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Matrix Definitions

rows
⎡
⎢⎢
⎣

𝑎11 𝑎12 ⋯ 𝑎1𝑛
𝑎21 𝑎22 ⋯ 𝑎2𝑛

⋮ ⋮ ⋱ ⋮
𝑎𝑚1 𝑎𝑚2 ⋯ 𝑎𝑚𝑛

⎤
⎥⎥
⎦

columns

Matrix with 𝑚 rows, 𝑛 columns
Order or Dimension 𝑚 × 𝑛
If 𝑚 = 𝑛: square matrix
If 𝑚 > 1 and 𝑛 = 1: column vector
If 𝑚 = 1 and 𝑛 > 1: row vector
If 𝑚 = 1 and 𝑛 = 1: scalar

𝑎𝑖𝑗 is the (𝑖, 𝑗)th element or term of the matrix
Other notational conventions:

(𝑎𝑖𝑗)𝑚×𝑛 refers to a 𝑚 × 𝑛 matrix with (𝑖, 𝑗)th element 𝑎𝑖𝑗

(𝐴)𝑖𝑗 refers to the (𝑖, 𝑗)th element of the matrix 𝐴
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Matrix Operations (Add, Hadamard Prod, Scalar Mult.)
Given two matrices 𝐴 and 𝐵 of the same dimensions:

Equality: 𝐴 = 𝐵 ⟺ (𝐴)𝑖𝑗 = (𝐵)𝑖𝑗 for all 𝑖 = 1, … , 𝑚; 𝑗 = 1, … , 𝑛
Addition: (𝐴 + 𝐵)𝑖𝑗 = (𝐴)𝑖𝑗 + (𝐵)𝑖𝑗 for all 𝑖 = 1, … , 𝑚; 𝑗 = 1, … , 𝑛

Matrix addition is element-by-element addition

Hadamard Product: (𝐴 ⊙ 𝐵)𝑖𝑗 = (𝐴)𝑖𝑗(𝐵)𝑖𝑗
Hadamard Product is element-by-element multiplication
Alternative notations for Hadamard Product: 𝐴 ∘ 𝐵, 𝐴 ∗ 𝐵

For any matrix 𝐴 and any scalar 𝛼 ∈ ℝ

Scalar Multiplication: (𝛼𝐴)𝑖𝑗 = (𝐴𝛼)𝑖𝑗 = 𝛼(𝐴)𝑖𝑗 for all 𝑖 = 1, … , 𝑚; 𝑗 = 1, … , 𝑛
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Matrix Operations (Add, Hadamard Prod, Scalar Mult.)
Examples: If 𝐴 = [𝑎11 𝑎12 𝑎13

𝑎21 𝑎22 𝑎23
] and 𝐵 = [𝑏11 𝑏12 𝑏13

𝑏21 𝑏22 𝑏23
], then

𝐴 + 𝐵 = [𝑎11 + 𝑏11 𝑎12 + 𝑏12 𝑎13 + 𝑏13
𝑎21 + 𝑏21 𝑎22 + 𝑏22 𝑎23 + 𝑏23

]

𝐴 ⊙ 𝐵 = [𝑎11𝑏11 𝑎12𝑏12 𝑎13𝑏13
𝑎21𝑏21 𝑎22𝑏22 𝑎23𝑏23

]

𝛼𝐴 = 𝐴𝛼 = [𝛼𝑎11 𝛼𝑎12 𝛼𝑎13
𝛼𝑎21 𝛼𝑎22 𝛼𝑎23

]

𝐴 − 𝐵 = 𝐴 + (−1)𝐵 = [𝑎11 − 𝑏11 𝑎12 − 𝑏12 𝑎13 − 𝑏13
𝑎21 − 𝑏21 𝑎22 − 𝑏22 𝑎23 − 𝑏23

]

Anthony Tay Session 4 This Version: 17 Sep 2025 5 / 69



Agenda Definitions and Matrix Operations Partitioned Matrices Inverse Matrices Vectors of RVs Differentiation of Matrix Forms

Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

The following should be obvious:
(𝐴 + 𝐵) + 𝐶 = 𝐴 + (𝐵 + 𝐶) , (𝐴 ⊙ 𝐵) ⊙ 𝐶 = 𝐴 ⊙ (𝐵 ⊙ 𝐶)
𝐴 + 𝐵 = 𝐵 + 𝐴 , 𝐴 ⊙ 𝐵 = 𝐵 ⊙ 𝐴
𝐴 ⊙ (𝐵 + 𝐶) = 𝐴 ⊙ 𝐵 + 𝐴 ⊙ 𝐶
𝛼(𝐴 + 𝐵) = 𝛼𝐴 + 𝛼𝐵 , (𝛼 + 𝛽)𝐴 = 𝛼𝐴 + 𝛽𝐴
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Matrix Operations (Transposition)

Matrix Transpose of 𝐴, denoted 𝐴T, is defined by (𝐴T)𝑖𝑗 = 𝐴𝑗𝑖

e.g., if 𝐴 = [𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23

] , then 𝐴T = ⎡⎢
⎣

𝑎11 𝑎21
𝑎12 𝑎22
𝑎13 𝑎23

⎤⎥
⎦

e.g., if 𝑥 = ⎡⎢
⎣

𝑥1
𝑥2
𝑥3

⎤⎥
⎦

, then 𝑥T = [𝑥1 𝑥2 𝑥3]

We often write column vectors as 𝑥 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]T to save space

Sometimes a matrix transpose is written as 𝐴′ instead of 𝐴T
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Matrix Operations (Transposition)
Clearly

(𝐴 + 𝐵)T = 𝐴T + 𝐵T

(𝐴 ⊙ 𝐵)T = 𝐴T ⊙ 𝐵T

(𝛼𝐴)T = 𝛼𝐴T

(𝐴T)T = 𝐴
Definition: A square matrix is symmetric if (𝐴)𝑖𝑗 = (𝐴)𝑗𝑖, i.e., 𝐴T = 𝐴

e.g., ⎡⎢
⎣

1 3 2
3 4 6
2 6 3

⎤⎥
⎦

is symmetric, ⎡⎢
⎣

1 3 2
7 4 6
2 6 3

⎤⎥
⎦

is not
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Matrix Operations (Matrix Multiplication)

Matrix Multiplication/Product: For any 𝑚 × 𝑛 matrix 𝐴 and 𝑛 × 𝑝 matrix 𝐵, we have

(𝐴𝐵)𝑖𝑗 =
𝑛

∑
𝑘=1

𝑎𝑖𝑘𝑏𝑘𝑗 .

i.e., (𝑖, 𝑗)th element of 𝐴𝐵 is the sum of the product of the elements of the 𝑖th row of
𝐴 with the corresponding elements in the 𝑗th column of 𝐵
For example,

(𝐴𝐵)11 = ∑𝑛
𝑘=1 𝑎1𝑘𝑏𝑘1 = 𝑎11𝑏11 + 𝑎12𝑏21 + 𝑎13𝑏31 + ⋯ + 𝑎1𝑛𝑏𝑛1

(𝐴𝐵)23 = ∑𝑛
𝑘=1 𝑎2𝑘𝑏𝑘3 = 𝑎21𝑏13 + 𝑎22𝑏23 + 𝑎23𝑏33 + ⋯ + 𝑎2𝑛𝑏𝑛3
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Matrix Operations
For the product of a 3 × 3 matrix and a 3 × 2 matrix, we have

⎡
⎢
⎣

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

⎤
⎥
⎦

⎡
⎢
⎣

𝑏11
𝑏21
𝑏31

𝑏12
𝑏22
𝑏32

⎤
⎥
⎦

= ⎡⎢
⎣

𝑎11𝑏11 + 𝑎12𝑏21 + 𝑎13𝑏31 •
• •
• •

⎤⎥
⎦

⎡
⎢
⎣

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

⎤
⎥
⎦

⎡
⎢
⎣

𝑏11
𝑏21
𝑏31

𝑏12
𝑏22
𝑏32

⎤
⎥
⎦

= ⎡⎢
⎣

∑3
𝑘=1 𝑎1𝑘𝑏𝑘1 𝑎11𝑏12 + 𝑎12𝑏22 + 𝑎13𝑏32

• •
• •

⎤⎥
⎦

⎡
⎢
⎣

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

⎤
⎥
⎦

⎡
⎢
⎣

𝑏11
𝑏21
𝑏31

𝑏12
𝑏22
𝑏32

⎤
⎥
⎦

= ⎡
⎢
⎣

∑3
𝑘=1 𝑎1𝑘𝑏𝑘1 ∑3

𝑘=1 𝑎1𝑘𝑏𝑘2
𝑎21𝑏11 + 𝑎22𝑏21 + 𝑎23𝑏31 •

• •

⎤
⎥
⎦

and so on.
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Matrix Operations (Matrix Multiplication)

If 𝐴 = ⎡⎢
⎣

2 8
3 0
5 1

⎤⎥
⎦
, 𝐵 = [4 7

6 9] and 𝐶 = [1 3 4
6 2 5] then

𝐴𝐵 = ⎡⎢
⎣

2 8
3 0
5 1

⎤⎥
⎦

[4 7
6 9] = ⎡⎢

⎣

2 ⋅ 4 + 8 ⋅ 6 2 ⋅ 7 + 8 ⋅ 9
3 ⋅ 4 + 0 ⋅ 6 3 ⋅ 7 + 0 ⋅ 9
5 ⋅ 4 + 1 ⋅ 6 5 ⋅ 7 + 1 ⋅ 9

⎤⎥
⎦

= ⎡⎢
⎣

56 86
12 21
26 44

⎤⎥
⎦

.

𝐴 and 𝐵 “conformable” for the product 𝐴𝐵 requires no.cols(A) = no.rows(B)
Even if 𝐴 and 𝐵 are conformable for 𝐴𝐵, the product 𝐵𝐴 might not be possible
Even if 𝐴𝐵 and 𝐵𝐴 are possible, they may not be equal (might not even be the
same dimensions)
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Matrix Operation (Matrix Multiplication)
A = matrix(c(2,8,3,0,5,1),

nrow=3, byrow=T)
A

[,1] [,2]
[1,] 2 8
[2,] 3 0
[3,] 5 1

B = matrix(c(4,7,6,9),
nrow=2, byrow=T)

B
[,1] [,2]

[1,] 4 7
[2,] 6 9

C = matrix(c(1,3,4,6,2,5),
nrow=2, byrow=T)

C
[,1] [,2] [,3]

[1,] 1 3 4
[2,] 6 2 5

A %*% B
[,1] [,2]

[1,] 56 86
[2,] 12 21
[3,] 26 44
B %*% A
Error in B %*% A: non-conformable arguments

A %*% C
[,1] [,2] [,3]

[1,] 50 22 48
[2,] 3 9 12
[3,] 11 17 25
C %*% A

[,1] [,2]
[1,] 31 12
[2,] 43 53
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Matrix Operations (Matrix Multiplication)
Easy to show

(𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) if 𝐴 is 𝑚 × 𝑛, 𝐵 is 𝑛 × 𝑝 and 𝐶 is 𝑝 × 𝑞
𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶 if 𝐴 is 𝑚 × 𝑛, 𝐵 and 𝐶 are 𝑛 × 𝑝
(𝐴 + 𝐵)𝐶 = 𝐴𝐶 + 𝐵𝐶 if 𝐴 and 𝐵 are 𝑚 × 𝑛 and 𝐶 is 𝑛 × 𝑝

Proof of (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶):

((𝐴𝐵)𝐶)𝑖𝑗 =
𝑝

∑
𝑘=1

((𝐴𝐵))𝑖𝑘(𝐶)𝑘𝑗 =
𝑝

∑
𝑘=1

(
𝑛

∑
𝑟=1

(𝐴)𝑖𝑟(𝐵)𝑟𝑘) (𝐶)𝑘𝑗

=
𝑛

∑
𝑟=1

(𝐴)𝑖𝑟 (
𝑝

∑
𝑘=1

(𝐵)𝑟𝑘(𝐶)𝑘𝑗) =
𝑛

∑
𝑟=1

(𝐴)𝑖𝑟(𝐵𝐶)𝑟𝑗 = (𝐴(𝐵𝐶))𝑖𝑗
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Matrix Operations

In some ways, matrix multiplication behaves differently from multiplication of numbers:
e.g., For numbers, 𝑎𝑏 = 0 ⇒ 𝑎 = 0 or 𝑏 = 0

Not necessarily for matrices!

[2 4
1 2] [−2 4

1 −2] = [0 0
0 0]

[ 1 𝑏
−1

𝑏 −1] [ 1 𝑏
−1

𝑏 −1] = [0 0
0 0]

A matrix with all elements 0 is the “zero matrix” 0𝑚×𝑛

Sometimes subscripts left out
𝐴0 = 0
0𝐵 = 0
But 𝐴𝐵 = 0 does not imply 𝐴 = 0 or 𝐵 = 0
Possible for 𝐴 ≠ 0, yet 𝐴2 = 𝐴𝐴 = 0
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Matrix Operations (Matrix Multiplication)

For numbers: 𝑎𝑏 = 𝑎𝑐 ⇒ 𝑏 = 𝑐 for all 𝑎 ≠ 0
For matrices, it is possible for 𝐴𝑏 = 𝐴𝑐, yet 𝑏 ≠ 𝑐
e.g.,

[1 2
2 4] [1

0] = [1
2] = [1 2

2 4] [ 0
1/2]

There is an important special case where 𝐴𝑏 = 𝐴𝑐 ⟹ 𝑏 = 𝑐
We’ll come to it later
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Relationship between Matrix Multiplication and Transpose
Suppose 𝐴 is 𝑚 × 𝑛 and 𝐵 is 𝑛 × 𝑝, then

(𝐴𝐵)T = 𝐵T𝐴T

Proof: We have

((𝐴𝐵)T)𝑖𝑗 = (𝐴𝐵)𝑗𝑖 =
𝑛

∑
𝑘=1

(𝐴)𝑗𝑘(𝐵)𝑘𝑖

=
𝑛

∑
𝑘=1

(𝐴T)𝑘𝑗(𝐵T)𝑖𝑘

=
𝑛

∑
𝑘=1

(𝐵T)𝑖𝑘(𝐴T)𝑘𝑗 = (𝐵T𝐴T)𝑖𝑗
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Trace Operator
Given a square 𝑛 × 𝑛 matrix 𝐴, the trace of 𝐴 is defined as

trace(𝐴) =
𝑛

∑
𝑖=1

𝑎𝑖𝑖

The trace of a scalar is the scalar itself
If 𝐴 is 𝑛 × 𝑝 and 𝐵 is 𝑝 × 𝑛, then trace(𝐴𝐵) = trace(𝐵𝐴)

Proof:

trace(𝐴𝐵) =
𝑛

∑
𝑖=1

(𝐴𝐵)𝑖𝑖 =
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑎𝑖𝑗𝑏𝑗𝑖 =
𝑛

∑
𝑗=1

𝑛
∑
𝑖=1

𝑏𝑗𝑖𝑎𝑖𝑗 =
𝑛

∑
𝑗=1

(𝐵𝐴)𝑗𝑗 = trace(𝐵𝐴)

Example: trace(𝑥T𝑥) = trace(𝑥𝑥T)
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The Identity Matrix
The identity matrix 𝐼𝑛 is the 𝑛 × 𝑛 matrix such that

(𝐼𝑛)𝑖𝑗 = {1 if 𝑖 = 𝑗
0 if 𝑖 ≠ 𝑗 for 𝑖, 𝑗 = 1, … , 𝑛

That is,

𝐼𝑛 =
⎡
⎢
⎢
⎢
⎣

1 0 ⋯ 0 0
0 1 ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ 1 0
0 0 ⋯ 0 1

⎤
⎥
⎥
⎥
⎦

If 𝐴 is 𝑚 × 𝑛 then
𝐴𝐼𝑛 = 𝐴 and 𝐼𝑚𝐴 = 𝐴
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Diagonal, Upper and Lower Triangular Matrices

The identity matrix is an example of a diagonal matrix
A diagonal matrix 𝐷 is a square matrix such that (𝐷)𝑖𝑗 = 0 for all 𝑖 ≠ 𝑗

It doesn’t matter what the diagonal elements (𝐷)𝑖𝑖 are
Diagonal matrices are often written diag(𝑑1, 𝑑2, … , 𝑑𝑛)
The identity matrix is diag(1, 1, … , 1)

A lower triangular matrix 𝐿 is a square matrix such that (𝐿)𝑖𝑗 = 0 for all 𝑖 < 𝑗
An upper triangular matrix 𝑈 is a square matrix such that (𝑈)𝑖𝑗 = 0 for all 𝑖 > 𝑗
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Diagonal, Upper and Lower Triangular Matrices

diagonal

𝐷 =
⎡
⎢
⎢
⎢
⎣

∗ 0 ⋯ 0 0
0 ∗ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ ∗ 0
0 0 ⋯ 0 ∗

⎤
⎥
⎥
⎥
⎦

lower triangular

𝐿 =
⎡
⎢
⎢
⎢
⎣

∗ 0 ⋯ 0 0
∗ ∗ ⋯ 0 0
⋮ ⋮ ⋱ ⋮ ⋮
∗ ∗ ⋯ ∗ 0
∗ ∗ ⋯ ∗ ∗

⎤
⎥
⎥
⎥
⎦

upper triangular

𝑈 =
⎡
⎢
⎢
⎢
⎣

∗ ∗ ⋯ ∗ ∗
0 ∗ ⋯ ∗ ∗
⋮ ⋮ ⋱ ⋮ ⋮
0 0 ⋯ ∗ ∗
0 0 ⋯ 0 ∗

⎤
⎥
⎥
⎥
⎦

where * means any value, including 0
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Important examples of matrix products
Example: The general linear system of equations

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏2

⋮
𝑎𝑚1𝑥1 + 𝑎𝑚2𝑥2 + ⋯ + 𝑎𝑚𝑛𝑥𝑛 = 𝑏𝑚

can be written as
⎡
⎢⎢
⎣

𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛

⋮
𝑎𝑚1 𝑎𝑚2 … 𝑎𝑚𝑛

⎤
⎥⎥
⎦

⎡
⎢⎢
⎣

𝑥1
𝑥2
⋮

𝑥𝑛

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝑏1
𝑏2
⋮

𝑏𝑚

⎤
⎥⎥
⎦

or 𝐴𝑥 = 𝑏

Often the problem is: given 𝐴 and 𝑏, want to find 𝑥 so that equation holds
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Important examples of matrix products
If 𝑥 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]T, then

Inner Product: 𝑥T𝑥 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]
⎡
⎢⎢
⎣

𝑥1
𝑥2
⋮

𝑥𝑛

⎤
⎥⎥
⎦

=
𝑛

∑
𝑖=1

𝑥2
𝑖

The norm of a vector 𝑥 is defined as ‖𝑥‖ =
√

𝑥T𝑥

Outer Product: 𝑥𝑥T =
⎡
⎢⎢
⎣

𝑥1
𝑥2
⋮

𝑥𝑛

⎤
⎥⎥
⎦

[𝑥1 𝑥2 ⋯ 𝑥𝑛] =
⎡
⎢⎢
⎣

𝑥2
1 𝑥1𝑥2 ⋯ 𝑥1𝑥𝑛

𝑥2𝑥1 𝑥2
2 ⋯ 𝑥2𝑥𝑛

⋮ ⋮ ⋱ ⋮
𝑥𝑛𝑥1 𝑥𝑛𝑥2 ⋯ 𝑥2

𝑛

⎤
⎥⎥
⎦
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Important examples of matrix products
If 𝑥 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]T and 𝑦 = [𝑦1 𝑦2 ⋯ 𝑦𝑛]T, then

𝑥T𝑦 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]
⎡
⎢⎢
⎣

𝑦1
𝑦2
⋮

𝑦𝑛

⎤
⎥⎥
⎦

=
𝑛

∑
𝑖=1

𝑥𝑖𝑦𝑖

If 𝑥T𝑦 = 0, the 𝑥 and 𝑦 are said to be orthogonal

Geometrically, 𝑥 and 𝑦 are “perpendicular”

If 𝑥 = 1
𝑛

𝑛
∑
𝑖=1

𝑥𝑖 = 0 or 𝑦 = 1
𝑛

𝑛
∑
𝑖=1

𝑥𝑖 = 0, then

𝑥T𝑦 = 0 ⟹ Sample Cov(𝑥𝑖, 𝑦𝑖) = 1
𝑛 − 1

𝑛
∑
𝑖=1

(𝑥𝑖 − 𝑥)(𝑦𝑖 − 𝑦) = 1
𝑛 − 1

𝑛
∑
𝑖=1

𝑥𝑖𝑦𝑖 = 0
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Important examples of matrix products

If 𝑥 = [𝑥1 𝑥2 ⋯ 𝑥𝑛]T, and 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛, then 𝑥𝑇 𝐴𝑥 = ∑𝑛
𝑖=1 ∑𝑛

𝑗=1 𝑥𝑖𝑥𝑗𝑎𝑖𝑗

For the case when 𝑛 = 3:

𝑥𝑇 𝐴𝑥 = [𝑥1 𝑥2 𝑥3] ⎡⎢
⎣

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

⎤⎥
⎦

⎡⎢
⎣

𝑥1
𝑥2
𝑥3

⎤⎥
⎦

= [𝑥1𝑎11 + 𝑥2𝑎21 + 𝑥3𝑎31 𝑥1𝑎12 + 𝑥2𝑎22 + 𝑥3𝑎32 𝑥1𝑎13 + 𝑥2𝑎23 + 𝑥3𝑎33] ⎡⎢
⎣

𝑥1
𝑥2
𝑥3

⎤⎥
⎦

= 𝑥2
1𝑎11 + 𝑥2

2𝑎22 + 𝑥2
3𝑎33 + 𝑥1𝑥2(𝑎12 + 𝑎21) + 𝑥1𝑥3(𝑎13 + 𝑎31) + 𝑥2𝑥3(𝑎23 + 𝑎32)

When 𝐴 is symmetric, 𝑥T𝐴𝑥 is called a quadratic form

Anthony Tay Session 4 This Version: 17 Sep 2025 24 / 69



Agenda Definitions and Matrix Operations Partitioned Matrices Inverse Matrices Vectors of RVs Differentiation of Matrix Forms

Partitioned Matrices

We can partition contents of an 𝑚 × 𝑛 matrix into blocks of submatrices, e.g.,

𝐴 =
⎡
⎢
⎢
⎢
⎣

1 3 2 6
2 8 2 1
3 1 2 4
4 2 1 3
3 1 1 7

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1 3 2 6
2 8 2 1
3 1 2 4
4 2 1 3
3 1 1 7

⎤
⎥
⎥
⎥
⎦

= [𝐴11 𝐴12
𝐴21 𝐴22

]

where 𝐴11 = [1
2] , 𝐴21 = ⎡⎢

⎣

3
4
3
⎤⎥
⎦

, 𝐴12 = [3 2 6
8 2 1] and 𝐴22 = ⎡⎢

⎣

1 2 4
2 1 3
1 1 7

⎤⎥
⎦
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Partitioned Matrices

Partitioned matrices are often called block matrices

Many ways of partitioning any given matrix, e.g.,

𝐴 =
⎡
⎢
⎢
⎢
⎣

1 3 2 6
2 8 2 1
3 1 2 4
4 2 1 3
3 1 1 7

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1 3 2 6
2 8 2 1
3 1 2 4
4 2 1 3
3 1 1 7

⎤
⎥
⎥
⎥
⎦

.

Main point of this section: as long as the matrices are appropriately partitioned, we can
add / multiply partitioned matrices as though the blocks were elements
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Partitioned Matrices
Addition of Partitioned Matrices If 𝐴 and 𝐵 are two 𝑚 × 𝑛 matrices 𝐴 and 𝐵
partitioned as:

𝐴 =
⎡
⎢⎢
⎣

𝐴11⏟
𝑚1×𝑛1

𝐴12⏟
𝑚1×𝑛2

𝐴21⏟
𝑚2×𝑛1

𝐴22⏟
𝑚2×𝑛2

⎤
⎥⎥
⎦

and 𝐵 =
⎡
⎢⎢
⎣

𝐵11⏟
𝑚1×𝑛1

𝐵12⏟
𝑚1×𝑛2

𝐵21⏟
𝑚2×𝑛1

𝐵22⏟
𝑚2×𝑛2

⎤
⎥⎥
⎦

where 𝑛1 + 𝑛2 = 𝑛 and 𝑚1 + 𝑚2 = 𝑚, then

𝐴 + 𝐵 =
⎡
⎢⎢
⎣

𝐴11 + 𝐵11⏟⏟⏟⏟⏟
𝑚1×𝑛1

𝐴12 + 𝐵12⏟⏟⏟⏟⏟
𝑚1×𝑛2

𝐴21 + 𝐵21⏟⏟⏟⏟⏟
𝑚2×𝑛1

𝐴22 + 𝐵22⏟⏟⏟⏟⏟
𝑚2×𝑛2

⎤
⎥⎥
⎦
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Partitioned Matrices
Multiplication of Partitioned Matrices. If 𝐴 and 𝐵 are 𝑚 × 𝑝 and 𝑝 × 𝑛 respectively,
and partitioned as:

𝐴 =
⎡
⎢⎢
⎣

𝐴11⏟
𝑚1×𝑝1

𝐴12⏟
𝑚1×𝑝2

𝐴21⏟
𝑚2×𝑝1

𝐴22⏟
𝑚2×𝑝2

⎤
⎥⎥
⎦

and 𝐵 =
⎡
⎢⎢
⎣

𝐵11⏟
𝑝1×𝑛1

𝐵12⏟
𝑝1×𝑛2

𝐵21⏟
𝑝2×𝑛1

𝐵22⏟
𝑝2×𝑛2

⎤
⎥⎥
⎦

then

𝐴𝐵 =
⎡
⎢⎢
⎣

𝐴11⏟
𝑚1×𝑝1

𝐴12⏟
𝑚1×𝑝2

𝐴21⏟
𝑚2×𝑝1

𝐴22⏟
𝑚2×𝑝2

⎤
⎥⎥
⎦

⎡
⎢⎢
⎣

𝐵11⏟
𝑝1×𝑛1

𝐵12⏟
𝑝1×𝑛2

𝐵21⏟
𝑝2×𝑛1

𝐵22⏟
𝑝2×𝑛2

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝐴11𝐵11 + 𝐴12𝐵21⏟⏟⏟⏟⏟⏟⏟
𝑚1×𝑛1

𝐴11𝐵12 + 𝐴12𝐵22⏟⏟⏟⏟⏟⏟⏟
𝑚1×𝑛2

𝐴21𝐵11 + 𝐴22𝐵21⏟⏟⏟⏟⏟⏟⏟
𝑚2×𝑛1

𝐴21𝐵12 + 𝐴22𝐵22⏟⏟⏟⏟⏟⏟⏟
𝑚2×𝑛2

⎤
⎥⎥
⎦
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Partitioned Matrices
Transposition of Partitioned Matrices: We have

𝐴 =
⎡
⎢⎢
⎣

𝐴11⏟
𝑚1×𝑛1

𝐴12⏟
𝑚1×𝑛2

𝐴21⏟
𝑚2×𝑛1

𝐴22⏟
𝑚2×𝑛2

⎤
⎥⎥
⎦

⇒ 𝐴T =
⎡
⎢⎢
⎣

𝐴T
11⏟

𝑛1×𝑚1

𝐴T
21⏟

𝑛1×𝑚2
𝐴T

12⏟
𝑛2×𝑚1

𝐴T
22⏟

𝑛2×𝑚2

⎤
⎥⎥
⎦

e.g., If 𝑋 is an 𝑛 × 𝑘 data matrix partitioned into columns, then

𝑋 =
⎡
⎢⎢
⎣

𝑥11 𝑥12 ⋯ 𝑥1𝑘
𝑥21 𝑥22 ⋯ 𝑥2𝑘

⋮ ⋮ ⋱ ⋮
𝑥𝑛1 𝑥𝑛2 ⋯ 𝑥𝑛𝑘

⎤
⎥⎥
⎦

= [𝑋∗1 𝑋∗2 ⋯ 𝑋∗𝑘] ⟹ 𝑋T =
⎡
⎢⎢
⎣

𝑋T
∗1

𝑋T
∗2
⋮

𝑋T
∗𝑘

⎤
⎥⎥
⎦

𝑋∗𝑖 is the column vector of all 𝑛 observations of variable 𝑖
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Partitioned Matrices

𝑋𝑐 = [𝑋∗1 𝑋∗2 ⋯ 𝑋∗𝑘]
⎡⎢⎢
⎣

𝑐1
𝑐2
⋮

𝑐𝑘

⎤⎥⎥
⎦

= 𝑐1𝑋∗1 + 𝑐2𝑋∗2 + ⋯ + 𝑐𝑘𝑋∗𝑘

𝑋T𝑋 =
⎡⎢⎢
⎣

𝑋T
∗1

𝑋T
∗2
⋮

𝑋T
∗𝑘

⎤⎥⎥
⎦

[𝑋∗1 𝑋∗2 ⋯ 𝑋∗𝑘] =
⎡⎢⎢
⎣

𝑋T
∗1𝑋∗1 𝑋T

∗1𝑋∗2 ⋯ 𝑋T
∗1𝑋∗𝑘

𝑋T
∗2𝑋∗1 𝑋T

∗2𝑋∗2 ⋯ 𝑋T
∗2𝑋∗𝑘

⋮ ⋮ ⋱ ⋮
𝑋T

∗𝑘𝑋∗1 𝑋T
∗𝑘𝑋∗2 ⋯ 𝑋T

∗𝑘𝑋∗𝑘

⎤⎥⎥
⎦

=
⎡
⎢⎢
⎣

∑𝑛
𝑖=1 𝑥2

𝑖1 ∑𝑛
𝑖=1 𝑥𝑖1𝑥𝑖2 ⋯ ∑𝑛

𝑖=1 𝑥𝑖1𝑥𝑖𝑘
∑𝑛

𝑖=1 𝑥𝑖2𝑥𝑖1 ∑𝑛
𝑖=1 𝑥2

𝑖2 ⋯ ∑𝑛
𝑖=1 𝑥𝑖2𝑥𝑖𝑘

⋮ ⋮ ⋱ ⋮
∑𝑛

𝑖=1 𝑥𝑖𝑘𝑥𝑖1 ∑𝑛
𝑖=1 𝑥𝑖𝑘𝑥𝑖2 ⋯ ∑𝑛

𝑖=1 𝑥2
𝑖𝑘

⎤
⎥⎥
⎦
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Partitioned Matrices
If we partition the data matrix 𝑋 into rows, i.e.,

𝑋 =
⎡
⎢⎢
⎣

𝑥11 𝑥12 ⋯ 𝑥1𝑘
𝑥21 𝑥22 ⋯ 𝑥2𝑘

⋮ ⋮ ⋱ ⋮
𝑥𝑛1 𝑥𝑛2 ⋯ 𝑥𝑛𝑘

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝑋1∗
𝑋2∗

⋮
𝑋𝑛∗

⎤
⎥⎥
⎦

where 𝑋𝑗∗ is the row vector containing
the 𝑗th obs of all variables

then 𝑋T𝑋 = [𝑋T
1∗ 𝑋T

2∗ ⋯ 𝑋T
𝑛∗]

⎡
⎢⎢
⎣

𝑋1∗
𝑋2∗

⋮
𝑋𝑛∗

⎤
⎥⎥
⎦

= 𝑋T
1∗𝑋1∗ + 𝑋T

2∗𝑋2∗ + ⋯ + 𝑋T
𝑛∗𝑋𝑛∗ =

𝑛
∑
𝑖=1

𝑋T
𝑖∗𝑋𝑖∗

⏟⏟⏟⏟⏟
sum of 𝑛 𝑘 × 𝑘 matrices

Anthony Tay Session 4 This Version: 17 Sep 2025 31 / 69



Agenda Definitions and Matrix Operations Partitioned Matrices Inverse Matrices Vectors of RVs Differentiation of Matrix Forms

Partitioned Matrices

Yet another type of matrix product is the Kronecker product
Kronecker product, denoted ⊗, of an 𝑚 × 𝑛 matrix 𝐴 with a 𝑝 × 𝑞 matrix 𝐵 is the
𝑚𝑝 × 𝑛𝑞 block matrix formed by multiplying each element of 𝐴 by the entire 𝐵 matrix
For example

[𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23

] ⊗ [1 0
0 1] =

⎡
⎢⎢
⎣

𝑎11 0 𝑎12 0 𝑎13 0
0 𝑎11 0 𝑎12 0 𝑎13

𝑎21 0 𝑎22 0 𝑎23 0
0 𝑎21 0 𝑎22 0 𝑎23

⎤
⎥⎥
⎦
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The Inverse Matrix
Let 𝐴 be an 𝑚 × 𝑛 matrix

The 𝑛 × 𝑚 matrix 𝐵 is a left-inverse of 𝐴 if 𝐵𝐴 = 𝐼𝑛

The 𝑛 × 𝑚 matrix 𝐶 is a right-inverse of 𝐴 if 𝐴𝐶 = 𝐼𝑚.

Let 𝐴 = ⎡⎢
⎣

1 1
2 1
4 2

⎤⎥
⎦

and 𝐵 = [−1 0.2 0.4
2 −0.2 −0.4]

𝐵 is a left-inverse of 𝐴 (or 𝐴 is the right-inverse of 𝐵) since

𝐵𝐴 = [−1 0.2 0.4
2 −0.2 −0.4] ⎡⎢

⎣

1 1
2 1
4 2

⎤⎥
⎦

= [−1 + 0.4 + 1.6 −1 + 0.2 + 0.8
2 − 0.4 − 1.6 2 − 0.2 − 0.8 ] = [1 0

0 1]

Anthony Tay Session 4 This Version: 17 Sep 2025 33 / 69



Agenda Definitions and Matrix Operations Partitioned Matrices Inverse Matrices Vectors of RVs Differentiation of Matrix Forms

The Inverse Matrix

𝐵 is not a right-inverse of 𝐴 since 𝐴𝐵 = ⎡⎢
⎣

1 0 0
0 0.2 0.4
0 0.4 0.8

⎤⎥
⎦

In fact 𝐴 has no right-inverse

Suppose 𝐴𝐶 = ⎡⎢
⎣

1 1
2 1
4 2

⎤⎥
⎦

[𝑎 𝑏 𝑐
𝑑 𝑒 𝑓] = ⎡⎢

⎣

1 0 0
0 1 0
0 0 1

⎤⎥
⎦

then we have

2𝑏 + 𝑒 = 1 and 4𝑏 + 2𝑒 = 0

which is a contradiction
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The Inverse Matrix

𝐴 has left- and right-inverse only if it is square, and they will be the same matrix, i.e.,
If 𝐴 is 𝑛 × 𝑛, and 𝐵𝐴 = 𝐴𝐶 = 𝐼𝑛, then it must be that 𝐵 = 𝐶

𝐵𝐴 = 𝐼𝑛 ⟹ 𝐵𝐴𝐶 = 𝐼𝑛𝐶 ⟹ 𝐵𝐼𝑛 = 𝐶 ⟹ 𝐵 = 𝐶

Then 𝐵 = 𝐶 is the “two-sided inverse”, or simply the inverse of 𝐴, denoted 𝐴−1

The inverse of a 𝑛 × 𝑛 matrix 𝐴, if it exists, is the unique matrix 𝐴−1 such that

𝐴−1𝐴 = 𝐼𝑛 = 𝐴𝐴−1
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The Inverse Matrix
We emphasize

𝐴 has a (two-sided) inverse only if it is square
But not all square matrices have an inverse

Examples:
𝐴 = [1 3

2 4] is 𝐴−1 = −1
2 [ 4 −3

−2 1 ]

Verify by direct multiplication:

𝐴−1𝐴 = −1
2 [ 4 −3

−2 1 ] [1 3
2 4] = [1 0

0 1]
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The Inverse Matrix

The matrix 𝐴 = [1 2
2 4] has no inverse

Proof: Suppose

[1 2
2 4] [𝑎 𝑏

𝑐 𝑑] = [ 𝑎 + 2𝑐 𝑏 + 2𝑑
2𝑎 + 4𝑐 2𝑏 + 4𝑑] = [1 0

0 1]

This implies 𝑎 + 2𝑐 = 1 but 2𝑎 + 4𝑐 = 2(𝑎 + 2𝑐) = 0 which gives a contradiction
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The Inverse Matrix
Consider the system of 𝑛 equations in 𝑛 unknowns

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏2

⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

⟹
⎡
⎢⎢
⎣

𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛

⋮
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑛

⎤
⎥⎥
⎦

⎡
⎢⎢
⎣

𝑥1
𝑥2
⋮

𝑥𝑛

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝑏1
𝑏2
⋮

𝑏𝑚

⎤
⎥⎥
⎦

or 𝐴𝑥 = 𝑏

If 𝐴 has an inverse, then the unique solution to this system is

𝐴𝑥 = 𝑏 ⟺ 𝑥 = 𝐴−1𝑏

𝐴𝑥 = 𝑏 ⇒ 𝐴−1𝐴𝑥 = 𝐴−1𝑏 ⇒ 𝑥 = 𝐴−1𝑏
𝑥 = 𝐴−1𝑏 ⇒ 𝐴𝑥 = 𝐴𝐴−1𝑏 = 𝑏 so 𝑥 = 𝐴−1𝑏 is indeed a solution
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The Inverse Matrix
Example: Consider the system

𝑥1 + 3𝑥2 = 1
2𝑥1 + 4𝑥2 = 3 or [1 3

2 4] [𝑥1
𝑥2

] = [1
3] or 𝐴𝑥 = 𝑏

We saw earlier that the inverse of 𝐴 = [1 3
2 4] is 𝐴−1 = −1

2 [ 4 −3
−2 1 ]

The unique solution is

𝐴−1𝑏 = −1
2 [ 4 −3

−2 1 ] [1
3] = [ 5/2

−1/2]

Anthony Tay Session 4 This Version: 17 Sep 2025 39 / 69



Agenda Definitions and Matrix Operations Partitioned Matrices Inverse Matrices Vectors of RVs Differentiation of Matrix Forms

The Inverse Matrix
(Warning) The same argument doesn’t quite hold for left-inverses
Suppose the system is 𝐴𝑥 = 𝑏 where 𝐴 is 𝑚 × 𝑛, 𝑚 ≥ 𝑛, with left-inverse 𝐴−1

𝑙𝑒𝑓𝑡

Pre-multiplying both side of 𝐴𝑥 = 𝑏 by 𝐴−1
𝑙𝑒𝑓𝑡 gives

𝐴−1
𝑙𝑒𝑓𝑡𝐴𝑥 = 𝐴−1

𝑙𝑒𝑓𝑡𝑏 ⟹ 𝑥 = 𝐴−1
𝑙𝑒𝑓𝑡𝑏

However, when we check if 𝑥 = 𝐴−1
𝑙𝑒𝑓𝑡𝑏 is a solution, we get

𝐴𝑥 = 𝐴𝐴−1
𝑙𝑒𝑓𝑡𝑏

which may or may not be equal to 𝑏, since 𝐴𝐴−1
𝑙𝑒𝑓𝑡 ≠ 𝐼𝑚

If 𝐴𝐴−1
𝑙𝑒𝑓𝑡𝑏 = 𝑏, there is a unique solution and you have found it

If 𝐴𝐴−1
𝑙𝑒𝑓𝑡𝑏 ≠ 𝑏, there is no solution
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The Inverse Matrix
Example: consider the systems

(i) ⎡⎢
⎣

1 2
2 1
3 3

⎤⎥
⎦

[𝑥1
𝑥2

] = ⎡⎢
⎣

1
1
2

⎤⎥
⎦

and (ii) ⎡⎢
⎣

1 2
2 1
3 3

⎤⎥
⎦

[𝑥1
𝑥2

] = ⎡⎢
⎣

1
1
1

⎤⎥
⎦

which we write as (i) 𝐴𝑥 = 𝑏 and (ii) 𝐴𝑥 = 𝑐 respectively

The left inverse of 𝐴 = ⎡⎢
⎣

1 2
2 1
3 3

⎤⎥
⎦

is 𝐴−1
𝑙𝑒𝑓𝑡 = [−4/9 5/9 1/9

5/9 −4/9 1/9] (verify!)

You can verify that

𝐴𝐴−1
𝑙𝑒𝑓𝑡𝑏 = 𝑏 (despite 𝐴𝐴−1

𝑙𝑒𝑓𝑡 ≠ 𝐼3) so 𝐴−1
𝑙𝑒𝑓𝑡𝑏 is a unique solution to (i)

𝐴𝐴−1
𝑙𝑒𝑓𝑡𝑐 ≠ 𝑐 so 𝐴−1

𝑙𝑒𝑓𝑡𝑐 is not a solution to (ii)
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The Inverse Matrix

Consider the general two-equation two-unknown system

𝑎11𝑥1 + 𝑎12𝑥2 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 = 𝑏2

or [𝑎11 𝑎12
𝑎21 𝑎22

] [𝑥1
𝑥2

] = [𝑏1
𝑏2

] or 𝐴𝑥 = 𝑏

Solution, if it exists, is 𝑥 = 𝐴−1𝑏
If we solve the system “manually”, we get

𝑥1 = 𝑎22 𝑏1 − 𝑎12 𝑏2
𝑎11𝑎22 − 𝑎12𝑎21

and 𝑥2 = 𝑎11 𝑏2 − 𝑎21 𝑏1
𝑎11𝑎22 − 𝑎12𝑎21

Solution requires that the (common) denominator in both expressions is not zero
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The Inverse Matrix
Define common denominator as the determinant of 𝐴: det(𝐴) = 𝑎11𝑎22 − 𝑎12𝑎21

We have

𝑥 = 𝐴−1𝑏 =
⎡
⎢⎢
⎣

𝑎22 𝑏1 − 𝑎12 𝑏2
𝑎11𝑎22 − 𝑎12𝑎21
𝑎11 𝑏2 − 𝑎21 𝑏1

𝑎11𝑎22 − 𝑎12𝑎21

⎤
⎥⎥
⎦

= 1
det(𝐴) [𝑎22 𝑏1 − 𝑎12 𝑏2

𝑎11 𝑏2 − 𝑎21 𝑏1
] = 1

det(𝐴) [ 𝑎22 −𝑎12
−𝑎21 𝑎11

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐴−1

[𝑏1
𝑏2

]

The inverse of an arbitrary 2 × 2 matrix 𝐴 = [𝑎11 𝑎12
𝑎21 𝑎22

], if it exists, is

𝑀𝑒𝑚𝑜𝑟𝑖𝑧𝑒 𝑡ℎ𝑖𝑠! → 𝐴−1 = 1
det(𝐴) [ 𝑎22 −𝑎12

−𝑎21 𝑎11
] where det(𝐴) = |𝐴| = 𝑎11𝑎22−𝑎12𝑎21
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The Inverse Matrix

Notice also that

𝑥1 = 𝑎22 𝑏1 − 𝑎12 𝑏2
𝑎11𝑎22 − 𝑎12𝑎21

= det(𝐴1(𝑏))
det(𝐴) and 𝑥2 = 𝑎11 𝑏2 − 𝑎21 𝑏1

𝑎11𝑎22 − 𝑎12𝑎21
= det(𝐴2(𝑏))

det(𝐴)
where

𝐴1(𝑏) = [𝑏1 𝑎12
𝑏2 𝑎22

] and 𝐴2(𝑏) = [𝑎11 𝑏1
𝑎21 𝑏2

] .

This is Cramer’s Rule for a two-equation two-unknown system
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The Inverse Matrix
If inverse of 𝐴 does not exist, we say that 𝐴 is singular

If inverse exists, we say that 𝐴 is non-singular

E.g. The inverse of 𝐴 = [1 4
5 6] is

𝐴−1 = 1
det(𝐴) [ 6 −4

−5 1 ] = − 1
14 [ 6 −4

−5 1 ] = [−3
7

2
7

5
14 − 1

14
]

𝐴 is non-singular

The determinant of 𝐵 = [1 3
2 6] is det(𝐵) = 1 ⋅ 6 − 2 ⋅ 3 = 0, so 𝐵 is singular
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The Inverse Matrix
Similar argument for system of 𝑛 equations in 𝑛 unknowns

𝑎11𝑥1 + 𝑎12𝑥2 + ⋯ + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + ⋯ + 𝑎2𝑛𝑥𝑛 = 𝑏2

⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

⟹
⎡
⎢⎢
⎣

𝑎11 𝑎12 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2𝑛

⋮
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑛

⎤
⎥⎥
⎦

⎡
⎢⎢
⎣

𝑥1
𝑥2
⋮

𝑥𝑛

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝑏1
𝑏2
⋮

𝑏𝑚

⎤
⎥⎥
⎦

or 𝐴𝑥 = 𝑏

The solution (if you did it manually) can be written as ratios with common denominator,
which we define as the determinant of 𝐴
The solution can then also be written

𝑥1 = det(𝐴1(𝑏))
det(𝐴) , … , 𝑥𝑛 = det(𝐴𝑛(𝑏))

det(𝐴)
Solution requires det(𝐴) ≠ 0
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The Inverse Matrix

We will not need to know the formula for det(𝐴) or 𝐴−1 for general 𝑛 × 𝑛 case, 𝑛 > 2
See TPB(2025) Chapter 8 if interested

Gaussian elimination
Cofactor formula for 𝐴−1

Laplace Expansion for det(𝐴)
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The Inverse Matrix
We just need to know when det(𝐴) ≠ 0 for an 𝑛 × 𝑛 matrix 𝐴

No zero columns
No column can be written as a multiple of another column
No column can be written as a linear combination of another other columns

This will be the case if

𝑐1𝐴∗1 + 𝑐2𝐴∗2 + ⋯ = 𝑐𝑛𝐴∗𝑛 = 0𝑛 ⟺ 𝑐1 = 𝑐2 = ⋯ = 𝑐𝑛 = 0

where 𝐴∗𝑖 is the 𝑖th column of 𝐴, 𝑖 = 1, … , 𝑛
i.e., 𝐴𝑐 = 0 ⟺ 𝑐 = 0𝑛
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The Inverse Matrix

If 𝐴𝑐 = 0 ⟺ 𝑐 = 0𝑛, we say
columns of 𝐴 “linearly independent”
𝐴 is “full rank”, and the inverse exists

If there exists 𝑐 ≠ 0𝑛 such that 𝐴𝑐 = 0, we say
columns of 𝐴 are “linearly dependent
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The Inverse Matrix

There are many results involving determinants and inverses
We will only need the following:

The inverse of a diagonal matrix diag(𝑑1, … , 𝑑𝑛) is diag(𝑑−1
1 , … 𝑑−1

𝑛 )
If 𝐴 is 𝑛 × 𝑛 and non-singular, then (𝐴−1)T = (𝐴T)−1

𝐴𝐴−1 = 𝐼𝑛 ⇒ (𝐴−1)T𝐴T = 𝐼𝑛

⇒ (𝐴−1)T𝐴T(𝐴T)−1 = 𝐼(𝐴T)−1

⇒ (𝐴−1)T = (𝐴T)−1
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The Inverse Matrix
𝐴 and 𝐵 are both 𝑛 × 𝑛 and non-singular, then (𝐴𝐵)−1 = 𝐵−1𝐴−1.

𝐵−1𝐴−1𝐴𝐵 = 𝐴𝐵𝐵−1𝐴−1 = 𝐼 implies 𝐵−1𝐴−1 = (𝐴𝐵)−1

The inverse of a non-singular symmetric matrix is symmetric (exercise)

If 𝑋 is 𝑛 × 𝑘 with 𝑛 > 𝑘 and 𝑋𝑐 = 0𝑛×1 ⟺ 𝑐 = 0𝑘×1, then

𝑋T𝑋 is non-singular

i.e., as long as the columns of the 𝑛 × 𝑘 matrix 𝑋, where 𝑛 > 𝑘, are linearly
independent, 𝑋T𝑋 will have an inverse
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Inverse of Partitioned Matrices

If 𝐴 =
⎡
⎢⎢
⎣

𝐴11⏟
𝑚1×𝑚1

𝐴12⏟
𝑚1×𝑚2

𝐴21⏟
𝑚2×𝑚1

𝐴22⏟
𝑚2×𝑚2

⎤
⎥⎥
⎦

and non-singular, then

𝐴−1 = [
(𝐴11 − 𝐴12𝐴−1

22 𝐴21)−1 −(𝐴11 − 𝐴12𝐴−1
22 𝐴21)−1𝐴12𝐴−1

22
−𝐴−1

22 𝐴21(𝐴11 − 𝐴12𝐴−1
22 𝐴21)−1 𝐴−1

22 + 𝐴−1
22 𝐴21(𝐴11 − 𝐴12𝐴−1

22 𝐴21)−1𝐴12𝐴−1
22

]

You can verify this by direct multiplication, to show that

𝐴−1𝐴 = [ 𝐼𝑚1
0𝑚1×𝑚2

0𝑚2×𝑚1
𝐼𝑚2

]
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Vectors and Matrices of Random Variables
Matrix algebra helps in organizing large numbers of random variable, especially their
expectations and variances and covariances

If 𝑥 is a 𝑚 × 1 vector of random variables 𝑥 = [𝑋1 𝑋2 … 𝑋𝑚]T, then we define

𝐸(𝑥) = [𝐸(𝑋1) 𝐸(𝑋2) … 𝐸(𝑋𝑚)]T

If 𝑋 is a matrix 𝑚 × 𝑛 matrix of random variables, then

𝑋 =
⎡
⎢⎢
⎣

𝑋11 𝑋12 … 𝑋1𝑛
𝑋21 𝑋22 … 𝑋2𝑛

⋮ ⋮ ⋱ ⋮
𝑋𝑚1 𝑋𝑚2 … 𝑋𝑚𝑛

⎤
⎥⎥
⎦

⇔ 𝐸(𝑋) =
⎡
⎢⎢⎢
⎣

𝐸(𝑋11) 𝐸(𝑋12) … 𝐸(𝑋1𝑛)
𝐸(𝑋21) 𝐸(𝑋22) … 𝐸(𝑋2𝑛)

⋮ ⋮ ⋱ ⋮
𝐸(𝑋𝑚1) 𝐸(𝑋𝑚2) … 𝐸(𝑋𝑚𝑛)

⎤
⎥⎥⎥
⎦
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Vectors and Matrices of Random Variables

Let 𝑥 be a 𝑚 × 1 vector of random variables. Let

̃𝑥 = 𝑥 − 𝐸(𝑥) =
⎡
⎢
⎢
⎣

𝑋1 − 𝐸(𝑋1)
𝑋2 − 𝐸(𝑋2)

⋮
𝑋𝑚 − 𝐸(𝑋𝑚)

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑋̃1
𝑋̃2
⋮

𝑋̃𝑚

⎤
⎥
⎥
⎥
⎦

Then the variance-covariance matrix of 𝑥, denoted Var(𝑥), is defined as

Var(𝑥) = 𝐸((𝑥 − 𝐸(𝑥))(𝑥 − 𝐸(𝑥))T) = 𝐸( ̃𝑥 ̃𝑥T)
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Vectors and Matrices of Random Variables

Var(𝑥) = 𝐸(𝑥̃𝑥̃T) = 𝐸((𝑥 − 𝐸[𝑥])(𝑥 − 𝐸[𝑥])T)

= 𝐸
⎡
⎢
⎢
⎣

𝑋̃2
1 𝑋̃1𝑋̃2 … 𝑋̃1𝑋̃𝑚

𝑋̃2𝑋̃1 𝑋̃2
2 … 𝑋̃2𝑋̃𝑚

⋮ ⋮ ⋱ ⋮
𝑋̃𝑚𝑋̃1 𝑋̃𝑚𝑋̃2 … 𝑋̃𝑚𝑋̃𝑚

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

𝐸(𝑋̃2
1) 𝐸(𝑋̃1𝑋̃2) … 𝐸(𝑋̃1𝑋̃𝑚)

𝐸(𝑋̃2𝑋̃1) 𝐸(𝑋̃2
2) … 𝐸(𝑋̃2𝑋̃𝑚)

⋮ ⋮ ⋱ ⋮
𝐸(𝑋̃𝑚𝑋̃1) 𝐸(𝑋̃𝑚𝑋̃2) … 𝐸(𝑋̃𝑚𝑋̃𝑚)

⎤
⎥
⎥
⎦

=
⎡⎢⎢
⎣

Var(𝑋1) Cov(𝑋1, 𝑋2) … Cov(𝑋1, 𝑋𝑚)
Cov(𝑋1, 𝑋2) Var(𝑋2) … Cov(𝑋2, 𝑋𝑚)

⋮ ⋮ ⋱ ⋮
Cov(𝑋1, 𝑋𝑚) Cov(𝑋2, 𝑋𝑚) … Var(𝑋𝑚)

⎤⎥⎥
⎦
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Vectors and Matrices of Random Variables
Recall that if 𝑋 is a (univariate) random variable, then

𝐸(𝑎𝑋 + 𝑏) = 𝑎𝐸(𝑋) + 𝑏
Var(𝑎𝑋 + 𝑏) = 𝑎2Var(𝑋)
Var(𝑋) = 𝐸(𝑋2) − 𝐸(𝑋)2

We have matrix analogues of these results: Suppose 𝑥 is an 𝑚 × 1 vector of random variables,
𝐴 = (𝑎𝑖𝑗)𝑘𝑚 is a 𝑘 × 𝑚 matrix of constants and 𝑏 is a 𝑘 × 1 vector of constants. Then

𝐸(𝐴𝑥 + 𝑏) = 𝐴𝐸(𝑥) + 𝑏
Var(𝐴𝑥 + 𝑏) = 𝐴Var(𝑥)𝐴T

Var(𝑥) = 𝐸(𝑥𝑥T) − 𝐸(𝑥)𝐸(𝑥)T
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Vectors and Matrices of Random Variables
Proof of 𝐸(𝐴𝑥 + 𝑏) = 𝐴𝐸(𝑥) + 𝑏:

The 𝑖th element of the 𝑘 × 1 vector 𝐴𝑥 + 𝑏 is ∑𝑚
𝑗=1 𝑎𝑖𝑗𝑋𝑗 + 𝑏𝑖. The expectation of this term is

𝐸 (
𝑚

∑
𝑗=1

𝑎𝑖𝑗𝑋𝑗 + 𝑏𝑖) =
𝑚

∑
𝑗=1

𝑎𝑖𝑗𝐸(𝑋𝑗) + 𝑏𝑖

which is the 𝑖th element of the vector 𝐴𝐸(𝑥) + 𝑏.

Proof of Var(𝐴𝑥 + 𝑏) = 𝐴Var(𝑥)𝐴T:

Since 𝐴𝑥 + 𝑏 − 𝐸(𝐴𝑥 + 𝑏) = 𝐴(𝑥 − 𝐸(𝑥)) = 𝐴𝑥̃, we have

Var(𝐴𝑥 + 𝑏) = 𝐸((𝐴𝑥̃)(𝐴𝑥̃)T) = 𝐸(𝐴𝑥̃𝑥̃T𝐴T) = 𝐴𝐸(𝑥̃𝑥̃T)𝐴T

= 𝐴 Var(𝑥)𝐴T .

Proof of Var(𝑥) = 𝐸(𝑥𝑥T) − 𝐸(𝑥)𝐸(𝑥)T: Exercise!
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Vectors and Matrices of Random Variables
Let 𝑥 be 𝑚 × 1 vector of random variables, 𝑐 be 𝑚 × 1 non-zero vector of constants

Obviously the variance-covariance matrix of 𝑥 is symmetric

Consider the linear combination 𝑐T𝑥 (this is a now a single random variable). We have
Var(𝑐T𝑥) = 𝑐TVar(𝑥)𝑐 ≥ 0 for all 𝑐 ≠ 0𝑚×1

Var(𝑐T𝑥) cannot be negative since it is a variance

If Var(𝑐T𝑥) = 0 then either
one of the random variables is not actually random, or
one of the random variables is just a multiple of the other
one of the random variables is a linear combination of two or more of the other
random variables
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Digression on Symmetric Matrices
A 𝑚 × 𝑚 symmetric (and square) matrix 𝐴 is positive definite if

𝑐T𝐴𝑐 > 0 for all 𝑐 ≠ 0𝑚×1

It is positive semidefinite if 𝑐T𝐴𝑐 ≥ 0 for all 𝑐 ≠ 0𝑚×1. Similar definitions for negative
definiteness and negative semidefiniteness

Variance covariance matrices Var(𝑥) are positive semidefinite

If the random variables in 𝑥 are not linearly dependent, then Var(𝑥) is positive definite

Another example: suppose the columns of a 𝑛 × 𝑘 data matrix 𝑋 are linearly
independent, i.e.,

𝑋𝑐 ≠ 0𝑛×1 for all 𝑐 ≠ 0𝑘×1
Then 𝑐T𝑋T𝑋𝑐 = (𝑋𝑐)T𝑋𝑐 > 0 for all 𝑐 ≠ 0𝑘×1, i.e., 𝑋T𝑋 is positive definite
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Sample Variance-Covariance Matrix
Let 𝑋 be a 𝑛 × 𝑘 data matrix, each column contains 𝑛 observations of some variable,
mean removed. Then

𝑋 =
⎡
⎢⎢
⎣

𝑥11 − 𝑥1 𝑥12 − 𝑥2 ⋯ 𝑥1𝑘 − 𝑥𝑘
𝑥21 − 𝑥1 𝑥22 − 𝑥2 ⋯ 𝑥2𝑘 − 𝑥𝑘

⋮ ⋮ ⋱ ⋮
𝑥𝑛1 − 𝑥1 𝑥𝑛2 − 𝑥2 ⋯ 𝑥𝑛𝑘 − 𝑥𝑘

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

̃𝑥11 ̃𝑥12 ⋯ ̃𝑥1𝑘
̃𝑥21 ̃𝑥22 ⋯ ̃𝑥2𝑘
⋮ ⋮ ⋱ ⋮
̃𝑥𝑛1 ̃𝑥𝑛2 ⋯ ̃𝑥𝑛𝑘

⎤
⎥⎥
⎦

and 1
𝑛 − 1𝑋T𝑋 is the symmetric sample variance-covariance matrix

1
𝑛 − 1𝑋T𝑋 =

⎡
⎢⎢
⎣

1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃2
𝑖1

1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃𝑖1𝑥̃𝑖2 ⋯ 1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃𝑖1𝑥̃𝑖𝑘
1

𝑛−1 ∑𝑛
𝑖=1 𝑥̃𝑖2𝑥̃𝑖1

1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃2
𝑖2 ⋯ 1

𝑛−1 ∑𝑛
𝑖=1 𝑥̃𝑖2𝑥̃𝑖𝑘

⋮ ⋮ ⋱ ⋮
1

𝑛−1 ∑𝑛
𝑖=1 𝑥̃𝑖𝑘𝑥̃𝑖1

1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃𝑖𝑘𝑥̃𝑖2 ⋯ 1
𝑛−1 ∑𝑛

𝑖=1 𝑥̃2
𝑖𝑘

⎤
⎥⎥
⎦
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Eigendecomposition of Symmetric Matrices
Another very important fact about symmetric matrices (Eigendecomposition)

Every 𝑘 × 𝑘 symmetric matrix 𝐴 can be decomposed in the following way

𝐴 = 𝑄Λ𝑄T = [𝑞1 𝑞2 … 𝑞𝑘]
⎡
⎢⎢
⎣

𝜆1 0 ⋯ 0
0 𝜆2 ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜆𝑘

⎤
⎥⎥
⎦

⎡
⎢⎢
⎣

𝑞T
1

𝑞T
2
⋮

𝑞T
𝑘

⎤
⎥⎥
⎦

=
𝑘

∑
𝑖=1

𝜆𝑖𝑞𝑖𝑞T
𝑖

𝜆𝑖, 𝑖 = 1, … , 𝑘 are real numbers called eigenvalues (usually ranked 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆𝑘)

The 𝑘 × 1 vectors 𝑞𝑖, 𝑖 = 1, … , 𝑘 are the corresponding eigenvectors

𝑄 satisfies the property 𝑄T𝑄 = 𝑄𝑄T = 𝐼𝑘

For full discussion, see TPB (2025) Chapter 10
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Eigendecomposition of Symmetric Matrices

Suppose the 𝑘 × 1 random vector 𝑥 has variance-covariance matrix Σ
Σ is positive definite, but not necessarily diagonal
The random variables in 𝑥 may be correlated
We can write

Σ = 𝑄Λ𝑄T such that 𝑄T𝑄 = 𝐼𝑘
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Eigendecomposition of Symmetric Matrices
Consider the 𝑘 × 1 vector of random variables

𝑄T𝑥 =
⎡
⎢⎢
⎣

𝑞T
1 𝑥

𝑞T
2 𝑥
⋮

𝑞T
𝑘 𝑥

⎤
⎥⎥
⎦

=
⎡
⎢⎢
⎣

𝑦1
𝑦2
⋮

𝑦𝑘

⎤
⎥⎥
⎦

= 𝑦

Each 𝑦𝑖 is a weighted average of the random variables in 𝑥
Variance-Covariance matrix of 𝑦 is

Var(𝑦) = Var(𝑄T𝑥) = 𝑄TΣ𝑄 = 𝑄T𝑄Λ𝑄T𝑄 = Λ

Since Λ is diagonal, the random variables in 𝑦 are uncorrelated (despite the fact that
they are all weighted averages of the random variables in 𝑥)
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Differentiation of Matrix Forms
Let 𝑓(𝑥) be some function of the 𝑛 × 1 vector 𝑥
e.g., 𝑓(𝑥) = 𝑥T𝐴𝑥 where 𝐴 is some 𝑛 × 𝑛 matrix of constants
This is just a multivariable function 𝑓(𝑥1, … , 𝑥𝑛)
We define

∇𝑓 = 𝜕𝑓
𝜕𝑥 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑓
𝜕𝑥1𝜕𝑓
𝜕𝑥2

⋮
𝜕𝑓
𝜕𝑥𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

or 𝐷𝑓 = 𝜕𝑓
𝜕𝑥T = [ 𝜕𝑓

𝜕𝑥1

𝜕𝑓
𝜕𝑥2

… 𝜕𝑓
𝜕𝑥𝑛

]
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Differentiation of Matrix Forms
Example: If 𝑦 = 𝑥T𝐴𝑥 where 𝐴 is 𝑛 × 𝑛 and 𝑥 is 𝑛 × 1, then

𝜕𝑦
𝜕𝑥 = 𝜕

𝜕𝑥 (𝑥T𝐴𝑥) = (𝐴 + 𝐴T)𝑥
𝑛 = 3 example:
𝑥𝑇 𝐴𝑥 = 𝑥2

1𝑎11 + 𝑥2
2𝑎22 + 𝑥2

3𝑎33 + 𝑥1𝑥2(𝑎12 + 𝑎21) + 𝑥1𝑥3(𝑎13 + 𝑎31) + 𝑥2𝑥3(𝑎23 + 𝑎32)
𝜕𝑥𝑇 𝐴𝑥

𝜕𝑥1
= 2𝑥1𝑎11 + 𝑥2(𝑎12 + 𝑎21) + 𝑥3(𝑎13 + 𝑎31)

𝜕𝑥𝑇 𝐴𝑥
𝜕𝑥2

= 𝑥1(𝑎12 + 𝑎21) + 2𝑥2𝑎22 + 𝑥3(𝑎23 + 𝑎32)

𝜕𝑥𝑇 𝐴𝑥
𝜕𝑥3

= 𝑥1(𝑎13 + 𝑎31) + 𝑥2(𝑎23 + 𝑎32) + 2𝑥3𝑎33

⎫}}}}
⎬}}}}⎭

⇒ 𝜕𝑥T𝐴𝑥
𝜕𝑥 = (𝐴 + 𝐴T)𝑥

If 𝐴 is symmetric, then 𝜕𝑥T𝐴𝑥
𝜕𝑥 = (𝐴 + 𝐴T)𝑥 = 2𝐴𝑥 (compare 𝑓(𝑥) = 𝑎𝑥2 ⇒ 𝑓′(𝑥) = 2𝑎𝑥)
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Differentiation of Matrix Forms

Suppose 𝑥 is 𝑛 × 1 and 𝑦 = 𝑓(𝑥) =
⎡
⎢
⎢
⎢
⎣

𝑓1(𝑥)
𝑓2(𝑥)

⋮
𝑓𝑚(𝑥)

⎤
⎥
⎥
⎥
⎦

(i.e., 𝑦 is a vector of 𝑚 different functions)

Then we define

𝜕𝑦
𝜕𝑥T =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑓1
𝜕𝑥1

𝜕𝑓1
𝜕𝑥2

… 𝜕𝑓1
𝜕𝑥𝑛𝜕𝑓2

𝜕𝑥1

𝜕𝑓2
𝜕𝑥2

… 𝜕𝑓2
𝜕𝑥𝑛

⋮ ⋮ ⋱ ⋮
𝜕𝑓𝑚
𝜕𝑥1

𝜕𝑓𝑚
𝜕𝑥2

… 𝜕𝑓𝑚
𝜕𝑥𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

or 𝜕𝑦T

𝜕𝑥 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑓1
𝜕𝑥1

𝜕𝑓2
𝜕𝑥1

… 𝜕𝑓𝑚
𝜕𝑥1𝜕𝑓1

𝜕𝑥2

𝜕𝑓2
𝜕𝑥2

… 𝜕𝑓𝑚
𝜕𝑥2

⋮ ⋮ ⋱ ⋮
𝜕𝑓1
𝜕𝑥𝑛

𝜕𝑓2
𝜕𝑥𝑛

… 𝜕𝑓𝑚
𝜕𝑥𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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Differentiation of Matrix Forms

E.g.: if 𝑦 = 𝑓(𝑥) = 𝐴𝑥 where 𝐴 = (𝑎𝑖𝑗)𝑚×𝑛 and 𝑥T = [𝑥1 𝑥2 … 𝑥𝑛], then

𝜕𝑦
𝜕𝑥T = 𝜕(𝐴𝑥)

𝜕𝑥T = 𝐴 or 𝜕𝑦T

𝜕𝑥 = 𝜕(𝑥T𝐴T)
𝜕𝑥 = 𝐴T

Matrix analogue of the univariate differentiation rule 𝑓(𝑥) = 𝑎𝑥 ⇒ 𝑓 ′(𝑥) = 𝑎
Proof:

The product 𝐴𝑥 is an 𝑚 × 1 vector whose 𝑖-𝑡ℎ element is ∑𝑛
𝑘=1 𝑎𝑖𝑘𝑥𝑘

Therefore the (𝑖, 𝑗)𝑡ℎ element of 𝜕𝑦/𝜕𝑥T is (𝜕/𝜕𝑥𝑗) ∑𝑛
𝑘=1 𝑎𝑖𝑘𝑥𝑘 = 𝑎𝑖𝑗

This says that 𝜕𝑦/𝜕𝑥T = 𝐴
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Differentiation of Matrix Forms
E.g.: If 𝑦 = 𝑓(𝑥) is a scalar-valued function of an 𝑛 × 1 vector of variables 𝑥, then

𝜕
𝜕𝑥T (𝜕𝑦

𝜕𝑥) = 𝜕
𝜕𝑥T

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑦
𝜕𝑥1𝜕𝑦
𝜕𝑥2

⋮
𝜕𝑦

𝜕𝑥𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕2𝑦
𝜕𝑥2

1

𝜕2𝑦
𝜕𝑥1𝜕𝑥2

… 𝜕2𝑦
𝜕𝑥1𝜕𝑥𝑛

𝜕2𝑦
𝜕𝑥2𝜕𝑥1

𝜕2𝑦
𝜕𝑥2

2
… 𝜕2𝑦

𝜕𝑥2𝜕𝑥𝑛
⋮ ⋮ ⋱ ⋮

𝜕2𝑦
𝜕𝑥𝑛𝜕𝑥1

𝜕2𝑦
𝜕𝑥𝑛𝜕𝑥2

… 𝜕2𝑦
𝜕𝑥2𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

This is the Hessian matrix of 𝑦 = 𝑓(𝑥). We usually write 𝜕
𝜕𝑥T (𝜕𝑦

𝜕𝑥) as 𝜕2𝑦
𝜕𝑥𝜕𝑥T
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Optimization

The interior optimum point 𝑥∗ of a function of 𝑛 variables 𝑓(𝑥) satisfies the first order
conditions

∇𝑓(𝑥∗) = 𝜕𝑓
𝜕𝑥∣

𝑥=𝑥∗
=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝜕𝑓(𝑥∗)
𝜕𝑥1𝜕𝑓(𝑥∗)
𝜕𝑥2

⋮
𝜕𝑓(𝑥∗)

𝜕𝑥𝑛

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
⎡
⎢⎢
⎣

0
0
⋮
0

⎤
⎥⎥
⎦

If the Hessian is positive definite, then 𝑥∗ is a global minimum point
If the Hessian is negative definite, then 𝑥∗ is a globaal maximum point
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