operating cost of a unit-load warehouse. The problem becomes intractable when the warehouse
faces variable supply and uncertain demand in a multi-period setting. We assume a factor-based de-
mand model in which demand for each product in each period is affinely dependent on some uncertain
factors. The distributions of these factors are only partially characterized. We introduce a robust
optimization model that minimizes the worst-case expected total travel in the warehouse with distri-
butional ambiguity of demand. Under a linear decision rule, we obtain a storage and retrieval policy
by solving a moderate-size linear optimization problem. Surprisingly, despite imprecise specification
of demand distributions, our computational studies suggest that the linear policy achieves close to
the expected value given perfect information, and significantly outperforms existing heuristics in the

literature.

1 Introduction

In a global economy, companies create a competitive advantage by paying substantial attention to
their supply chain design and operations. A warehouse is a consolidation hub of various products in
a supply chain. A large warehouse that supports a wide range of businesses may store thousands of

different products, which pass through the warehouse in huge volume daily. The operational efficiency



of warehouses is crucial to the competence of a supply chain. For excellent reviews of warehouse design
and operations, see Van den Berg (1999), de Koster et al. (2007), and Gu et al. (2007).

In a wunit-load warehouse, all products are stored and retrieved in unit-load (pallet) quantities. Each
pallet carries items of the same product and is generally handled singly at a time. Unit-load warehouses
can be found upstream in a supply chain and are linked to production facilities. For example, Section 4
describes a case study that we have done with a unit-load warehouse owned by a logistics company. The
warehouse stores pallets of products for a manufacturer located nearby and retrieves these pallets when
they are requested. Unit-load warehouses can also be found in the reserve areas of large distribution
centers where products are stored to replenish fast-pick areas in separate locations within the centers
(Bartholdi and Hackman 2007). For the sake of presentation, each pallet is moved by a forklift in the
following description. Our model is equally suitable for warehouses using very-narrow-aisle trucks or
automated storage and retrieval systems (Roodbergen and Vis 2009).

Arrivals of products to a unit-load warehouse in each time period (say, every day) generally follow
some predetermined schedule according to the suppliers’ production plans. In contrast, the number
of pallets of each product departing from the warehouse is less predictable due to uncertain demand.
Arriving pallets are moved from a receiving dock to their storage locations. (In some cases, products
need to be palletized before they are stored.) Each pallet is stored at its assigned location until it is
requested and moved to a shipping dock. A key performance measure of a unit-load warehouse is the
average travel time to move each pallet from a receiving dock to its storage location, and then to a
shipping dock. In the storage assignment problem of a unit-load warehouse the storage location of each
pallet is determined so that the expected total travel time is minimized over a planning horizon.

To store a pallet to a storage location, a forklift first moves the pallet from a receiving dock to the
storage location. After inserting the pallet into its location, the forklift returns to the receiving dock.
To retrieve a pallet, a forklift first moves from a shipping dock to the pallet’s location, extracts the
pallet, and then moves it to the shipping dock. This travel pattern is known as single-command travel.
We assume the time durations to insert and to extract each pallet at its storage location are constant
and they are ignored in deciding where to store the pallets.

A storage assignment policy is a set of rules that determines the storage locations of pallets. Two
types of storage assignment policies are commonly used: the dedicated storage policies and the shared
storage policies. A dedicated storage policy reserves each storage location for a specific product and
no other products can be stored in that location. Since products’ locations are fixed, they can be

memorized. A well-known dedicated storage policy is proposed by Heskett (1963, 1964). The author



defines the cube-per-order index (COI) of a product as the ratio of its allocated storage space to its
demand rate. Products are ranked in increasing COI and are assigned sequentially to locations with the
smallest travel time. The inverse of COI of a product is called the turnover rate of the product. Thus,
this policy is also known as the full turnover policy (de Koster et al. 2007, Roodbergen and Vis 2009).

Mallette and Francis (1972) consider multiple receiving and shipping docks and identify the optimal
dedicated storage policy. They show that if all products have the same probability mass function for
selecting a dock, the full turnover policy (or the COI policy) is optimal. Malmborg and Bhaskaran
(1990) prove the optimality of the full turnover policy for more complicated situations.

Under a dedicated storage policy, the empty storage locations cannot be reassigned to other products
when the inventory of a product is depleted. To overcome this problem one can use a shared storage
policy, which allows an empty location to be assigned to any product. Thus, a product may be assigned
to different locations over time. A warehouse that implements a shared storage policy must rely on a
computerized system to track products. An example of a shared storage policy is the random policy,
which randomly assigns an arriving pallet to any empty location with equal probability.

Another example of a shared storage policy is the class-based turnover policy proposed by Hausman,
Graves, and Schwarz (1976, 1977, 1978). Under this policy storage locations are grouped into several
classes. Products with the highest turnover rate are assigned to the class with the smallest average travel
time. A pallet is assigned randomly to any empty location within a class. Rosenblatt and Eynan (1989,
1994) determine the optimal boundaries of the classes in a rectangular warehouse for the class-based
turnover policy. Thonemann and Brandeau (1998) derive the expected travel time for the random, full
turnover, and class-based turnover policies under stochastic demand with a stationary distribution.

Goetschalckx and Ratliff (1990) study a warehouse that is perfectly balanced: For every time period,
the number of arriving pallets equals the number of departing pallets with identical duration of stay.
They show that if a warehouse is perfectly balanced, an optimal shared storage policy is the full duration-
of-stay policy, which assigns the pallets with the shortest duration of stay to the locations with the
smallest travel time. Following the ideas of the class-based turnover policy, the authors also introduce
the class-based duration-of-stay policy. This policy sorts the pallets in increasing duration of stay and
sequentially assigns them to a predetermined number of classes. The pallets with the shortest duration
of stay are assigned to the class with the smallest average travel time. If a warehouse is not perfectly
balanced, their simulation results based on a deterministic environment suggest that the full duration-
of-stay policy outperforms the class-based turnover policy with two classes, which in turn outperforms

the class-based duration-of-stay policy with two classes.



Kulturel et al. (1999) compare the class-based turnover policy with the class-based duration-of-stay
policy using computer simulations for a warehouse with three classes facing stochastic demand. Their
results echo the findings of Goetschalckx and Ratliff (1990) that the class-based turnover policy generally
outperforms the class-based duration-of-stay policy. All the papers discussed above assume demand for
each product is stationary over the planning horizon, which is hardly true in reality due to seasonality or
life cycles of products. A heuristic approach to handle nonstationary demand is to constantly reshuffle
the products so that products with increased mean demand are relocated to more economic locations.
See Table 4 of Gu et al. (2007) for references in this area of research.

In this paper, we study the storage assignment problem in a unit-load warehouse that faces uncertain
demand over a multi-period planning horizon. To capture the complexity of demand pattern, we consider
a factor-based demand model in which demand for each product is affinely dependent on some uncertain
factors. This allows us to model different seasonality effects. Furthermore, unlike most papers in the
literature, we do not restrict the system to an EOQ-based replenishment policy with a fixed order
quantity for each product. Instead, we assume the number of arriving pallets of each product in each
period is predetermined according to the supplier’s production plan. We adopt an approach based on
robust optimization to solve the storage assignment problem.

Robust optimization is a promising approach to address optimization problems under uncertainty.
This is justified by the significant growth in this area of research. See, for instance, Soyster (1973),
Ben-Tal and Nemirovski (1998, 1999, 2000), Bertsimas and Sim (2003, 2004), Bertsimas et al. (2003),
Chen et al. (2008), Chen and Sim (2009), Goh and Sim (2010), El-Ghaoui and Lebret (1997), El-
Ghaoui et al. (1998), and Erdogan and Iyengar (2006). Robust optimization has also been implemented
in a dynamic setting that involves decision making in stages. Bertsimas and Thiele (2006) propose a
robust optimization solution to a multi-period inventory control problem. Similarly, Adida and Perakis
(2006) handle demand uncertainty in a dynamic pricing and inventory control problem by formulating
a deterministic robust optimization problem.

To better adapt to a multi-stage decision process, Ben-Tal et al. (2004) introduce the concept of
adjustable robust counterpart that permits decisions to be delayed until information becomes available.
Applications of the adjustable robust counterpart include Atamtiirk and Zhang (2007) and Erera et al.
(2009). Unfortunately, adjustable robust counterpart models are generally N P-hard. The authors pro-
pose a linear decision rule called affinely adjustable robust counterpart. Ben-Tal et al. (2005) demonstrate
that affinely adjustable robust counterpart can be remarkably effective in minimizing the worst-case ob-

jective of a multi-period inventory control problem. Bertsimas et al. (2009) show that affinely adjustable



robust counterpart can be optimal in some situations. See and Sim (2010) demonstrate the effective-
ness of piecewise linear decision rules in minimizing the expected objective of a multi-period inventory
control problem under stochastic demand with correlation.

Our approach to the storage assignment problem is similar to the affinely adjustable robust coun-
terpart. We restrict the storage and retrieval decisions to a linear decision rule in order to obtain a

tractable formulation. Specifically, our contributions can be summarized as follows:

1. We have developed a new method for storage assignment in unit-load warehouses. Our approach
has the following three unique characteristics: (i) We can handle stochastic demand over multiple
periods without specifying its exact probability distribution. (ii) We assume the number of pallets
of each product arriving in each period can be of any integer. In contrast, almost all existing
models adopt an EOQ-based replenishment policy with a fixed re-order quantity for each product.
(iii) We consider the capacity constraint of each storage class to determine storage and retrieval
decisions. In contrast, all existing approaches neglect these capacity constraints. A case study
with a company and numerical experiments based on realistic warehouse settings suggest that our

method requires significantly less travel than the best-known methods in the literature.

2. We propose a factor-based demand model in which the demand for each product is affinely de-
pendent on some uncertain factors. The support set of the uncertain factors is a polytope called
the factors support set. The means of the uncertain factors are also uncertain. The support set
of these uncertain means is also a polytope called the factor means support set. In our model we
adopt the approach by Gilboa and Schmeidler (1989) of minimizing the worst-case expected total
cost. In contrast, Ben-Tal et al. (2005) minimize the worst-case total cost, which is a special case

of our model in which the factor means support set is the same as the factors support set.

3. We characterize the factors support set to ensure feasibility in the storage assignment problem
under a linear decision rule. Such characterization is not required in the inventory control problem
of Ben-Tal et al. (2005) where feasibility is guaranteed for any bounded support set, which is not

the case for the storage assignment problem.

In this paper, let Z denote an uncertain variable and let Z (bold letter) denote an uncertain vector.
The support set W of an uncertain vector z is the smallest convex set containing all instances of Z.
Let f,g: W — RP, for any integer p, denote function mappings. We use the notation f(Z) > ¢g(Z) to
represent state-wise dominance: f(z) > g(z) for all z € W. Similarly, f(Z) = g(Z) denotes state-wise

equality: f(z) = g(2z) for all z € W. We use y’ to denote the transpose of vector y.



2 Problem formulation

We consider a unit-load warehouse with single command travel. We assume a single receiving dock and
a single shipping dock and their locations may not coincide with each other. As explained later, our
model can be generalized to warehouses with multiple receiving and shipping docks. For each storage
location, we define its store cost (retrieve cost) as the travel time for a standard forklift to move from
the receiving (shipping) dock to the location and then return to the receiving (shipping) dock.

We partition the storage locations using a grid into different classes. Figure 4(a) in Appendix E
shows an example. Each rectangle defined by four neighboring grid points corresponds to a class. Let
sj and r; denote the average store cost and the average retrieve cost of all locations in class j and we
assume each location in class j has store cost s; and retrieve cost r;, for j = 1,..., N. Each class j has
capacity c¢j, which represents the number of locations in the class. We assume the N-th class represents
emergency storage, which has infinite capacity (cxy = oo) but incurs high store and retrieve costs. When
a pallet is assigned to a class, it is stored at an arbitrary location in the class.

Suppose there are M products indexed by ¢ = 1,..., M. We divide the planning horizon into T’
periods indexed by t = 1,...,T. For each period, we assume all pallets from suppliers arrive at the
start of the period and all pallets ordered by customers during the period are retrieved at the end of
the period. Our goal is to minimize the total expected cost over the planning horizon. For convenience,

let NV ={1,..., N}, N~ ={1,... . N—1}, M={1,....M}, T ={1,....T}, and T+ = {1,...,T+1}.

2.1 Deterministic demand

We begin with a deterministic model in which all information throughout the entire planning horizon is
available at the start of the first period. Let a! denote the number of pallets of product i arriving at the
start of period t. Let vfj be a decision variable determining the number of arriving pallets of product i
that are assigned to class j in period t. Since all arriving pallets must be assigned to some classes, we
have ;e vfj = al,for i € M,t € T. Similarly, let d! denote the number of pallets of product i that
are ordered in period t. Let ng be a decision variable determining the number of pallets of product i
that are retrieved from class j in period t. We have 3 ;¢ wfj =d,forie M,teT.

Let xgj denote the number of pallets of product i in class j at the start of period t. We assume there is

no initial inventory in the warehouse and so xllj = 0,for i € M,j € N. We do not allow backlog of orders

at all time, even after the planning horizon. Thus, z}; > 0,for i € M,j € N,t € T*. The inventory

t+1

of product 7 in class j at the start of period ¢ + 1 is z;/" = acgj + vfj —wt forie M,je N,t e T.

YR



Since the inventory in each class j must not exceed its capacity, we have the capacity constraints
Siemlal; +vf;) <cjfor je NTteT.

Rightfully, the decision variables should be restricted to integers. However, in order to yield a
tractable formulation, we relax the integrality constraints and formulate a linear optimization problem

to minimize the total cost of the warehouse as follows:

Zp = min Z Z Z (sjvfj + rjwfj) (1)

teT ieM jeN
5.5, Y vy = di, ie M teT:
JEN
> wi; =di, ie M,teT;
JEN
xf‘fl:xﬁﬁrvfj—wfja ieM,jeENtET;
w5 =0, i€ M,jeEN;
S (@ +vh) <¢, JENTHET;
iemM
i >0, ieM,jeEN,teTt:
v, wij > 0, iceMjeNteT.

We assume any shortage will be handled by the suppliers and this will not incur any cost. Thus,

there is always sufficient inventory to meet demand for every period. Equivalently,
¢ ¢
dodi <> al, ieMteT. (2)
Proposition 1 Problem (1) is feasible if and only if Inequalities (2) hold.

Proof : See Appendix A.
Note that the initial conditions x}j =0, for i € M,j € N are not overly restrictive. Proposition 1 can
be extended to a more general initial setting in which Inequalities (2) become Zizl dj < 23:1 a] +

ZjeNlej,for i€ M,t €T, where xllj >0forie M,jeN.

2.2 Factor-based demand model

We adopt a factor-based demand model similar to that of See and Sim (2010) in which demand for each
product in period t is affinely dependent on uncertain factors Zg, k = 1, ..., K, where K; represents the

number of such factors used to model demand up to period ¢t. At the end of period ¢, the uncertain



factors are realized and so the values of Z,, k = 1,..., K;, are known. At the start of period ¢ + 1, new

uncertain factors Zi, k = K; + 1,..., K41 are introduced and they are realized at the end of period
t+ 1. Thus, we have 1 < K1 < Ky < --- < Kp. We define K; 2 {1,..., K}, KY = {0,..., K},
22 (3,... %x,), and 2 2 7.

A

Demand for product i in period ¢ is an affine function of 2*: d(z") = df’o—i-zkelct d?kék, teEMteT,
where dg’k, k € KY are known coefficients. The factor-based demand model can capture correlation of
demand for different products across different periods with appropriate values of d?k. For example, for

a two-period, two-product case with K7 = 2 and Ky = 4, we have dl(il) = d1 04 di 1z

Z1 + d1 Z9 and
di(2Y) = dy® + dy'z + dy?z, for period 1; and d2(22) = &> + d7'z 4 d3?5 + &% + d>'zy and
d2(2%) = d2° + 3"z + d2?% + d3P 33 + d2*Z, for period 2. If demand for product 1 is independent
of demand for product 2, then we have d%’z = d%’l =0 and d?’Q = d?’ﬂ‘ = d%’l = d%’g = 0. This implies

dH(zY) = d° + dp'E and di(2Y) = dy° + dy?Z, for period 1, and d3(2%) = &>° + d7'z

Z1 + dl z3 and
d3(z?) = d + d2 2% + d2 Zy for period 2. Furthermore, if demand for each product is 1ndependent
across periods, then we have dl’ = d%’Q = 0. This implies d} (') = d 04 di Yz, dy(zY) = d o4 d; %%,
d2(2%) = d7° 4+ d7?75, and d3(2%) = d3° + d5*Z4. In Section 4, we will demonstrate how a warehouse
manager could set up such a demand model using historical demand data.

In practice, it is often difficult to obtain the actual distribution of the uncertain factors. As a result,

we need to handle this ambiguity and characterize the uncertain factors as follows.

Assumption U:

The uncertain factors Z are random variables with an unknown distribution. They lie in a
full dimensional polytope support set W called the factors support set. The factors have
uncertain means with a support set W called the factor means support set, which is also a

polytope. We define U as a family of distributions of Z such that for all P € U, we have

Ep(2) € W, where Ep(2) represents the expected values of Z under a distribution P.

Similar to Inequalities (2), demand cannot exceed inventory for each product in any period. Thus,
W and W are subsets of the set G 2 {z eREr o S dT(27) <t _jal, di(z') >0,ie M, te 7'}.
Without loss of generality, we can define the factors support set as W 2 {z ERET . 2€G,z€ S },
where S represents other constraints on the factors and can be expressed as S = {z € RE7 : Ju ¢
RN . Az + Bu < q}, A € RVoxEr B ¢ RNa>XNo and q € RNe. Likewise, we can define the factor
means support set as W = {z eRET . 2€G 2z € 5’}, where § = {zeRET . Ju e RV . Az+Bu <

Gy, Ac %N“XKT, Be %N‘IXN’), and § € RNa. In classical robust optimization the uncertainty sets used



are typically simple geometric sets such as boxes, ellipsoids, or their intersections. Such uncertainty sets
are not always subsets of G and can render the problem infeasible. We assume W and W are nonempty.
Note that W C W and thus, we may assume S C S. If the factor means are completely unknown, we

have W = W, which becomes the adjustable robust counterpart model of Ben-Tal et al. (2005).

3 A robust optimization model

We consider a robust optimization model that takes adjustability into account as information unfolds.
For each period t, the following sequence of events is repeated: At the start of period t, a decision on
where to store the arriving pallets is made based on the information captured in 2/~!. These pallets are
then moved to their assigned storage locations. After the demand in period t is realized, 2! becomes
available. A decision on where to retrieve pallets is made and then pallets are retrieved from their

storage locations. We define the following adjustable variables: (1) vfj(it_l) is the number of arriving
1

pallets of product i assigned to class j at the start of period t after 27! is realized. This decision

t

is made after the pallets for period ¢ arrive at the warehouse. (2) wij(it) is the number of pallets of

product i retrieved from class j at the end of period t after Z! is realized. This decision is made after

demand in period ¢ is realized. (3) xﬁ}l(it) is the number of pallets of product ¢ in class j at the start
of period ¢ + 1.

Since the actual demand distribution is not known, we consider a family of distributions of Z under
Assumption U. To address distributional ambiguity, we use the approach by Gilboa and Schmeidler

(1989) that minimizes the worst-case expected total cost over the family of distributions as follows:

Zp=min maxEp | Y Y (s + rjuty(2)) Q)

teT ieMjeN
s.t. Z v;?j(it*l) =al, ieMteT;
JEN
> whi(2h) = di(zh), ie M,teT;
JEN

e E) = 2l (2N + ol () —wi (Y, ieMjeENtET;

zi;(2%) =0, i€ M,jEN;
> (#E Y+ h) <¢;, JENTtET;
1eM
zi; (271 >0, ieM,jeNteTh,
vl (27, (2Y) >0, ieM,jeNteT;



vij, iy € Fry_ys ieM,jENLET;

wt; € FK,, ieEM,jENtET;
where F, denotes a family of measurable functions that map R? to R for any integer p. In Problem (3),

the optimal solutions vfj and ng are functions representing the optimal storage and retrieval decisions.

3.1 Linear storage-retrieval policy

It is generally intractable to determine the optimal storage and retrieval decisions for Problem (3). To

obtain a tractable formulation, we assume v!; and w!; are affine functions as follows:

ij ij
St—1 t,0 b~ , , .
vfj(zt ) = vij—|— Z Vi Zks ZGM,]EN,tGT, (4)
keEKi—1
wi(2) = wﬁ}o + wfj-kik, ieM,jeENteT. (5)
ket

t,k

Given the coefficients v k € KY | and W,

i ke kY, forie M,j € N,t €T, the functions vfj and ng

defined above constitute a linear storage-retrieval policy or a linear decision rule. Under Assumption
U, the objective function of Problem (3) becomes

max Y0 30 D (sl (Bp(2 ) + rjuly(Ep(2)))

teT ieM jeN

= maxZZZ(S] Z] tl ) + rjw; ( ))

2EW 4T ic M jeN

By limiting to linear decision rules, Problem (3) becomes the following optimization problem:

Z1r = min maxz Z Z <5J V5 271 4wl ( )) (6)

2EW T ieM jeN
s.t. Z vfj(it_l) = al, iteM,teT;
JEN
> whi(2Y) = di(zh), i€EM,teT;
JEN
e (2 = 2 (27 o (B —wip(2Y), ieM,jENLET;
zi;(2%) =0, i€M,jEN;
S (@ +u(ETY) <¢ JENTEET
ieM
xi; (271 >0, ieM,jeNteT";
v (257, w;(2Y) >0, i€EM,jENLET;
vij, iy € LK, s ieEM,jENtET;
wi; € Lx,, ieEM,jENtET;

10



where £, denotes a family of affine functions that map R? to R for any integer p. Clearly, if Problems (3)
and (6) are feasible, we have Zr < Zrr. Chen et al. (2008) show that a feasible stochastic optimization
problem can become infeasible under a linear decision rule. Even if Problem (3) is feasible, it is not
clear whether there exists a linear decision rule that is feasible. Fortunately, this is not the case for the

storage assignment problem.

Theorem 1 Under Assumption U, Problem (6) is feasible and its objective function Zpr is finite.
The coefficients of the optimal linear storage-retrieval policy can be computed by solving the following
optimization problem:

Zrr=min ¢°+max Y g"z (7)
zeW ke’CT

st. ¢ = Z Z (sjvf}k + rjw%k) . ke kY
teT ieM jeN
t .
a;, if k=0
va}k: ‘ ’ ieEM ke K teT;
jeEN 0, otherwise,

dik. if ke K9,
Zw?n’“{ E ! ¢ ieE M ke K teT;
X

JjeN 0, otherwise,
i = bbbkl ieM,jeEN keKY teT;
1 . .
z;; =0, ieM,jeN;
tk th | tk 4 0 )
h; _Z(xij—i—vij), jENkEK)teT;
ieM
RO+ 3 b <o, VzeW, jENTtET;
ke
P+ 3wl >0, VzeW, ieMjENteT,
ket
wi + 3w >0, V2eW, ieMjeENteT,
ket
el + > il >0, VzeW, ieMjeENteTT
ket
v;?}k:m;?}k:h;v’f:o, ieM,jeN ke Kr\Ki_1,t €T;
wh =0, ieM,jeENkeKp\Ky,t €T,

Proof : See Appendix B.

For a special case where the factor means are known, we have W = {E(2)}. We can translate the

11



factors such that E(Z) = 0. The objective function of Problem (7) reduces to Z;p = min ¢°, which
becomes the optimal expected total cost under a linear decision rule.

Note that the objective function and some of the constraints of Problem (7) involve the parameters
z over the support sets W and W. These are known as robust counterparts (see, for instance, Ben-Tal
and Nemirovski (1998)). Problem (7) can be represented as a linear optimization problem. For brevity,
we present the derivation of the constraints corresponding to the robust counterparts involving the
set W in the resultant linear optimization problem. It is similar to do so for the robust counterpart

involving the set W.

Proposition 2 The variables y and r are feasible in the robust counterpart z'y < r,Nz € W, or
equivalently max,cy 2’y < r, if and only if there exist v € RN+ and o, B' € RM, for t € T, that are

feasible in
Z (&t/at + dt’olﬁt) +~'q <,

teT

> (D"a' =D + Ay =y,
teT

B'y =0,

v>0, o', >0,teT,

~+

where @ = Y (a” —d™), a¥’ = (d} ... dl,), dH = (di’o e di\’/?), D' = St D7, and

T=1

bt db e 0 Lo
Dt = : : : | e pMXET

Proof : See Appendix C.
We use Proposition 2 to transform Problem (7) to a linear optimization problem. Since the resultant

formulation is heavy in notation, we present it in Appendix D.

3.2 Restricted linear storage-retrieval policy

The large number of decision variables needed to characterize the linear storage-retrieval policy in
Problem (7) impedes practical implementations. According to Equation (5), the number of variables
needed to determine the retrieval decisions ng(it) under the linear decision rule is |[K| + 1, where

|| = Mt. The full implementation of the linear decision rule is memory intensive and limits the

12



problem size we could handle. To address this issue, we propose the following restricted linear storage-

retrieval policy or restricted linear decision rule:

Sl— t,0 t,k . .
vgj(zt 1) = v + Z Vi3 Zks 1eEM,jeN; (8)
]CEICi’t_l
= 0 k . .
wi(Z) = w4+ Y wia, €M, jeN; 9)
k‘E’Ci’t

where KC;; = {k € IC; : d;’k # 0}. Note that under the factor-based model, the demand for product
i in period t can be written as di(Z') = d;’o + Xkekis d?’kék,i € M,t € T. In practice, most of
the coefficients d?k are zeros, and thus |; ;| is small compared to |K¢|. For example, if demands are
independent across products and periods, then |K;;| = 1. To change from the linear decision rule to
the restricted linear decision rule, a subset of the decision variables are forced to zeros. Specifically, the
decisions v;-fj(,%t_l) and w;?j (2') under the restricted linear decision rule only respond to factors associated
with the realized demand of product ¢ and are not affected by factors of other products. Therefore, the
restricted linear decision rule can result in a much smaller optimization problem and greatly improve

scalability. Although the restricted linear decision rule may be inferior to the linear decision rule, the

following result ensures that the restricted linear decision rule remains feasible in Problem (3).

Proposition 3 Under assumption U, there exists a restricted linear storage-retrieval policy in the form

of Equations (8) and (9) that is feasible for Problem (3).

Proof : The proof of feasibility is the same as that of Theorem 1 and is omitted for brevity. B
Our numerical studies suggest that the restricted linear decision rule greatly extends the problem
size we could handle. Furthermore, it significantly outperforms existing heuristics in the literature and

achieves close to the expected value given perfect demand information.

3.3 An example

We illustrate our approach using a small example with 2 products and 3 classes. Table 1(a) shows
the layout of the warehouse with class 3 represents emergency storage. We assume demand for each
product in each period is independent of other products and periods. Table 1(b) gives a problem
instance for a planning horizon of 2 periods. Assume the uncertain factors Zi,...,Z4 have support set
W = {z : |z]loc <10} and zero means so that W = {0}. It is easy to verify that there is enough

inventory to meet demand for all z € W in each period. Thus, we have W C G.
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Table 1: (a) A warehouse layout. (b) Number of arrivals and demand for each product in each period.

Class Store cost Retrieve cost Capacity t=1 t=2
1 10 10 300 i al  di(ZY) a2 di(3?)
2 50 50 500 1 300 100421 50 504 23
3 1000 1000 00 2 300 104 2 0 200+ 24

(a) (b)

The robust counterpart 2’y < r, Vz € W is simply 10 Zizl lyk| < r, which can be easily transformed

to linear constraints. The storage assignment problem under linear storage-retrieval policies is to

2 2 3
min ZZZ(sjvf}O—l—rjw%O) (10)

t=11i=1 j=1

at, if k=0,
i=1,2,k=0,... 4t=12

0, otherwise ,

3
s.t. Z

3 A, if ke K9, ,

> wp i=1,2k=0,...,4,t=1,2;

j=1 0, otherwise,
LTLE thk |tk tk . . _ —1 9.
r Tt =ag vy —w 1=1,2,7=1,...,3,k=0,...,4,t=1,2;

x}jzo, i=1,2,7=1,...,3;

(6 )

t,0 tk . o _ .
vzj—loz vl-j‘ZO, i=1,2,j=1,...,3,t=1,2
0 ! k
t, t7 . . . .
wi? —10) wij‘zo, i=1,2,j=1,...,3,t=1,2
4
;gj}‘)_mz ;g;?ﬂzo, i=1,2,j=1,....3t=1,...,3;
vf]’“_xfj’“_o i=1,2,j=1,...,3,k=2(t-1)+1,... . 4,t = 1,2;
wiF =0, i=1,2,7=1,...,3,k=3,4.

ij

We only need to solve Problem (10) once to obtain the optimal vfjk and wg}k, which represent an optimal

linear policy. Note that we can reduce the size of the problem by removing the variables that are assigned

to zeros. The corresponding problem under restricted linear policies would require the variables v%f,
21 12 1,1 22 21 24

U3y, wyi, wyi, wif, wyi, wiy), and w2 % for all j to be set to zeros. In this example, the optimum

solutions for both linear and restricted linear policies coincide.
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Let v5* and w'* denote 2 x 3 matrices with vf]’k and wzk as their (i, j) entries respectively. Solving

Problem (10) gives
90 210 !
o0 ( o 00 ) . o =0, k=1,....4 (11)

The matrix v'"? determines the number of pallets of product i assigned to class j in period 1. For
example, there are 90, 210, and 0 pallets of product 1 assigned to classes 1, 2, and 3 respectively.
1,k

The solution to Problem (10) also determines the coefficients w;" as follows:

o0 o\’ o o\’ o o\’ k
’wl’0 = 10 10 s ’w171 = 10 s 'wl’2 = 0 1 s ’w17 =0, k= 3,4. (12)
0 0 0 0 0 0

Given these coefficients, once demand in period 1 is realized, we can determine the retrieval decisions for

period 1 according to Equation (5): wl-lj(il) = wiljo + wiljflél + wiljfzég. Suppose in period 1 the realized
demands for products 1 and 2 are 95 and 18 respectively. According to Table 1(b), the corresponding

realized factors are 2! = (%1, %) = (=5, 8). Using product 1 for illustration, we have

(-3 (o (3)
wiy(21) 0 0 0 0

Thus, in period 1 we should retrieve 90, 5, and 0 pallets of product 1 from classes 1, 2, and 3 respectively.

w W

w

Similarly, given the realized factors 2!, we can determine the storage decisions for period 2 according

to Equation (4): vl-zj(i ) = v?jo + v?jlél + vi2j2,§2. From the solution of Problem (10), we have

50 0 !
U2,0:<0 0>,1,2Jf:0,/<;:1,...,4. (13)
0 0

The storage decisions for product 1 in period 2 are

vi (Y 50 0 0 50
vl (2h) 0 0 0 0

Thus, we should store 50, 0, and 0 pallets of product 1 in classes 1, 2, and 3 respectively.

. 2k . .. .
The coefficients w7 for the retrieval decisions are given as follows:

20 5 200\ - - 05 o0\’ o o 1)’
w = 5 o , w" =0, k=12 w”’=1| 05 o |, w =0 o |. (14)
0o o 0o 0 0o o

We can determine the retrieval decisions for period 2 based on these coefficients according to Equation

27
ij

27

U?’Zg + w?]7424. Suppose in period 2 the realized demands

(5): ng(52) = w?jo + w?jlél + w5 +w
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for products 1 and 2 are 56 and 198 respectively. According to Table 1(b), the corresponding realized

factors are 22 = (21, %3, 23, 24) = (=5, 8,6, —2). Using product 1 for illustration, we have

<Z§Zi§§):(455>+<3>(—5)+<3>(8)+<2ﬁ2)(6)+<3>(_2):<?>,
wis (%) 0 0 0 0 0 0

Thus, in period 2 we should retrieve 48, 8, and 0 pallets of product 1 from classes 1, 2, and 3 respectively.
The procedure of using the optimal restricted linear policy is summarized as follows: We first obtain

the coefficients vfj’k and wf}k by solving a linear optimization problem. After demand is realized in each
period t, we derive the factors 2 and then use them to determine the storage and retrieval decisions

according to Equations (8) and (9).

4 Implementation in practice: A case study

We perform a case study with a major third-party logistics provider in Singapore to demonstrate the
applicability of our method. The company owns a unit-load warehouse that provides storage services for
its client. All other activities such as demand forecasting, customer order processing, and production
scheduling are done by the client. All pallets are handled by a fleet of 15 forklifts. The warehouse pays
its employees by hours and charges the client by volume for storing and handling the products.

The warehouse operates in two shifts per day. It receives and puts away products during the day shift
between 8:00AM and 5:30PM. Sixty percent of the arriving pallets are from the client’s manufacturing
plant located nearby and the rest are imported from foreign countries. The warehouse is informed
one week in advance about the arrivals of pallets with 98% accuracy. The day shift is supported by
30 employees who not only receive and put away pallets, but also batch customer orders that are
transmitted from the client. All orders arriving during the day shift are retrieved in the following night
shift, which has 10 employees working between 8:00PM and 6:00AM. In our model, we set each period
as a day so that the warehouse’s business processes are in line with our assumption: All arriving pallets
in each period are stored before any pallets are retrieved for demand occurring in the period.

Figure 4(a) in Appendix E shows the warehouse’s layout. The storage area is 90 meters wide with
10 aisles. Each aisle is 65 meters long. There are 18 single-deep racks. Every aisle has a rack on each
side except the end aisles. Each rack contains 48 sections and each section has 4 to 5 levels. Only one
pallet can be stored in each level of a section. All levels of the same section belong to the same class
because they have identical store cost and identical retrieve cost. The warehouse is partitioned into 10

classes (thus, N = 11) with a grid shown in Figure 4(a).
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Figure 1: Products’ characteristics. (a) The distribution of annual demands is strongly skewed. (b)
The autocorrelation of the total daily demand suggests a weekly seasonality pattern.

We have collected the actual numbers of arriving and departing pallets of each product in each period
for 48 weeks. Figure 1(a) sorts the 410 products in the warehouse according to their annual demands.
The first 122 products account for about 80% of the total annual demand. Since the warehouse operates
six days a week, a natural choice for the length of planning horizon is 6 periods (that is, weekly planning).
Figure 1(b) shows the autocorrelation of the total daily demand for all products over time. The peaks
at lags 6, 12, and 18 suggest a weekly seasonality pattern.

We assume no correlation between different products. Using the factor-based demand model, we

assume demand for product i in period ¢ is d!(z!) = df’o + !, where df’o represents the sample mean

t
i

of demand. We assume the uncertain factor z! falls in the range [max {—d?o, —30%} ,3aﬂ, where o} is
the sample standard deviation of demand!.

We compare the restricted linear decision rule (RLR) with the static class-based turnover policy
(TOS), the dynamic class-based turnover policy (TOD), and the class-based duration-of-stay policy
(DOS). We evaluate the actual cost of each policy using the data given. The implementation of each
policy requires the means and standard deviations of daily demands. To achieve this, we use the first 16
weeks of data to estimate these parameters in each period of week 172. We then implement the policy

for week 17 to evaluate its actual cost. Following a rolling-horizon principle, the demand parameters

for week 18 can be estimated based on the data from week 2 to week 17, and so on.

Note that it is difficult to estimate the support of demand statistically. Nevertheless, in our computational studies, we

found that the solution is rather insensitive to the size of the support set. Thus, we only report the results of this case.

2Due to the weekly seasonality pattern, we determine the mean df’o and the standard deviation of of demand based on
the corresponding day of each of the previous weeks. For example, we use the actual demand for product 7 on Mondays of

the first 16 weeks to estimate its mean demand on Monday of week 17.
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For the RLR, we round any non-integral vgj and ng to the nearest integers. If the rounded solution
does not match the actual number of arriving (departing) pallets, then we store (retrieve) any additional
pallets to (from) the most economic class available. For example, if demand for a product is 20 but the
rounded solution is to retrieve 19 pallets from class 1 and 0 from other classes, then we retrieve 1 more
pallet from the most economic class that contains the product.

For the TOS policy, define the static turnover rate as {Z?:l (aﬁ + df’o) /5}} /T for each product i,
where 4! is the average number of pallets of product i in period t. Products are ranked according to
their static turnover rates and the product with the highest static turnover rate is assigned to the most
economic class. When a product is requested it is retrieved from the most economic class containing
the product. The TOD policy is similar to the TOS policy except in each period ¢ the former ranks
products according to their dynamic turnover rates (af + df’o) /8. For the DOS policy, we use the
ADAPTIVE algorithm by Goetschalckx and Ratliff (1990). We also compare with a DET policy, which
is based on the optimal solution of Problem (1). This policy is implemented with a rolling horizon using
the realized demands of the past period and mean demands of the coming periods. We implement all
policies in JAVA programming language and solve the linear programs using CPLEX 10.2 on a personal
computer with a 3.06GHz Intel Core 2 Duo processor with 4GB of SDRAM. For the RLR, it takes
about 20 minutes to create a weekly plan, which is acceptable for the company.

The cost of each policy is computed based on the store and retrieve costs of each class. Table 2
shows that the average daily cost under the RLR is significantly lower than that of other heuristics in
this case study from week 17 to week 48. The table also shows that our method has the lowest 85%,
90%, and 95% quantiles of daily cost among all the policies. Figure 2 shows the percentage of days that
have cost less than a value s under each policy. The daily cost of the RLR is first-order stochastically
dominated by that of other heuristics. This strongly indicates that the RLR generally results in lower
daily cost than other heuristics. We will see later that this superiority of the RLR in daily cost results

in substantial savings in the long run.

Table 2: Daily cost profile under each policy for the case study from week 17 to week 48.

Average 85% quantile 90% quantile 95% quantile
daily cost  of daily cost of daily cost of daily cost

RLR 9,220,164 15,388,911 15,832,972 17,573,184
TOS 10,014,759 16,367,066 17,157,081 18,968,993
TOD 10,044,606 16,437,146 17,240,289 18,993,355
DOS 9,951,695 16,415,298 16,883,752 18,855,040
DET 9,730,629 15,926,992 16,705,780 18,243,095
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Figure 2: The restricted linear decision rule generally results in lower daily cost than other heuristics.

We benchmark all policies against the expected value given perfect information (EV|PI), which is
determined by resolving Problem (1) every time we enter a new week. For example, to find EV|PI for
week 17, we solve Problem (1) with the actual demands in week 17. As we enter week 18, we resolve
Problem (1) with the actual demands in weeks 17 and 18 to obtain a new EV|PI, and so on. We define
percentage efficiency of a policy as (EV|PI)/Z x 100%, where Z represents the cost given by the policy.
An efficient policy would have high percentage efficiency. Figure 3(a) shows that the cumulative cost of
the RLR is consistently lower than that of other heuristics and is close to EV|PI. Figure 3(b) shows
that the RLR significantly outperforms other heuristics in percentage efficiency. For example, in week
48 it is about 8% more efficient than all the existing heuristics, which have similar costs. This strongly
suggests that the RLR can generate substantial savings over other heuristics in the long run. Note that
the DET policy is significantly worse than the RLR, but more efficient than other heuristics. We also
try different starting dates and durations to estimate the demand parameters and find that the RLR
consistently outperforms other heuristics.

It is noteworthy that replenishments and fulfillments may occur simultaneously and continuously
over time in other warehouses. We can approximate continuous time using shorter periods. To obtain

a solution quickly, we can set a shorter planning horizon and solve the problem more frequently.

5 Numerical studies on more general cases

We test the performance of the policies in more general settings by considering a warehouse shown in
Figure 4(b) in Appendix E. It has 50 single-deep racks and each rack contains 80 sections. Depending

on the number of products in the warehouse, the number of levels in each section ranges from 1 to 6.
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Figure 3: Cumulative costs and percentage efficiencies. (a) The RLR outperforms other heuristics
in cumulative cost. (b) The RLR is significantly more efficient than other heuristics.

Only one pallet can be stored in each level of a section. We consider three layouts. The first is a U-flow
layout shown in Figure 4(b) with the receiving dock R and shipping dock S coincide. The second and
third layouts are shown in Figures 4(c) and (d) respectively. The receiving and shipping docks in the
latter two layouts are not located at the same point.

We perform simulations to compute the average cost of each policy for T' = 7. We create 500
replications of arrival and demand data, which is sufficient to ensure that the standard error is within
2% of the average cost for each policy. To compute EV|PI, we first use the realized demand in each
replication to solve Problem (1) and then use the average cost over all replications as EV|PI. In the
simulations we assume the uncertain factors Z follow a uniform distribution U(—q,q), where ¢ is a
parameter. Thus, we have W = {z : [|z|lsc < ¢} and W = {0}. Table 3 shows the average cost and
percentage efficiency of each policy for ¢ = 5. The subscript of each cost value represents the standard
error in percentage of the average cost. The fourth column shows the computational times of the RLR.
The RLR significantly outperforms other heuristics and gives results close to EV|PI. The savings given
by the RLR over other heuristics can be as high as 36% (for layout 1, M = 300, and N = 33). In
general, the DET policy outperforms the TOD and DOS policies, which outperform the TOS policy.
An extensive set of experiments suggest that the RLR is consistently better than other heuristics and its
costs are very close to EV|PI for wide ranges of N, M, ¢, T, and different class generation methods. We
do not include all the results here due to space limitation. Interested readers can refer to supplementary

materials at http://www.mysmu.edu/faculty/yflim/sup.pdf.
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Table 3: Average cost and percentage efficiency of each policy under different layouts.

Layout o N Time Average Cost (x10%) / Percentage Efficiency (%)
(sec) RLR TOS TOD DOS DET

1500 11 44669 | 30.2(0.20)/91.0 45.3(0.27)/60.6 34.80.71)/79.1 35.8(0.20)/76.8 3150 10)/87.3

) 600 19 19793 | 11.9(0.08)/92.3 18.7(0.70)/58:6  15.6(0.07)/70.5 14.7(1.87)/74.6  12.6(0 73)/87.2
300 33 21699 | 8.83(0.68)/92.1 14.6(077)/55.7 10.50.66) /775  10.4(0.67)/TT.9  9.36(1 69)/86.9

80 111 17387 | 2.11(507)/97.5  2.8410.05)/72.5 2.23(0.80)/92.3 2.53(1.14)/8L.5  2.23(0.14)/92.4

1500 11 45718 | 80.1(g57)/912 44.9(055)/61.1 34417 /79.6  35.6(0.01)/77.0 31.2(0 57)/88.0

) 600 19 15498 | 11.4(070)/90.7 18.5(120)/55.8 15.2(1.75)/68.0 1441 20)/71.6  12.1(0 56)/85.9
300 33 25353 | 8.85(0.04)/91.8 14.5(0.86)/56.1  10.4(054)/T7.9 104047 /781  9.23(0.76)/88.0

80 111 17633 | 2.14(0.64)/97.3 2.8l(0.49)/T41  2.24(0.05)/92.8 2.53(0.74)/82.3  2.22(5.10)/93.5

1500 11 43319 | 30.7(0.01)/925 45.7(020)/62.1 354057 /80.2  36.5(1.24)/77.9  32.5(0 16 /87.6

5 600 19 17150 | 12.5(103/93.1 19.0(1.00)/61.4  16.000.64)/72.8 15.2(113)/76.6 13.1(151)/88.5
300 33 19166 | 9.10(0.04)/92.3 14.8(0.01)/56.9 10.7(1.46) /784  10.7(1.20)/78.8  9.58(0.70)/87.7

80 111 17470 | 2.21(0.85)/97.0  2.91.40)/73.8  2.31(182)/92.5  2.59(175)/82.6  2.32(0.g2)/92.4

6 Understanding the policies

To explain the differences between the policies, we use the example in Section 3.3 to compare their
decisions. Consider an extreme case where Z, = —10, for £k = 1,...,4. The realized demands in periods
1 and 2 are (90, 0) and (40, 190) respectively. Table 4 shows the inventory level of each product in each
class after storage and retrieval are done at the start and the end, respectively, of each period under
each policy. The costs of the storage and retrieval decisions associated with each class are also shown.

Under the TOS policy, product 2 has higher priority than product 1. Consequently, all arriving
pallets of product 2 are stored in class 1 at the start of period 1. On the contrary, the TOD policy
ranks product 1 higher in period 1 and stores all its arriving pallets in class 1. Both policies assign all
locations of the most economic class to a single product in period 1. This strategy is myopic because,
due to variability in arrivals and demands, the storage and retrieval activities in the subsequent periods
may only involve the other product, which is stored at locations with higher costs. To absorb the
variability, we should share the most economic storage locations between different products. The DOS
policy partially addresses this issue by evenly allocating the locations of class 1 to the two products in
period 1. However, as we can see from Table 4, this policy does not give the best solution.

Assume we know the above realized demands for products 1 and 2, what is a good policy to store
and retrieve pallets? To minimize cost, one should store at least 90 pallets of product 1 in class 1 at the
start of period 1 such that demand for this product in period 1 can be fully satisfied by class 1. This
also ensures sufficient space in class 1 to accommodate all arrivals of product 1 in period 2. On the

other hand, because there is no arrival of product 2 in period 2, one should store at least 190 pallets of
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Table 4:

Inventory levels and costs of each class under different policies.

t=1 t=2
TOS Start End Start End
Product \ Class 1 2 3 1 2 3 1 2 3 1 2 3
1 0 300 0 0 210 0 0 260 0 0 220 0
2 300 0 0 | 300 0 0 | 300 0 0 | 110 0 0 | Total Cost
Cost 3000 15000 O 0 4500 0 0 2500 0 | 1900 2000 O 28900
TOD Start End Start End
Product \ Class 1 2 3 1 2 3 1 2 3 1 2 3
1 300 0 0 | 210 0 0 | 260 0 0| 220 0 0
2 0 300 0 0 300 O 0 300 O 0 110 0 | Total Cost
Cost 3000 15000 O | 900 0 0 | 500 0 0 | 400 9500 O 29300
DOS Start End Start End
Product \ Class 1 2 3 1 2 3 1 2 3 1 2 3
1 150 150 0| 60 150 0| 110 150 O 70 150 0
2 150 150 0150 150 0| 150 150 O 0 110 0 | Total Cost
Cost 3000 15000 O | 900 0 0 | 500 0 0 | 1900 2000 O 23300
RLR Start End Start End
Product \ Class 1 2 3 1 2 3 1 2 3 1 2 3
1 90 210 0 0 210 0| 50 210 0 10 210 O
2 210 90 0 | 210 90 0 | 210 90 0 20 90 0 | Total Cost
Cost 3000 15000 0O | 900 0 0 | 500 0 0 | 2300 0 0 21700

product 2 in class 1 at the start of period 1. Using this initial allocation, except the storage in period
1, class 2 is not involved for the rest of the planning horizon. All policies in Table 4 fail to satisfy this
initial allocation requirement except the RLR, which stores 90 and 210 pallets of products 1 and 2,
respectively, to class 1 in period 1. This indicates the superiority of the RLR over other heuristics.
Both the TOS and DOS policies consider only the aggregated arrival and demand information for
each product, while the TOD policy relies on the detailed information in each individual period. In
contrast, the RLR stores and retrieves pallets according to coefficients in Equations (11)—(14), which are
obtained by solving Problem (10). This optimization problem considers both aggregated information
(over the entire planning horizon) and detailed information (in each period). In addition, it also takes
the capacity constraint of each class and demand uncertainty into account. As we can see in Table 4,

the RLR indeed gives the lowest total cost in this example.

7 Conclusions

Minimizing travel in a unit-load warehouse is nontrivial because replenishments may not follow a simple
rule as they typically depend on the production plans and status of the suppliers. The problem is further
complicated by the fact that products face uncertain demand over multiple periods. It is therefore very

challenging to find an efficient storage-retrieval policy for the warehouse.
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Existing heuristics in the literature such as the turnover-based and the duration-of-stay-based poli-
cies do not consider variability of both inflow and outflow of products. Furthermore, these heuristics
neglect the capacity of each storage class in the warehouse. Although these heuristics are easier to imple-
ment in practice, our results suggest that remarkable savings can be obtained by taking the variability
of product flow and the capacity constraints of storage classes into account.

To handle variability of product flow, we consider a factor-based demand model in which demand for
each product in each period is affinely dependent on some uncertain factors. We only require information
on the mean and the bounds of each uncertain factor. We formulate the storage assignment problem in
a unit-load warehouse as a robust optimization problem that minimizes the worst-case expected total
cost subject to the capacity constraints of storage classes. By limiting to restricted linear decision rules,
we obtain a storage-retrieval policy by solving a moderate-size linear program.

A case study with a logistics company suggests that the restricted linear storage-retrieval policy can
be obtained in a reasonable amount of time for weekly planning and it generates substantial savings over
other heuristics. A detailed analysis on daily costs shows that the restricted linear policy, on average,
significantly outperforms other heuristics. The case study strongly supports the claim that our method
is implementable and promising for practical use.

The restricted linear policy outperforms the class-based turnover and the class-based duration-of-
stay policies in all numerical experiments that we conduct based on realistic warehouse settings. In
some experiments, the savings by the restricted linear policy can be as high as 36%. Surprisingly,
despite imprecise specification on demand distributions, the restricted linear policy attains close to the
expected value given perfect information (a lower bound of the optimal expected cost) in many cases.

A detailed observation on the storage and retrieval decisions reveals that the restricted linear policy
outperforms other heuristics by carefully allocating the storage space of economic classes to different
products. This is accomplished by considering variable arrivals and stochastic demands for products
and the capacity constraints of storage classes, which are ignored by the existing heuristics.

Our model can be generalized to a warehouse with multiple receiving and multiple shipping docks

t

t
] i,

i.v» Where a

as follows: Change al to a , represents the number of arriving pallets of product ¢ at dock

L and wt..

v in period t. Likewise, we can do so for the demand d! and the decision variables Vi i

Although our numerical results are based on a storage class generation method that partitions the
warehouse using a grid, further numerical studies reveal that the performance of the restricted linear
policy relative to other heuristics is not sensitive to the class generation method used. Details can be

found at http://wwuw.mysmu.edu/faculty/yflim/sup.pdf.
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Finally, we emphasize that the computational time to solve large linear programs could be further
reduced in the future due to continuing improvements in linear optimization. We would also like to
highlight that although the formulation of robust optimization models can be rather tedious, it has been
made easier due to the availability of software such as ROME (Goh and Sim 2011) and AIMMS?.
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A Proof of Proposition 1

(=) Suppose that (1) is feasible, then there exists a feasible solution @, v,w such that

et =al o) —wh; ieMjeENLET (15)

From the third constraint when ¢ = 1 and summing all the j-th terms for 5 € N, we have
2 1 1 1
Yoy o= Y (v —wy)
JeEN JEN
= a; —d} (from the first and second constraint of (1)) (16)

From the constraint zf; > 0,i € M,j € N,t € T+, we conclude that inequality (2) is true for t = 1.
Similarly, for t =2, ..., T, we have

t
SN = LY ()

T=1jeN T=1jeN

- i G+ 3 5 (o ui)



Hence,

Sy - Y

=1 T=1jeN T=2jeN
= Y
JEN
> 0 (18)

)
S
=
|
&
=3
SN—
I

Similarly, the last inequality is deduced from the non-negativity of x forie M,j € N,t € TT. Thus

we proved Inequality (2).
t t
(<) Suppose that Z aj — Z dj > 0forie M,t e T. Using the assumption that there is an emergency
T=1 =1
storage class, N, with infinite storage, the fifth constraint (capacity constraint) is satisfied, we have

o at for j =N,
" 0 otherwise,
and
P dt for j =N,
" 0 otherwise,

fori e M,j e N,t € T. Hence, v”, ;>0 forie M,jeN,teT. Wenow prove the nonnegativity
of CEZ-]». For j # N, it is clear that ﬂ:ij = 0 for all i € M, t € T. We now prove the case j = N. For t =1,

Ty = iy + vy — wiy
~ -
> 0 (from Inequality (2) when 7 =1).
Foranyie M,j e N,te T,
i = 5'35]' + iy — wiy
= + Z zN ’U)
T=t—1
t
-1 T T
= iy + Y (af —di)
T=t—1
t
= oy’ + Y (e —df)
T=t—2
a t
= byt Y (] - )
> 0 (from Inequality(2))
Inductively, zjy >0,,i € M,t € T. Thus, z{; > 0,ic M,je N, tcT. B

27



B Proof of Theorem 1

Under Assumption U, we have Z has support set W. For i € M,j € N,t € T, let

ot (241) = { at forj=N

0 otherwise,

and

(et = di(z') forj=N

0 otherwise,
where z € W. Under the uncertainty set W, we have df(z') > 0, hence ww( z') > 0. The nonnegativity
of vfj(zt_l) follows from the nonnegativity of al. We now prove the constraint xt+1(z ) > 0. For

teEM,jeNteT,

2 (2 = al(2 ) + o) —wij(z)
B ahi (27 4 af — di(2") for j=N
ki (21 otherwise.

Smcex]—O 1tlsclearthatxt+1( y=0forj#N. Forie M,j=NandteT,

TN (21) = ain(z'7h) +uiy (') — wiy(2)

= ain(z'7") +ay —dy(2)
t

= Z ay —dy(z7))

T=t—1

t
= ajy + ) (af —dy(27))
=1
> 0 (since z € W)

Thus xﬁ}l(zt) >0forie M,j € N,t €T, and we have found a feasible solution for Z;r. It is
clear that the objective value is also finite.

Using the linear decision rule on the objective function of (6), we have

Z Z Z (sjvfj(zt_l) —i—?“ngj(zt))

g p o (LR K CERp )
— ;ZEZM%(( —i—rj )+ Z ( : —|—r] tk)zk)
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inwhichv%k =0forie M,j GN k € ICT\ICt,t € Tandwt’k =0forie M,j e N, ke Kpr\Ki_1,t €
T. Setting ¢* Z Z Z (s] +7jw ) for k € K%, the objective function becomes

teT ieM jeN
min max g + Z g 2k
ZeW kEICT
= min g + max Z g 2k
ZGW kJEICT
For i € M,
Z v;?j(it*l) =al, teT.
JEN
& Z —|—vazk =al VzeW, teT.
jeN kekr
t .
a;, ifk=0,
& Suh=0 . kekd,teT.
jeN 0, otherwise,

The last equivalence holds since the set W is full dimensional. Similarly, for i € M,

S wlhi(3h) = di(z), teT.

JEN
® ) wf}‘OJF > wf}kzk =d’+ Y dify VzeWw, teT.

jEN ket ket
& S wif =d kekteT.
JEN

Forie M,j €N,

t+1/ 5t t (st—1 t (st—1 t (st
3y 1(0z)—mw(z1k)+vij(z ) — wi;(2Y), teT.
t t
o e S
kelq
£,0 tk £,0 tk £,0 tk
mp D wy e | v+ D0 v | - (v + Y wa ], teT.
ke keli—q kel
1, 1
N t+ 0+ Z xt—f— k
ket
+wazk + —|—vazk - —|—wazk , teT.
ket kel kel
1k tk |tk tk 0
S x U=l vy —wg, ke Kp,teT.

For i € M,j € N, since vfj’k = O,w% 0 for k € Kp \ K, t € T, we have xtjlk = :ct]k for
k€ Kr\ K¢t € T. From the constraint mi =0 fori € M,j € N, we conclude that xtk = 0 for

ieM,jeN ke Kp\KteT.
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By the definition that h;’k = Z ;cff
ieM
deduction that h;’k =0forjeN, ke K\ Kyt eT.

Finally, for inequality constraints involving linear decision rule, we note that given y € Lk, the

Z] , for j € N,k € /CT,t € T, we can draw the similar

constraint

is equivalent the following robust counterpart

yo—i‘zykzkéﬁ Vz e W.
ke

Hence, we prove that under the linear storage-retrieval policy, we have Problem (7). B

C Proof of Proposition 2

Note that with

dy° it d 0 0
d=| + |\D'=| . . 0 ... 0 |eRWET
9 dit o dBE 0 L0

we can concisely represent the vector of uncertain demands as
di(z")
di(z!) = : =dV+ D'z forteT,
dj (2)

where z £ 27. Hence, we can express the factor support set, W as follows:

t
W = {z!ﬂu: Z Za d'(z")>0,teT,Az+ Bu < }
7'?1 t:
= {z|§|u: Z Z —d™) dt0+th>Ot6TAz+Bu<q}
=1 =1

= {z|5|u:1_)tz§& D'z <d®tecT,Az + Bu < }

t _ t
where a! = : ,at = > (a” —d™°) and D' = >> D7. To obtain the robust counterpart,
=1 =1

max z 'y <y, we note that by strong linear programming duality, the primal problem
zE

max y'z

s.t thgat teT
—Dtz < d° teT
Az + Bu < q,



has the same objective value as the following dual problem,

min Z (dt/at + dt’olﬁt) ++'q

teT
st. Y (D'al~ DB+ Ay —y
teT
B’*‘y =
~>0,8a>0 teT.

Hence, the robust counterpart, mf%/%/( z'y < y is feasible if and only if there exists v, o, 3" , t € T
ze

feasible in the dual problem and that > ,.+ (Ezt/at + dt’olﬁt) +9q<r.nm
D Formulation for computing the optimal linear policy

min g + max Z 9z

zeWk‘E’Ct
5.4, g = ( f ) ke K
toif k=0, )
. ic MkeKpr,teT;
otherwise,
dtk ie M ke Ky teT;
N
gt~ mzf ol i, P MEN KERLET:
lej:O’ ieM,jeN;
h?k:Z(mfervf}k), jENkeKpteT:
ieM
Z (dT’ah + dT’O/B;’?> + 'Ylht.q <¢— h;',o’ JENTteT;
TET ! ’
) (DT’a;Tlt. - DT’BZ#) + Al = RRT GENTHET;
TeT ! !
Z<6’T,at +d7057)+7tq<_v5]0’ ieM,jEN,tGTQ
TET
> (ET'O&. - DT’[‘}Z¢.) + Ay = Vit e M jeNtET:
TET N Y

B'v, =0, ieM,jeNteT;
ij

a’'a’, +d7VBT, ) +4 q<—w’, ieM,jENtET;
ws w; w; i



— DT'[‘}ZJ@_) + A"ywt,j =wilT e M jENtET;
ij %

TET N v
B'ngzo 1eM,jeNteT;
— o/ t,O . . :
> (ar/a;2j+dﬂ 5%) +’7;§j‘J§—9€,~ja ieM,jeNteT;
TET
=7/ K . .
Z <DT a;% —DTIB%_) +A”yx§j :acfj ToieM,jeENteT;
TET
B’ymz_zo, teM,jeNteT;
v =2l =nit =0, ieM,jeNkeKp\Kp,teT;
wi =0, ieM,jeN ke Kp\Ki1,teT
Yhis Vol Yol Vat, 2 0, iEM,jENLET;
ahé,avgj,ang,axgjzo, iGM,jGN,tGT;
Bh;aﬁv§j7ﬁw§jaﬁx§j207 ZGM,]GN,tGT,
t,1 t,1 t,1 t,1
hj v w;’ T;5
where h?KT = , 'v%KT = : , 'w%KT = : and acijT = :
6K K K 6K
hj ;5 w;’ T
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E Warehouse layouts

R R

() (d)

Figure 4: (a) Layout of the case study in Section 4: Storage locations are grouped into different
classes by partitioning the warehouse with a grid. (b) Layout 1 (U-flow layout): The receiving dock
and shipping dock are located at the same point. (c¢) Layout 2 (flow-through layout): The receiving
and shipping docks are located at the centers of the opposite sides of the warehouse. (d) Layout 3:
The receiving and shipping docks are located at arbitrary points on the opposite sides of the warehouse.
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