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@ Introduction to Matrix Algebra
o Different types of matrices
e Matrix operations

Partitioned matrices

Vectors and matrices of random variables

o Differentiation of matrix forms
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Matrix Definitions

Matrix with m rows, n columns
aq e Order or Dimension m x n

n
ows | G2t @22 Qs o If m = n: square matrix
: @ If m > 1 and n = 1: column vector
A1 Ao o o If m=1and n > 1: row vector
o If m =1 and n = 1: scalar
columns a;; is the (i, j)th element or term of the matrix

Other notational conventions:
® (@;)pmxn refers to a m x n matrix with (4, j)th element a,;

o (A),; refers to the (4, j)th element of the matrix A
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Matrix Operations (

Given two matrices A and B of the same dimensions:

@ Equality: A=B <« (A);;=(B);;foralli=1,....m;j=1,...,n
e Addition: (A + B);; = (A);;
e Matrix addition is element-by-element addition

@ Hadamard Product: (A© B)ij = <A>ij(B>ij

e Hadamard Product is element-by-element multiplication
o Alternative notations for Hadamard Product: Ao B, Ax B

+ (B)’L] for a” Z = ]., ,m; ] — ]_’ ;M

For any matrix A and any scalar o € R

@ Scalar Multiplication: (ad);; = (Aa);; = a(A);; foralli=1,....m;j=1,..,n



Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

Examples: If A = [all @12 al?’] and B = {bll brz bl?‘] then
Qo1 Qo Qg3 byy bag by

a1 +b a9+ b a3+ b
o At B— |%1 b G+ 0p ay3 13}
|:a21 + b1 gy + byy ag3 + by

e AOB= {anbn ay2by9 a13b13]
Ag1b91  g9bag  ag3bag

aa aa aa
@ oA = Ao = 11 12 13
Qg1 Qoo Oéa23

e A—B=A+(-1)B= [an—bu ayp — b ay3 —by3
A9 —byy g9 — gy g3 — bog



Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

The following should be obvious:
e (A+B)+C=A+(B+C), (AOB)0C=A0(B060)
e A+B=B+A, AOB=B0A
e AO(B+C)=A0B+AOGC
o a(A+B)=aA+aB, (a+ 5)A=aA+ pA



Definitions and Matrix Operations Parti
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Matrix Operations (Transposition)

@ Matrix Transpose of A, denoted AT, is defined by (A™),;; = A},

a a a a;; Qg
Qg1 Q22 Q23
a3z Qa3
Ty
if = h T
eg., It T = |Ty , then r* = [ml To $3]
T3
. T
We often write column vectors as x = [a:l Ty xn] to save space

Sometimes a matrix transpose is written as A’ instead of AT

Anthony Tay Session 4 This Version: 17 Sep 2025
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Matrix Operations (Transposition)

Clearly
o (A+B)T=AT+ BT
o (AoB)T=ATo BT
o (aA)t = aA”
o (AT =4

Definition: A square matrix is symmetric if (4);; = (A);;, ie, AT = A

1 3 2 1 3 2
eg., |3 4 6| issymmetric, |7 4 6] is not

2 6 3 2 6 3
Session 4 This Version: 17 Sep 2025 8/69
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Matrix Operations (Matrix Multiplication)

Matrix Multiplication/Product: For any m x n matrix A and n X p matrix B, we have
n
(AB)ij = Z Qikbyj -
k=1

i.e., (i,7)th element of AB is the sum of the product of the elements of the ith row of
A with the corresponding elements in the jth column of B

For example,
o (AB)y; = Zzzl a1bgr = a11b11 + @by + aygbgy + -+ aq,,b
° (AB)y3 = Zzzl Aobrs = Ag1b13 + Ggobag + Aggbsg + - + agy, b3
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Matrix Operations

For the product of a 3 x 3 matrix and a 3 X 2 matrix, we have

aj; Qiz ag bi1| bis ‘allbll +ai3byy +ay3bs | @
b b =
Gy, Ggy Gos b21 b22 . .
L Q37 Qg9 Q33 | L 31 32 | L o °
| 16y, [b]] 323 b bio+ a15bgg + aq3bss |]
11 Q12 A13 11 12 k=1 @1k%k1 | @11012 T Q12022 T A13032
b b =
a/21 a22 a23 b21 b22 [ ] [ )
L azy azp agzz | L731 32 || L i ° —
[ a a a3 ] T 7 i 3 b 3 bl
11 %12 Qi3 bi1| big 21 @1kbr1 D o1 G1kbr2
Qg1 Ggp Qg3 221 222 = ‘a21b11 + ag9bgq + ag3bsy ‘ °
L @31 @3z agz | L[731] 7320 | i i ]

and so on.
Session 4 This Version: 17 Sep 2025 10/69
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Matrix Operations (Matrix Multiplication)

5-4+1-6 5-7+1-9

2 8
4 7 1 3 4
If A= 30,3—[6 g}andC—[ng)]then
5 1
2 8 47 2:44+8-6 2-7+8-9 56 &6
AB= 1|3 O] [6 9]:{3-4—1—0-6 3-74+0-9 :{12 21].
5 1 26 44

@ A and B “conformable” for the product AB requires no.cols(A) = no.rows(B)
@ Even if A and B are conformable for AB, the product BA might not be possible

@ Even if AB and BA are possible, they may not be equal (might not even be the
same dimensions)



Matrix Operation (Matrix Multiplication)

A = matrix(c(2,8,3,0,5,1), B = matrix(c(4,7,6,9), C = matrix(c(1,3,4,6,2,5),
nrow=3, byrow=T) nrow=2, byrow=T) nrow=2, byrow=T)
A B C
[,11 [,2] [,11 [,2] [,11 [,2]1 [,3]
[1,] 2 8 [1,] 4 7 [1,] 1 3 4
[2,] 3 0 [2,] 6 9 [2,] 6 2 5
[3,1] 5 1
A %x% B A %x% C
[,11 [,2] [,11 [,21 [,3]
[1,] 56 86 [1,] 50 22 48
2,1 12 21 [2,] 3 9 12
[3,] 26 44 [3,] 11 17 25
B %*% A C %*h A
Error in B %*J, A: non-conformable arguments [,11 [,2]

[t,1 31 12
[2,] 43 83



Definitions and Matrix Operations
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Matrix Operations (Matrix Multiplication)

Easy to show
o (AB)C =A(BC)if Aismxn, BisnxpandCispXgq
e AABB+C)=AB+ACifAism xn, Band C aren X p
e (A+B)C=AC+BCifAand Barem xnand Cisn Xp

Proof of (AB)C = A(BC):

=3 (4),, (Z(B»k(c)kj) = 3 (A4),,(BC),, = (A(BCO)),,



Agenda Definitions and Matrix Operations Partiti
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Matrix Operations

In some ways, matrix multiplication behaves differently from multiplication of numbers:

e.g., For numbers, ab=0=a=0o0rb =0

Not necessarily for matrices! A matrix with all elements 0 is the “zero matrix” 0,,, .
(2 4] [—2 4 0 0 Sometimes subscripts left out
(] =
1 2] [ 1 —2] lO O] @ A0=0

0B=0
00

()
° — @ But AB = 0 does not imply A=0o0or B=0
5 —1] l—% —1} lO 0] . )
@ Possible for A # 0, yet A =AA=0

Anthony Tay Session 4 This Version: 17 Sep 2025 14 /69



Differentiation of Matr
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Matrix Operations (Matrix Multiplication)

For numbers: ab=ac =b=rcforalla #0

For matrices, it is possible for Ab = Ac, yet b # ¢

b bl =)= 3L

There is an important special case where Ab = Ac = b =rc¢

e.g.,

We'll come to it later



Relationship between Matrix Multiplication and Transpose

Suppose A is m x n and B isn X p, then
(AB)T = BTAT
Proof: We have



Definitions and Matrix Operations atrices ion of Matrix Forms
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Trace Operator

Given a square n X n matrix A, the trace of A is defined as

n

trace(A) = Z a;;

i=1
@ The trace of a scalar is the scalar itself

e If Aisn x p and B is p X n, then trace(AB) = trace(BA)
Proof:

n

trace(AB) i AB);; = Z Y a; b = iibﬂa” = i BA);; = trace(BA)
=1 j=1 j=1

=1 J=1 =1

o Example: trace(z'z) = trace(xzz™®)

Anthony Tay Session 4 This Version: 17 Sep 2025 17 /69
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The ldentity Matrix

The identity matrix I, is the n X n matrix such that

1 ifi=j o
(In)ij:{o ifi#j’ for i,7=1,...,n
That is,
10 - 00
01 - 00
I, = : :
00 - 10
00 - 01

If Aism X n then
AL =A and [ A=A



Definitions and Matrix Operations
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Diagonal, Upper and Lower Triangular Matrices

The identity matrix is an example of a diagonal matrix

A diagonal matrix D is a square matrix such that (D),;; = 0 for all i # j
@ It doesn't matter what the diagonal elements (D), are
e Diagonal matrices are often written diag(d,, d,, ..., d,,)
@ The identity matrix is diag(1,1,...,1)

A lower triangular matrix L is a square matrix such that (L);; = 0 for all i < j

An upper triangular matrix U is a square matrix such that (U),; = 0 for all i > j

Anthony Tay Session 4 This Version: 17 Sep 2025
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Diagonal, Upper and Lower Triangular Matrices

diagonal lower triangular upper triangular
* 0 0 0 * 0 0 0 *
0 = 0 0 * % 00 0
D = L=|: : U=
0 0 * 0 * <% 0 0 0 *
0 0 0 = * N 00 0

where * means any value, including 0
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Important examples of matrix products
Example: The general linear system of equations

a1y + ay9Ty + -+ ay T, = by

a21:131 + a22x2 + + a/2nxn — b2

Am1Ty + AmaTo +oe e bm

;. Qg ... Gy xq by
) a a e @ T b
can be written as 21 2,2 2n ,2 = ,2 or Az =0
aml am2 amn xn bm

Often the problem is: given A and b, want to find = so that equation holds



Agenda Definitions and Matrix Operations
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Important examples of matrix products

If o =[x, zy - xn]T, then

Ty
T n
. 2| _ 2
Inner Product: 'z =[x, oy - z,] | 2| = g T
: i=1
xn
The norm of a vector x is defined as ||z|| = VaTx
2 1Ty - Xy
Ty 1 172 1Tn
Outer Product: zzt = |"2| [x; zy - z,]= 721 ~2  72m
: :
xn :C'nai'l ZL’nZCQ o SCn



Definitions and Matrix Operations Partiti
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Important examples of matrix products

T T
Ifz =z, z9 - z,] and y=1[y; Yo - Yy, ,then
Y1
Yo -
$Ty:[x1 Ty Ty : :Zziyi
: —
Yn '

If Ty = 0, the 2 and y are said to be orthogonal

Geometrically,  and y are “perpendicular”

12 12
fz=—> z;,=00ry=—> x; =0, then
=1 =1

S
—_
S

2ty =0 = Sample Cov(z;,y;) = — —7) = — inyi =0
1:1 =1
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Important examples of matrix products

T
_ _ T _ n n
Ifz= [z @y -~ z,] ,and A= (a;),xn, then " Az =37 i1 Til 0y
For the case when n = 3:
- @11 Q19 Q33 Ty
xt Az = [331 ) xs} Qg1 Q29 Q23 Lo
Q31 Az Aaz3] LT3
Ty
= [T1a1; + To09; +X3a3; T1G19 + Toloy + T30z X013 + Tooz + Tza33] |2
T3

_ .2 2 2
=z7a11 + T5095 + T3a33 + T1To(A15 + agq) + T1T5(a13 + agy) + Tox3(as3 + ass)

When A is symmetric, T Az is called a quadratic form



Partitioned Matrices
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Partitioned Matrices

We can partition contents of an m X n matrix into blocks of submatrices, e.g.,

1 3 2 6 113 2 6
2 8 21 218 21
A:3124=3124=lﬁ“ﬁ12]
4 2 1 3 412 1 3 21 22
3117 3111 7
. 3 1 2 4
where AH:E , Ay = |4 ,AlQZlg 3 ﬂ and Ay = (2 1 3}
1 3 117
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Partitioned Matrices

@ Partitioned matrices are often called block matrices

@ Many ways of partitioning any given matrix, e.g.,

1326 1 3|2 6
2 8 21 2 812 1
A=131 2 4| =13 1|2 4
4 2 1 3 4 21 3
3117 3 1|1 7

Main point of this section: as long as the matrices are appropriately partitioned, we can
add / multiply partitioned matrices as though the blocks were elements



Partitioned Matrices
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Partitioned Matrices

Addition of Partitioned Matrices If A and B are two m X n matrices A and B
partitioned as:

All A12 Bll B12
— —=2 —— NI
A mMiXn; MyXny and B = mMiXn; My XNy
A21 A22 BQl B22
—— N—— ——
Mo XNy Mo XNy Mo XNy Mo XNy

where n; + ny = n and my; + my, = m, then

Ay + By Ay + By

XN m, Xn

A+B — my 1 1 2
Agy + By Agy + Bog

My XNy Mo XNy

Anthony Tay Session 4
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Partitioned Matrices

Multiplication of Partitioned Matrices. If A and B are m X p and p X n respectively,
and partitioned as:

Ay Ay By, By
1L 12 —r Zi2
mq X mq X Xn Xn
A — A P1 1411 D2 and B — P‘1B 1 p1B 2
21 22 21 22
—21 722
LMo Xpy Mo XPoy P2 XMy PoXNgy
then
Ay Ajp 1 T Bin By A1 By + A1gByy Ay Big + A1y By
—— —— —— ——
AB = M1 Xpy M XPgy P1Xny P XNy — My XNy my XNy
Ay Ay By By Ay By + Aga By Agy Big + Ay By
21 22 —2L Z22
m2 ><p1 m2 ng_ p2 an p2 ><n2 m2 an m2 ><n2



Partitioned Matrices f RV if iation of Matrix Forms
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Partitioned Matrices

Transposition of Partitioned Matrices: \We have

A — mAan m;lxnz :> AT — ’I’Lj4><T'I‘TL1 HX{‘TLQ
2 Iz 2 =z
Mo XNy MyXNg Mo XMy Mg XMy

e.g., If X is an n x k data matrix partitioned into columns, then

T
L11 L1z o Lyg X
Tyy Toy =+ T XXk
X = .21 .22 . 2k = [X*l X*Q X*k] = X' = ;*2
T
Tp1 Tp2 = Tpk X*k
X,; is the column vector of all n observations of variable ¢



Partitioned Matrices
[e]e]e]e]e] lele)

Partitioned Matrices

C1
c
Xe=[X,y X = Xl .2 = 1 X F X oo Xy,
Ck
rxXh XLX,, XLEX., - XLX,,
T 5 5 7
XTx = | X2l [X,, X, - X,]= X*QX1 X*QX2 : X*Q-Xk
L X X7 X X5 X o XE X
i ;?:13%21 ZZ& zlx Zzzlxilxik
_ Zi:1$i2xi1 ZI 19512 Eizlﬂcml’ik
_2?21 LirLil le LigLiz Z?_l m?k



Partitioned Matrices
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Partitioned Matrices

If we partition the data matrix X into rows, i.e.,

11 L1z o Tk X1 _ o
o T ma o m| _ X,, | where X, s the row vector containing
: oo : | the jth obs of all variables
Tp1 Tn2 " Tnk Xn*
Xl*
T T T T | Xox
then X'X =[X] X, - X, ;
Xn*
n
T T T
:Xl*Xl*+X2*X2*+’”+Xn*Xn* = ZX;I;XM
i=1

N —— e’
sum of n k x k matrices



Partitioned Matrices
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Partitioned Matrices

Yet another type of matrix product is the Kronecker product

Kronecker product, denoted ®, of an m x n matrix A with a p X ¢ matrix B is the
mp X nq block matrix formed by multiplying each element of A by the entire B matrix
For example

ay; 0 a0 a3 0
[an a12 a13}®l1 0] _ 0 a1 ] 0 a;p] 0 agg
(g1 Qg2 (g3 0 1 ag; 0 |agp 0 jay 0
0 a9y | 0 agy| 0 ags




Inverse Matrices

©0000000000000000000

The Inverse Matrix

Let A be an m x n matrix
@ The n X m matrix B is a left-inverse of A if BA =1,

@ The n x m matrix C is a right-inverse of A if AC =1,,.

1 1
—1 0.2 0.4
Let A = Z é and B = { 9 _02 _0.4]

B is a left-inverse of A (or A is the right-inverse of B) since

2 —-02 —-04 21 2—-04—-16 2-—-02-038 01

pa- |
4 2

102 0.4] [1 1} - l—1+0.4+1.6 —1+0.2+O.8] B {1 0]
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The Inverse Matrix

1 0 0
B is not a right-inverse of A since AB= |0 0.2 04
0 04 08

In fact A has no right-inverse

11 e b e 1 00
Suppose AC = |2 1 Ll . f}: 0 1 0] then we have

4 2 0 0

—_

2b+e=1 and 4b+2e=0

which is a contradiction



Inverse Matrices
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The Inverse Matrix

A has left- and right-inverse only if it is square, and they will be the same matrix, i.e.,

o If Aisn xn, and BA= AC = I,, then it must be that B = C
BA=1, = BAC=1,C = Bl,=C = B=C

Then B = C is the “two-sided inverse”, or simply the inverse of A, denoted A~!

The inverse of a n X n matrix A, if it exists, is the unique matrix A~ such that

ATA=1 = AA!



Inverse Matrices Ject f RVs Differentiation of Matrix Forms
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The Inverse Matrix

We emphasize
o A has a (two-sided) inverse only if it is square

@ But not all square matrices have an inverse

oy ey

Examples:

2 4 -2 1

Verify by direct multiplication:
114 =-3|[1 3 10
“14 0 _ _ = _
A R EN R



Matrices Inverse Matrices
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The Inverse Matrix

) 1 2
The matrix A = {2 4

] has no inverse

Proof: Suppose
1 2| |la b |a+2c b+2d| |1 O
2 4| |c d| |2a+4c 2b+4d| [0 1

This implies @ + 2¢ = 1 but 2a + 4¢ = 2(a + 2¢) = 0 which gives a contradiction



Inverse Matrices
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The Inverse Matrix

Consider the system of n equations in n unknowns

1171 + a1pTy + o+ Gy, T, = by a;; Qg ... ay,] [23 by
Gg1%1 + Aoy + -+ + Gg, Ty, = by Uy Gy .. @ T b

it = , |21 22 2n 20 = [ 2| or Az =1
Ap1 Ty + Apolo +  + Gy Ty, = by p1 Gp2 - Gppd Ly by,

If A has an inverse, then the unique solution to this system is

Ar=b < xz=A"1b

e Ar=b=AMAr=A"b=2x=A4"1

er=A1b= Ar=AA b =bsoxr= A 1bis indeed a solution
Session 4 This Version: 17 Sep 2025 38/69
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Inverse Matrices
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Differentiation of Matrix F

The Inverse Matrix

Example: Consider the system

T+ 3z, =1 1 3] [x,
or
2, + 41, =3 O |2 4

. . . 1 3 . -1 _ 1 4 -3
We saw earlier that the inverse of A = lQ N A = —3 l_Q 1 ]

The unique solution is

Anthony Tay
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Matrices Inverse Matrices

O000000e000000000000

The Inverse Matrix

(Warning) The same argument doesn't quite hold for left-inverses
Suppose the system is Ax = b where A is m X n, m > n, with left-inverse Afe}t
Pre-multiplying both side of Ax = b by Al’e}t gives
A Ar = ALl b = o= A Lb
However, when we check if x = Al’elftb is a solution, we get
Ax = AAl_e#tb
which may or may not be equal to b, since AAl_e;t *+1,,

o If AAl_e#tb = b, there is a unique solution and you have found it
o If AAleftb = b, there is no solution
Session 4 This Version: 17 Sep 2025 40/69



Inverse Matrices
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The Inverse Matrix

Example: consider the systems

1 2 1 1 2 1
s al[]= o w2l

which we write as (i) Az = b and (ii) Az = c respectively

(i)

1 2
. oA —-4/9 5/9 1/9 .
1 |
The left inverse of A = g ;) is Ajc sy [ 5/9 4/9 1/9] (verify!)

You can verify that
° AAl’elftb = b (despite AA;elft #+ 13) so A;elftb is a unique solution to (i)
° AAl_elftc #+ ¢ so Al_elftc is not a solution to (ii)

Anthony Tay Session 4 This Version: 17 Sep 2025
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The Inverse Matrix

Consider the general two-equation two-unknown system

ATy + Aty = by o fan ap| T (b o4
A91Ty + A9y = by Qg1 Qg2 | | T2 by

Solution, if it exists, is x = A~ 1b

=

If we solve the system “manually”, we get

Qoo by — a5 b a1 b5 —aoq b
2, = 22 01 12% g Ty = 11 92 21 01
Q11099 — Q1909 Q11092 — G12G9;

Solution requires that the (common) denominator in both expressions is not zero

This Version: 17 Sep 2025 42 /69
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Inverse Matrices
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The Inverse Matrix

Define common denominator as the determinant of A: det(A) = a;;a99 — a19a9;

We have
Ag9 by — ay9 by

r = A-lp — | 11022 = G12l21 | _ 1 {%2 by —ayg bz} _ 1 [ o) _a12:| |:b1:|
ayy by — agy by det(A) |ay1 by —ag; by det(A) |—ag; a1 | |bo
11022 — Q12091 AL

. . ) a a . . .
The inverse of an arbitrary 2 x 2 matrix A = [ 11 12], if it exists, is
Qg1 Q22

) ) 1 a —a
Memorize this! —» A1 = [ 22 12

det(A) |—ag ay } where det(4) = |A] = ayya35—a15a,



Inverse Matrices ation of Matrix Forms
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The Inverse Matrix

Notice also that

v, = Ago by — aq5 by _ det(A, (b)) and 2, — ayjy by —ag by det(Ay(b))

(11099 — Q12027 det(A) 11095 — G190y, det(A)

where

A, (b) = [bl “12] and Ay(b) = [au bl].

by gy ay; by

This is Cramer’s Rule for a two-equation two-unknown system
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The Inverse Matrix

If inverse of A does not exist, we say that A is singular

If inverse exists, we say that A is non-singular

E.g. The inverse of A = [; g] is

e 6 —4]_ 16 —4]_[-% %
det(A) [=5 1 14 [-5 1 2 L

14 ~ 14

A is non-singular

The determinant of B = E 2] is det(B) =1-6—2-3=0, so B is singular

Anthony Tay Session 4 This Version: 17 Sep 2025 45 /69
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The Inverse Matrix

Similar argument for system of n equations in n unknowns

1121 + 19Ty + -+ ay,x, =0

1171 T A12%2 1nTn bl ay; ayg - Gy, [73 by

(91T1 + Qg9To + +++ + A9, T,, = by a a e @ x b

2141 2242 nvn . 21 2? 2n ‘2 — 2 or Ar =D
Ay, 1T1 + Qoo + -+ A T, = bn Ap1 Ap2 - Gpp L, bm

The solution (if you did it manually) can be written as ratios with common denominator,
which we define as the determinant of A

The solution can then also be written
det(A,(b)) det(4,(b))
r=—", .., x, = ———
! det(A) " det(A)
Solution requires det(A) # 0
Session 4 This Version: 17 Sep 2025 46 /69
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The Inverse Matrix

We will not need to know the formula for det(A) or A~! for general n x n case, n > 2

See TPB(2025) Chapter 8 if interested
@ Gaussian elimination
e Cofactor formula for A~1

@ Laplace Expansion for det(A)
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The Inverse Matrix

We just need to know when det(A) # 0 for an n x n matrix A
@ No zero columns
@ No column can be written as a multiple of another column

@ No column can be written as a linear combination of another other columns

This will be the case if

ClA*1+62A*2+.”:CTLA*n:0n <~ Cl :C2:"':Cn:0
where A, is the ith column of 4, i =1,....,n
ie, Ac=0 <= ¢c=0,,



Matrices Inverse Matrices
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The Inverse Matrix

If Ac=0 < ¢=0,, we say
@ columns of A “linearly independent”
e A is “full rank”, and the inverse exists
If there exists ¢ # 0,, such that Ac = 0, we say

@ columns of A are “linearly dependent
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The Inverse Matrix

There are many results involving determinants and inverses
We will only need the following:
@ The inverse of a diagonal matrix diag(dy, ..., d,,) is diag(d;?, ... d,;!)

o If Aism x n and non-singular, then (A~1)T = (AT)~1

AA Y =1 = (AHTAT =7,
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The Inverse Matrix

e A and B are both n x n and non-singular, then (AB)™1 = B~1A™1.

B 'A7'AB=ABB'A7' =1 implies B"'1A™1 = (AB)!
@ The inverse of a non-singular symmetric matrix is symmetric (exercise)

o If Xisnx kwithn>kand Xc=0 <> ¢ =04, then

nx1
XTX is non-singular

i.e., as long as the columns of the n X k matrix X, where n > k, are linearly
independent, XTX will have an inverse
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Inverse of Partitioned Matrices

A Ajs
SN—— S——
mq Xm mq Xm .
If A= 114 1 ;1 ?| and non-singular, then
21 22
~—— ~——

Mo XMy Mo XMy

_ (Ajg —AjpAsy Agy) 7t —(Ay — A1 Ajd Ay )T A A
— Ay Aoy (Ayy — A Ag) Agy)™h AQ + Agg Agy (A — A Ay Agy) 1A Agy

You can verify this by direct multiplication, to show that

I 0

A 1A = 0 my Tf}1><m2
Mo XMy Moy
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Definitions and NV

Agenda atrix Operations

Vectors and Matrices of Random Variables

Matrix algebra helps in organizing large numbers of random variable, especially their

expectations and variances and covariances
T .
X.,.] ., then we define

If 2 is am x 1 vector of random variables z = [X; X,
T

)]

3

E(z) = [BE(X,) E(X,) .. E(X

If X is a matrix m X n matrix of random variables, then

Xy X9 o Xy, E(Xy) E(Xy) . E(Xy,)
X = ‘X.Ql )(:22 X2n N E(X) — E<X21> E<X22) E(X2n>

X1 Xoo o X

Anthony Tay Session 4

This Version: 17 Sep 2025 53 /69
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Vectors and Matrices of Random Variables

Let « be a m X 1 vector of random variables. Let

Then the variance-covariance matrix of x, denoted Var(x), is defined as

Var(z) = E((z — E(z))(z — E(x))") = E(ZZ")
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Vectors and Matrices of Random Variables

Var(z) = B(23") = E((z — Elz])(z — E[z])")

X3 XX XX,
- B XQ.Xl X3 X2ij
Xm)zvl XmXQ Xm‘jzm
B3 B(%,%,) . B(X,X,)
_ | B(X,Xy)  B(X3) E(X,X,,)
Var(X,) Cov(X{,X5) ... Cou(X{,X,,)
| Cou(Xq,X5) Var(X,) o Cov(Xq, X))
L Cov(X4,X,,) Cou(Xy,X,) .. Var(X,,,)
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Vectors and Matrices of Random Variables
Recall that if X is a (univariate) random variable, then

@ F(aX+b)=aE(X)+b

o Var(aX +b) = a?Var(X)

o Var(X) = E(X?) — E(X)?

We have matrix analogues of these results: Suppose x is an m x 1 vector of random variables,

A = () is @ k x m matrix of constants and b is a k x 1 vector of constants. Then

@ E(Ax+b) = AE(z)+b
o Var(Az +b) = AVar(z)AT
e Var(x) = E(xz’) — E(x)E(z)T
Session 4 This Version: 17 Sep 2025 56 /69
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Vectors and Matrices of Random Variables

Proof of E(Ax +b) = AE(z) + b:

The ith element of the k x 1 vector Az + b is Z;n:l a;;X; + b;. The expectation of this term is

E (Z a;; X, + bi) => a,;B(X,)+b,
j=1 Jj=1

which is the ith element of the vector AE(x) + b.
Proof of Var(Az + b) = AVar(x)A™T:
Since Az +b— E(Ax +b) = A(x — E(x)) = AZ, we have
Var(Az +b) = E((AZ)(AZ)T) = E(AZZTAT) = AE(%5T)AT
= A Var(x)AT.

Proof of Var(z) = E(zxz") — E(z)E(z)": Exercise!
Session 4 This Version: 17 Sep 2025 57 /69
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Vectors and Matrices of Random Variables
Let « be m x 1 vector of random variables, ¢ be m x 1 non-zero vector of constants

@ Obviously the variance-covariance matrix of x is symmetric

@ Consider the linear combination c¢T2 (this is a now a single random variable). We have
Var(cTz) = ¢t Var(x)e > 0 forall ¢#0,,.,

@ Var(cTx) cannot be negative since it is a variance

@ If Var(c'z) = 0 then either
e one of the random variables is not actually random, or
e one of the random variables is just a multiple of the other

e one of the random variables is a linear combination of two or more of the other
random variables
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Digression on Symmetric Matrices

A m x m symmetric (and square) matrix A is positive definite if
cTAc >0 forall ¢c+#0,,.,

It is positive semidefinite if cT' Ac > 0 for all ¢ #0,,,,. Similar definitions for negative
definiteness and negative semidefiniteness

@ Variance covariance matrices Var(z) are positive semidefinite

@ If the random variables in x are not linearly dependent, then Var(x) is positive definite

@ Another example: suppose the columns of a n X k data matrix X are linearly
independent, i.e.,

Xc#0,,; forall ¢#0,,,
Then ¢TXTXc = (Xe)TXe > 0 for all ¢ # 04,4, i.e., XTX is positive definite

Anthony Tay

Session 4 This Version: 17 Sep 2025 59 /69
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Sample Variance-Covariance Matrix

Let X be a n x k data matrix, each column contains n observations of some variable,
mean removed. Then

Tip =Ty Tyg —Tg 0 Typ — Tg L11 L1 ot Ty
X — |For =& Fop —Xp v Lo T X | _ | Far Loz v Lo
Tp1 — L] Tpg — Lo o Tpp — T Tp1 Tpo Tk

and XTX is the symmetric sample variance-covariance matrix
n P—
1 n ~2 ~

1 Zn:i:l Ti1 n— 1 Z i=1 1195 no 1 Z 1195

L XTX = 7T 2oio Tizi -1 Zr o Zz 1%2"’5

n—1 :
1 n ~ ~
T i Tik®a niy Zi:l TikTiz v w Zi:l ZH
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Eigendecomposition of Symmetric Matrices

Another very important fact about symmetric matrices (Eigendecomposition)

Every k x k symmetric matrix A can be decomposed in the following way

A 0 0 q1T
0 XN - O gy k T
A=QAQT = [(h a2 - Qk] . ;2 . 2 = Z/\i%%
o .o : —
0 0 -~ NJlgfl
@ )\, i=1,..., k are real numbers called eigenvalues (usually ranked \; > Ay > --- > \;)
@ The k x 1 vectors g;, i = 1,..., k are the corresponding eigenvectors

@ (Q satisfies the property QTQ = QQT = I,

For full discussion, see TPB (2025) Chapter 10
Session 4 This Version: 17 Sep 2025 61/69
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Eigendecomposition of Symmetric Matrices

Suppose the k x 1 random vector x has variance-covariance matrix
> is positive definite, but not necessarily diagonal
The random variables in & may be correlated

We can write
¥ =QAQ" suchthat QTQ =1,
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Eigendecomposition of Symmetric Matrices

Consider the k x 1 vector of random variables

Q£$ Y
i
qu Yk

Each y; is a weighted average of the random variables in z

Variance-Covariance matrix of y is
Var(y) = Var(Q'z) = QTEQ = QTQAQ"Q = A

Since A is diagonal, the random variables in y are uncorrelated (despite the fact that
they are all weighted averages of the random variables in z)
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Differentiation of Matrix Forms

Let f(x) be some function of the n x 1 vector x

e.g., f(z) = 2T Az where A is some n X n matrix of constants

This is just a multivariable function f(zq,...,x,)

We define

_ﬁ_

Ox
0

of - of of of of

VI= o 2 Di=57= 02, ony B
of

L0z, |

n
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Differentiation of Matrix Forms

Example: If y = T Az where Ais n x n and z is n x 1, then
oy 0, r
= (2TAz) = (A+ A"
Jdx  Ox (z742) = (A+ A%)e
n = 3 example:

T Ao _ 2 2 2
xt Az = xiay, + 25095 + T3a33 + T1To(a15 + agy) +TyT5(a13 +agzy) + Tax3(as3 + azs)

0xT Ax
“om. =2wjay; +To(a15 + agy) +w3(a13 +asz)
1
oxT Ax o0xT Az
BN = z1(a12 + ag1) + 2T5a45 + w3(ag3 + azz) DO a—— (A+ ATz
T x
0xT Ax
“or. zi(ay3 +agy) + Ta(ass + azy) + 2w3033
T3
] ) oxT Ax T 5 ,
If A is symmetric, then 5w - (A+ A% )x =2Ax (compare f(z) = ax?® = f'(x) = 2ax)
x



ix Operations Partitioned Matrices Inverse Matr of RVs Differentiation of Matrix Forms

[e]e] le]e]e]

Differentiation of Matrix Forms

fi(z)
. folz) | . . ,
Suppose x isn x 1 and y = f(z) = ‘ (i.e., y is a vector of m different functions)
fm ()
Then we define
[0 0L OhT (0N Of - Ofw]
(9x1 8.172 8:13n axl 8$1 8331
o |2 0 om| . \on on ol
Ofm  Ofm Afm ofi Ofs A fm
L Oz; Ozy Oz, 0z, Oz, Oz,
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Differentiation of Matrix Forms

Eg:ify= f(z) = Ax where A = (a;;) ., and 2" = [z, x5 ... 2], then

T T YT
8y:8(A:I:):A or oy :8(1:A):AT
ox™ ox™ Ox Oz
Matrix analogue of the univariate differentiation rule f(x) = ax = f'(z) =a

Proof:

@ The product Az is an m X 1 vector whose i-th element is Z:=1 a1, T
o Therefore the (i, j)th element of dy/dx™ is (0/0x;) ZZZI Qi Tp = Qg
e This says that 9y /02T = A
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Differentiation of Matrix Forms

E.g.. If y = f(x) is a scalar-valued function of an n x 1 vector of variables x, then

— 3y . - aQy aQy 82y E
ox, dz?  Ox0ry Oz, 0x,
Jy 0%y 0%y 0%y
0 (9y\_ 9 0z, | = | 0x,0x ox2 7 Oz,0x
5aT \ox) = gt | 072 | = |90 O Omdm,
9y 0%y 0%y 9%y
L0z, Loz, 0x, 0x,0x, ~  0x2 |
. . . B L0 [0y &y
@ This is the Hessian matrix of y = f(z). We usually write 9.7 (8_36) S o o T
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Optimization

The interior optimum point z* of a function of n variables f(z) satisfies the first order
conditions

FOf (%)
oz
o ora)| [
Vi) =22 = 0w | =1
ofa|
L Ox,, |

If the Hessian is positive definite, then x* is a global minimum point

If the Hessian is negative definite, then z* is a globaal maximum point
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