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Session 3

@ Intro to Multiple Linear Regression (MLR) and OLS estimation of the MLR
model

e Solving omitted variable problem

o Flexibility in functional specification
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Recap OLS and SLR

Population with E(Y | X) = 5, + 5, X
Definee =Y — 3, — 51 X

We can write down
V=03 +5X+e, E(e|X)=0
E(e| X)=0= E(e) =0 and Cou(e, X) = E(Xe) =0,

Cou(X,Y)

fo = BOY) = BiB(X) and = =7 0



Recap Motivating MLR
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Recap OLS and SLR

Representative iid sample { X, Y;}? ; iid sample from population
Simple Linear Regression Model:
Yi=0o+ 6, Xi +¢
E(e; | Xq,...,X,,)=0
E(ee; | Xy, X,) =0 for i,j=1,...,n, i#j

Sometimes also
E(e? | Xy,...,X,) =02



Recap OLS and SLR

OLS : 815’ fls = arg H}inZGﬁ- - Bo - BlXi)2
60761 i=1
° BOZS — BolsX

Y —
Y, (X = X) (¥ —Y)
> (X —X)?

° ﬁols —
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Recap OLS and SLR

Different ways of writing Bfls, including:
Sols Z:L:l(Xi - X)Ofi - ?) - Z?:l(Xi - X>Yi — B, + Z:L:l(Xi - Y)Ei
1 - n ~ - n ~ - 1 n ~
Zi:1<Xi _X)2 Zizl(Xi _X)2 Zi:1<Xi _X>2
~ AL D
o Unbiased: E(39!%) = 3, and consistent: 39! — 3,
o Also: 39!% is a “linear estimator”
. TX XY, & X
pols = Zzil( ! 7) 22 = ZwlYl where w; = n(X’ XL 5
Zi:l(Xi _X> i=1 Zi:]_(X'L _X)
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Recap OLS and SLR

FOC can be written as

n

D @5 =0 and Z &5 X, =0 where &5 =Y, — 53l — By X,

=1 i=1

oz 055—0:60“—0

o s =0 and Z?Zl €5 X, =0 = Sample Cov.(X,,€"%) =0

(2

n ~ ~ " "
o > &X, =0 = €' and X, are “orthogonal

(2

~ols

* | will use both €% and €, to denote OLS residuals

i,0ls
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Recap OLS and SLR

o The fitted values Y°!* = Ols + BOZSXi and the residuals €2'¢ are orthogonal
n n n n
\7olszols _ Q0ls R0ls cols _ Q0ls ~ols Qols ~ols __
Y Vpiseots =% (G5 + B X )ets = ggle Y et 4 gy Xpeptt =0
i=1 i=1 i=1 i=1

@ Sample covariance of Y"ls and e"ls is zero

@ Simple regression of Y, on X, with intercept, breaks Y; into two uncorrelated parts

Y Yols 1€ ’*ols

}72-0“ perfectly correlated with X, €9 perfectly uncorrelated with X;
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Recap OLS and SLR

@ Variance Decomposition

n n - n
V)2 — 3% 3% 22
(Y; - Y)2 - Z(Yvi,ols - Yols)2 + Z € ols *
i=1 i=1 i=1
N———
TSS FSS RSS
@ Measure of goodness-of-fit
noo2o
RSS Zizl 6i,ols

=1 —
TSS T XL -YP

9/65
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Motivating MLR

Two issues with simple linear regression:
Omitted variables:

@ Suppose X and Z affect Y
EY | X)=ay+a X vs E(Y|X,Z) =5+ 5, X+ 7

Cov(X, Z)

ay = Bl + /82 VCLT’(Z)

@ OLS estimation of regression of Y on X gives you unbiased estimates of E(Y | X)

@ Unless Cov(X,Z) =0 or 55 =0, we have oy #+ 34
Session 3 This Version: 02 Sep 2025 10/65



Motivating MLR

Data in multireg_eg.csv

(a) ()

 J
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Motivating MLR
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Motivating MLR

Example illustrated by previous figure:
@ Y ~ final exam scores in a certain course;
@ Z ~ background preparedness of the students (1) very poor, to (5) excellent
@ X ~ study hours per week

Studying reduces exam score?

Background preparedness of students is a confounding factor
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Motivating MLR

mdll_sum <- 1m(Y~X, data=df) %>% summary()
mdll_sum %>% coef()
cat ("R-squared:", round(mdll_sum$r.squared,3))

Estimate Std. Error t value Pr(>ltl)
(Intercept) 102.86406 3.2199095 31.94626 6.373574e-60
X -4.23213 0.4474755 -9.45779 3.857133e-16

R-squared: 0.431

mdl2_sum <- 1lm(Y~X+Z, data=df) %>’ summary()
mdl2_sum %>% coef()
cat("R-squared:", round(mdl2_sum$r.squared,3))

Estimate Std. Error t value Pr(>ltl)
(Intercept) 21.188337 2.0816539 10.17861 8.212834e-18
X 3.114465 0.2054364 15.16024 2.219609e-29
Z 10.109717 0.2379845 42.48057 5.955647e-73

R-squared: 0.965



Motivating MLR

[e]e]e]e] lele)

Motivating MLR

Example using data in earnings2019.csv
dat2_1mi_sum <- summary(Ilm(log(earn)-height, data=dat2))
dat2_1lml_sum %>% coefficients %>% round(4)
cat("R-squared:", round(dat2_lml_sum$r.squared, 3))

Estimate Std. Error t value Pr(>lt|)
(Intercept) 1.2382 0.1536 8.0617 0
height 0.0284 0.0023 12.4766 0
R-squared: 0.031
dat2_1m2_sum <- summary(lm(log(earn)-height+male, data=dat2))
dat2_1m2_sum %>% coefficients %>’ round(4)
cat ("R-squared:", round(dat2_lm2_sum$r.squared, 3))

Estimate Std. Error t value Pr(>|tl])

(Intercept) 1.8140 0.2003 9.0568 0
height 0.0191 0.0031 6.1896 0
male 0.1109 0.0248 4.4668 0

R-squared: 0.034



Motivating MLR
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Motivating MLR

dat2_1m3_sum <- summary(lm(log(earn)-height+age, data=dat2))
dat2_1m3_sum %>% coefficients %>’ round(4)
cat ("R-squared:", round(dat2_lm3_sum$r.squared, 3))

Estimate Std. Error t value Pr(>|tl)

(Intercept) 0.9072 0.1557 5.8253 0
height 0.0286 0.0023 12.7034 0
age 0.0075 0.0008 9.8971 0

R-squared: 0.049

@ When will including confounding factor change Bfls?

o Will s.e.( Afls) go up or go down? Depends on what?

e Will R? always go up?
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Recap of SLR

Insufficient flexibility in functional form

(a) Inearn = betay+ Bieduc+e vs (b) Inearn = By + fieduc+ Byeduc?® + ¢

(@) (b)

6- P 6- P
- L] . - L] . .
c c . .
g4 Sk a|||
L 8 |

L[]
82 so. HH

04 < . 0- < .

7 8 91011121314151617 7 8 91011121314151617
educ educ
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Multiple Linear Regression
We start with the two-regressor multiple linear regression model

Y, =B+ 58X, +5:Z; +€;,1=1,....n

and consider estimation of the model by OLS

n

A A A ' ~ S

6%, B, Bgls = arg min Z(Yz — By — 51X — B22;)
/307/317/82 =1

Extend to more regressors later

17/ 65
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Multiple Linear Regression

Main result: if in population,

or equivalently
Y=0+5X+BZ+e, E(c|] X,2)=0

and you have a representative iid sample {X;,Y;, Z,}"_; from the population, then

SZS, fls and ﬁgls are unbiased and consistent estimators for 3,, 5; and [,

We consider also standard errors, hypotheses testing, etc.
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OLS Estimation of the Multiple Linear Regression Model

Sample {Y}, X;, Z;}7,

For any estimators Bo: Bl and 32 (whether or not obtained by OLS), define

~

o Fitted values: Y, = AO + ﬁAlXi + BAQZZ

~

o Residuals: ¢, =Y, — Y, =Y, — 3, — 5, X, — 3,2
qols Qols Qols

0%, BT, B3 =argm|nﬁ07ﬁl7ﬁQSSR

= argming 3 3 Z(Yz — By — B X, — By 2,)?
=1

19/ 65
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OLS Estimation of the Multiple Linear Regression Model

OLS estimators can be found by solving FOC:

OSSR _ Z”:<Y Gels — BolsX, — fglZ,) = 0
a/BQ Bgls’éflswégls 1=1
OSSR < 5 3
9o = =2 (Y = Bl — B X, - B Z,) X, = 0
851 BSLS7B?157BSZS =1
OSSR _ z”:<y Gels — fols X, — Bgls 7)) 7, — 0
(9,32 Bgls’éfl37[§(27ls =1
Can also write FOC as
n n
Z'\ols =0, Z olsX =0, and Zgglszi =0
i=1 i=1
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OLS Estimation of the Multiple Linear Regression Model

Can solve FOC directly for 5°l8 Ols /BOZS
We take an alternative indirect approach

@ more illustrative approach

@ highlight how including Z controls for its confounding effects
Focus on B‘fls

@ can get the solution for B‘Q’ls by switching X, with Z, in the steps shown

@ can obtain Bgls from Bgls =Y - Bi)lsy - Bglsz



Motivating MLR Multiple Linear Regression

0000080000 0000000000O000O000000

OLS Estimation of the Multiple Linear Regression Model

First recall (again!!)

@ OLS estimation of SLR'Y; = By + 31X, + ¢; breaks Y; into two parts

_ vrols ~ols
Y, =Y+ €

where 172-015 = OZS + ﬁ lSX is perfectly correlated with X; and EOZS is perfectly
uncorrelated W|th X;

@ residuals €9° is that part of Y; that is uncorrelated with X;
@ residuals Efls have sample mean equal to zero
n v n
Zi:;[(Xi - X)Y; . Zizl XZY;
n \2 - n 2
Zizl(Xi - X) Zizl Xi

o If X =0, then 3% takes the form (395 =
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OLS Estimation of the Multiple Linear Regression Model

Solve for 6i’l$ using the following “auxiliary” regressions:

© Regress X; on Z;, and collect residuals r;

— Sols Sols -
Tiwlz = X, —037° =012, ,i=1,2,..,n
® T; 4|, contains movements in X that are perfectly uncorrelated with Z;
® 7 1|, has sample mean zero

© Regress Y; on Z;, and collect residuals 7;
b

— ~ols ~ols ;o
Tigls = Y,—ag®—aiZ,,i=1,2,...,n
® T; 4, contains movements in Y, that are perfectly uncorrelated with Z;
® 7|, has sample mean zero



OLS Estimation of the Multiple Linear Regression Model

We are going to show that
S Tl
AOlS J— =1 ,sz'Z ’L,y|Z

1 - n 2
D i T x|z

iylz ON T 5|, using OLS

Consider regression of r

Tigle = Yo T V175,22 T U4

we have

n
2ols __ Z'L:]. r27x|z/rzyy|z
7= n

2
Zizl T’i,x\z

We will show (!5 = 39ts



Multiple Linear Regression
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OLS Estimation of the Multiple Linear Regression Model

Consider numerator
n n
_ ~ols ~ols
§ ri,w|zri,y|z - § ri,x|z(Y; — QT T Zz)
i=1 i=1

n n n

— ~ols ~ols

- § ri,x|zY; — Qg E :Ti,m\z —aj E : Ziri,m\z
=1 =1 =1

r

I
M3 -

-
I
—_

z,x|zY;
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OLS Estimation of the Multiple Linear Regression Model

If we had solved the MLR FOC for ,BOZS, 3015 and B"ls we would have

Y Bols B(l)lin + Bglszi + é‘;_)ls

Substitute this into Z 1 Tiw|Y; gives
n ~ ~
— l l l ~ol
Z Iri,m|zri,y\z Z T m\zY Z T m|z o B /8(1) SXi + Bg SZi + Eg S)
1=1

__ RQols ols
B Ty ac\z + Z T :Jc|z i
=1



OLS Estimation of the Multiple Linear Regression Model

Now we use MLR FOC. We have

n n n

Zn o ;)ls _ Zggls(Xi _ S(())ls _ S?lsZi) _ Z ’*olsX _ 50 Z cols __ 5 Z ’\olsZ -0

i=1 i=1 i=1 i=1

n _ pols n 2 . .
Therefore > . 7 w27 y- = BT D4 T3 o> Which gives

n
~ols __ Zizl ri,x|zri,y|z _ JBols

1 n 2 1
Zizl Ti,m\z

>
. T, T,
i=1" %2z iylz
n 2
E . T
i=1"1,z|x
Session 3 e e

Likewise, we have BOIS =
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OLS Estimation of the Multiple Linear Regression Model

Derivation of Bi’ls shows how confounding factors are ‘controlled’ in a multiple
regression analysis
@ Suppose we want to measure how Y] is affected by X,

@ Suppose Z; is an important determinant of Y; that is correlated with X

@ Omission of Z; distorts measurement of the causal influence of X, on Y}

Multiple regression estimates (3, (coefficient on X;) by
e stripping out all variation in Y; and X, that are correlated with Z;

e measuring the correlation between the remaining variation in Y; and X



OLS Estimation of the Multiple Linear Regression Model

Example using data in multireg__eg.csv

df <- read_csv( ° e
".\\data\\multireg_eg.csv", 90 $ao.- Py 90 ++
col_types = c("n","n","n")) 0. .0%% o +
o [
head(df, 8) # first 8 obs. o & .S ° +ﬁ#+
80 80
# A tibble: 8 x 3 L AP N
z X Y ot o ++H
> e o > e A
<dbl> <dbl> <dbl> 70 ® veo o 70 B oaa it
1 1 10.1 61 N o % ° o ® - A A A A
2 2 7.1 63.7 o * &ttt e
3 1 9.2 58 60 o ® o 60 a A
4 5 6 90.1 L X4 R
5 2 9.7 67.2 o °°°
?/ ‘21 7-f15 88.2 5.0 75 10.0 5.0 75 10.0
8.1 63.5 X X
8 3 7.1 70.6

Ze®1lA2m3+4R5
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OLS Estimation of the Multiple Linear Regression Model

mdll <- 1m(Y~X, data=df)

coef (summary(mdl1)); cat("R-squared:", summary(mdll)$r.squared,"\n\n")

Estimate Std. Error t
(Intercept) 102.86406 3.2199095 31.
X -4.23213 0.4474755 -9.
R-squared: 0.4311877

mdl2 <- 1m(Y~X+Z, data=df)
coef (summary (md12)); cat("R-squared:

Estimate Std. Error t
(Intercept) 21.188337 2.0816539 10.
X 3.114465 0.2054364 15.
Z 10.109717 0.2379845 42.
R-squared: 0.9653668

Anthony Tay

value Pr(>ltl)
94626 6.373574e-60
45779 3.857133e-16

, summary (md12) $r

value Pr(>ltl)
17861 8.212834e-18
16024 2.219609e-29
48057 5.955647e-73

Session 3

.squared, "\n\n")

This Version: 02 Sep 2025
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OLS Estimation of the Multiple Linear Regression Model

100 100
20
90 90
10 N
80 80 N °
> > A 0 *
70 70 = <
-10 A
60 60
-20
50 50
25 50 75 100 125 -50 -25 00 25 50 -50 -25 00 25 50
X r_xz r_xz
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OLS Estimation of the Multiple Linear Regression Model

When is OLS infeasible?

n 2
2;‘:1 ri,m\z

° Z:.L:l rix|z # 0, i.e., X, and Z, cannot be perfectly correlated

Qols _
To compute §7'° =

, we must have

To run auxiliary regression of X, on Z, in the first place

@ There must be variation in Z;, i.e., Z; cannot be equal to some constant value ¢
for all ¢

~

Similarly, to obtain B‘z’ls, we require variation in X, no perfect correlation between X,
and Z;

Anthony Tay

Session 3 This Version: 02 Sep 2025 32/65
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OLS Estimation of the Multiple Linear Regression Model

We summarize these requirements by saying that OLS requires:

cp+ X, +c3Z, =0 forall i=1,2,....,n iff (¢q,¢q,c3) =1(0,0,0)

Examples of when this condition does not hold:
o If X;=cforalli, (—c)+ (1)X,;+(0)Z, =—c+c+0=0

o If Z,=cforalli, (—c)+ (0)X,+(1)Z,=—c+0+c¢c=0
o If X, and Z, are perfectly correlated, i.e., X; = v, + v, Z; for all ¢, then
Yo+ (DX +mZ; =0

In any of these cases, we cannot regress Y; on X, and Z;
This Version: 02 Sep 2025 33/65

Anthony Tay
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Properties of OLS Estimators (MLR)

Many of the algebraic properties carry over from the simple linear regression model

@ FOC can be written as

n n
Yol =0, Y Xt =0 and Y Zel =0
= i—1

o Fitted values YZ-"ZS and residuals €;’l$ are also uncorrelated

@ The fact that Bgls =Y — B‘flsf — 3‘2’“7 means that the point (X,Y, Z) lies on
the sample regression function
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Properties of OLS Estimators (MLR)
oY =Yols

@ TSS = FSS + RSS equality continues to hold in the multiple regression case

Z(Y; o Y>2 = i (S}z o YOZS) + i €12,ols
=1 =1 =1
ARSI
=1 i=1

@ We can use this to define the goodness-of-fit measure:

_ RSS
TSS

R2=1

35/65
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Properties of OLS Estimators (MLR)

o Let R? be R? from Y, = BSZS + Bflin S

o Let R2 be R from Y, = (9% 4 915 X, + [9ls Z, + €0ls

o We have R% > R?
o R? will never decrease as we add more variables to the regression
o OLS minimizes RSS, and therefore maximizes R?

e “Adjusted R?" is sometimes used instead:

_RSS/(n—K) _ RSSn-—1
TSS/(n—1) TSSn—K

Adj.-R% =1

where K is no. of slope coefficients plus intercept (K = 3 for the 2-regressor case)
Session 3 This Version: 02 Sep 2025 36 /65
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Properties of OLS Estimators (MLR)

When will including Z not change 3,?

In the auxiliary regression X on Z (i.e., X, = 50 + SlZi)

Sample Cov.(X;,Z,) =0 = 51 =0 = 50 =X = Tiale = X; - X
Then
B‘l _ Z?nl 7ni,cc|zYvi _ Z;%l(Xz _7_)}/2
2ic le,x|z > (X — X)?
This is, of course, just the OLS estimator for the coefficient on X in the simple linear
regression of Y on X
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Properties of OLS Estimators (MLR)

In our derivation, we obtained the following

n n

n
§ Tial2Tiylz = § :Tz,x|z(Y; - Qp — a1Zi> = E :Tz,x|z1/;

i=1 i=1 i=1
This implies 3; can also be obtained as

n n
B‘ . Eizl ri,m\zri,y|z . Zizl ri,az|zY;
1= 2 - 2

n n
Zi:l T'L’,m\z Zi:l ri,:p|z

@ you can also get the OLS estimator ﬁAl by regressing Y; on r without first

stripping out the covariance between Y, and Z,.

i,x|z

@ But this does not fully reflect what happens in a regression of Y, on X, and Z,
Session 3 This Version: 02 Sep 2025 38/65
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Properties of OLS Estimators (MLR)

e (3, is a linear estimator, i.e

n
- Zizl ri,x\zY;'

n r. |
i,7|2
== e | %
Zizlri,m\z Z

=1

i=1"1,x|z
The weights have the following properties:
n n Zn r. 7.
i—=1 ' i,x|z
Dowi=0, Y wZ=TG =0,
i—1 i—1 > i T3 x|z

n n n n 2
X = Zizl i x\z . 7, 1 T'L‘,x\z o 1
§ WX = ﬁ E w; = =

i x|z i=

Anthony Tay

Session 3

n 2
Zz*l ri,x\z)Q

n 2
zizl Ti,ac|z

This Version: 02 Sep 2025
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Properties of OLS Estimators (MLR)

E(e | x,z) = 0 in population, representative i.i.d. sample from the population, implies
(Al) E(¢; | x,z) =0foralli=1,...,n

(A2) E(ee; | x,z) = 0 for all i 5 4, 4,5 = 1,...,n where x denotes X;, X, ..., X
and z to denotes 7, Z,, ..., Z,

n

n’

We will also assume homoskedastic errors

(A3) E(€? | x,z) = o2 foralli=1,..,n
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Properties of OLS Estimators (MLR)

° Bl is unbiased
B = szYz = Zwi(ﬁo + 6, X; + 67, +€) =01+ Zwiei
=1 =1 i=1
Taking conditional expectations, noting that w; comprise only x and z,

E(By | x,2) =By + sz’E(ei | x,2) = B4
i=1

~

It follows that the unconditional mean is E(3,) = /3,

° 31 also consistent (since Cov(w,,€,;) = 0)

41/65



Properties of OLS Estimators (MLR)

e Conditional variance of 3

Va'f’(ﬁ’\l | X, Z) — VCLT (61 + szfz
=1

X, z)

n
= Z w? Var(e; | x,2)
=1

== g
Zi:l Ti,w\z



Properties of OLS Estimators (MLR)

. 27:1 r?,m\z
> (X — X)?

Since the R? from the regression of X; on Z; is Rx|z =

We have
2

1-R)S (X, - X2

Var(By | x.2) =
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Properties of OLS Estimators (MLR)

Tradeoffs? Suppose

Y=08y+BX+B72+e€, E(e| X,Z)=0, X,Z correlated, Var(e | X,Z) = o>

In the regression Y = B, + ;X +u (nb: uw = 3,7 + ¢, Var(u | X) = o2)

3, biased and inconsistent, Var(3; | x) = L

In the regression Y = 5, + 51 X + 52 + €

B3, unbiased, consistent, Var(3, | x,z) =

1-R2) Y, (X, - X)?

44 /65
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Properties of OLS Estimators (MLR)

To compute a numerical estimate for Var(3, | x,z), have to estimate o>

An unbiased estimator for o2 in the two-regressor case is

Therefore

Var(8, | x,2) =
Take square root for standard error

Anthony Tay

1 n

n—SZgi

i=1

Session 3 This Version: 02 Sep 2025
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Hypothesis Testing

To test: [3;, = r}, in population, use the t-statistic as in SLR:

@ If the noise terms € are conditionally normally distributed, then

B — Ty

Var(5y)

t= ~ t(n —K)

e K = 3 in the two-regressor case with intercept

e If we do not assume normality of the noise terms, then (as long as CLT applies)

tZM < Normal(0,1)

—
Var(ﬁk)
Session 3 This Version: 02 Sep 2025 46 /65



Hypothesis Testing
0®000000000000000000

Hypothesis Testing

You can also test linear combinations of the parameters

E.g. Suppose regression is
Y =0+5X+06,Z+e
To test, say, Hy : a1y +agfy =11 vs Hy 2 ay0) + a0, # 1

. a8y + asBy — 1y
\/W<a151 + a,,)
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Hypothesis Testing

(Useful-to-know trick) Reparameterize regression equation to generate t-stat
automatically

To test Hy : B; + B, = 1, reparameterize the regression equation as follows:
Y =0+ 06X+ 02 +¢
Y=0+06X+BX-X+X—-0,X+5,Z+e¢
Y—=X=0+ b1+ 8- )X+ B(Z—X)+e

By regressing Y — X on X and Z — X (and an intercept), you can test
H, : B, + By = 1 by testing if the coefficient on X is equal to zero
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Hypothesis Testing

Using data in the earnings2019.x1sx, we estimate the regression
Inearn = By + Bieduc + Byblack + B5 female 4+ B4black. female + €.

To test H, : By = (B3 (equivalent to H,, : 5 — 5 = 0), re-parameterize regression
equation as

Inearn = By + fBieduc + (By — B3)black + [5( female + black) + S,black. female + €
= 7o + meduc + myblack 4+ w5( female + black) + w4 black. female + €

Test 1y =0
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Hypothesis Testing

dat2$female <- 1 - dat2$ma

le

mdl_earningsl <- 1lm(log(earn) ~ educ + black*female, data=dat2)
mdl_earningsl %>J summary 7>/ coefficients 7>J, round(4)

Estimate Std.

(Intercept) 1.5369
educ 0.1279
black -0.2600
female -0.2807

black:female 0.0873

mdl_earnings2 <- 1m(log(ea:

Estimate
(Intercept) 1.5369
educ 0.1279
black 0.0206
I(female + black) =-0.2807
black:female 0.0873

Error t value Pr(>|tl)

0.0571 26.
0.0039 32.
0.0270 -9.
0.0196 -14.
0.0355 2.

rn) ~ educ

Std. Error
0.0571
0.0039
0.0271
0.0196
0.0355

Anthony Tay

9219
9577
6468
3238
4601

0.0000
0.0000
0.0000
0.0000
0.0139

+ black + I(female+black) + female:black, data=dat2)
mdl_earnings2 %>J summary 7> coefficients 7>J, round(4)

t value Pr(>|tl)
26.9219 0.0000
32.9577 0.0000
0.7607 0.4469
-14.3238 0.0000
2.4601 0.0139
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Hypothesis Testing

The hypothesis is not rejected

In some cases, we may wish to test multiple hypotheses, e.g., in the two-variable
regression, we may wish to test

One possibility would be to do individual ¢-tests for each of the two hypotheses, but we
should be aware that two individual 5% tests is not equivalent to a joint 5% test
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Hypothesis Testing

@ Simulate 100 observations of three uncorrelated variables X, Y and Z
@ Regress Y on X and Z, and collect the t-statistics on X and Z
@ Repeat the experiment 1000 times (with different draws each time

set.seed(3)
nreps <- 1000
tx <- tz <- rep(NA,nreps)
n <- 100
for (i in 1:nreps){
X <- rnorm(n, mean=0, sd=2)
Z <- rnorm(n, mean=0, sd=2)
Y <- rnorm(n, mean=0, sd=2)
df_test <- data.frame(X,Y,Z)
mdlsim <- 1m(Y~X+Z, data=df_test)
tx[i] <- coef (summary(mdlsim)) [2,'t value'l
tz[i] <- coef (summary(mdlsim)) [3,'t value'l
s
rjt_x <- sum(tx<qt(0.025,n-3) | tx>qt(0.975,n-3))/nreps
rjt_z <- sum(tz<qt(0.025,n-3) | tz>qt(0.975,n-3))/nreps
rjt_x_or_z <- sum(tz<qt(0.025,197) | tz>qt(0.975,197) |
tx<qt(0.025,197) | tx>qt(0.975,197))/nreps
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Hypothesis Testing

cat("Freq. of rejection of Beta_X = 0:", rjt_x, "\n")
cat("Freq. of rejection of Beta_Z = 0:", rjt_z, "\n")

cat("Freq. of rejection of Beta_X = O and Beta_Z = O using two t-tests:", rjt_x_or_z, "\n")
Freq. of rejection of Beta_X = 0: 0.058

Freq. of rejection of Beta_Z = 0: 0.054

Freq. of rejection of Beta_X = O and Beta_Z = O using two t-tests: 0.112

@ Using a 5% t-test, reject 5, = 0 in about 6% of the time

o Likewise, the 5% t-test for 3, = O rejects the hypothesis 5.5% of the time, roughly
five percent

o However, if we reject 3, = 0 and 3, = 0O if either t-tests rejects the corresponding
hypothesis, then the frequency of rejection is much larger, roughly double.
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Hypothesis Testing

We plot the t-stats below, indicating the critical values for the individual t-tests.
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Hypothesis Testing

To jointly test multiple hypotheses, we can use the F'-test
E.g. Suppose in the regression
Y =0y + 06, X+ 8,2 +e
we wish to jointly test the hypotheses
Hy:pB,=1and B3=0 vs Hy: [, # 1lor By #0 (or both)

Run the regression twice:

@ Unrestricted regression: Y = 3, + 5, X + 3,2 + ¢

@ Restricted regression: Y = 5, + X + €

(Restricted OLS estimator for f3, is Bgls = (1/n) Z?Zl(Yi — X))

Anthony Tay Session 3 This Version: 02 Sep 2025
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Hypothesis Testing

Calculate the RSS from both equations. The “unrestricted RSS" and “restricted
RSS" are

n

RSSUT = i €12 and RSSr = Zg%,rols
i=1

= =1
respectively, where
@€ :Yi_ﬁo_ﬁlxi_52zi
-~ _ arols
° €i,rols — Y; _ BO _ Xz

e Note: RSS, > RSS,,,
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Hypothesis Testing

It can be shown that if the hypotheses in H, are true (and the noise terms are normally
distributed), then

(RSS, — RSS,.)/J
RSS, /(n—K)

F = F(J,n—K)

@ J is the number of restrictions being tested (in our example, J = 2)

e K is the no. of coefficients in unrestricted regression (including intercept; in our
example, K = 3)
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Hypothesis Testing

Idea:

e if H true in population, then imposing the restrictions will not increase RSS by
much, F-statistic will be close to zero

@ if one or more of the hypotheses in H,, are false in population, then imposing them
will cause the RS'S to increase substantially, F'-statistic will be large

If ' >F,_(J,n—K), reject H:

o F,_(J,n—K)is (1 — «)-percentile of the F(J,n — K) distribution, « is
typically 0.10, 0.05 or 0.01
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Hypothesis Testing

e Since R? =1— RSS/TSS, we can write the F-statistic as

(Ra, — B2/ J

PR /n-K)

@ If you cannot assume that the noise terms are conditionally normally distributed,
then you will have to use an asymptotic approximation

JF 520

as n — 00, where J is the number of hypotheses being jointly tested

This is the “Chi-square Test”
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Hypothesis Testing
Take the regression

Inearn = By + Bieduc + Byblack + Bs female + S black. female + €

Test the hypothesis H, : 8, = 35 and 5, = 0, vs the alternative that at least one of
the two restrictions do not hold

The restricted regression is

Inearn = By + Beduc + Byblack + By female + Oblack. female + €
= By + Breduc + By(black + female) + €

We carry out the F-test of our hypotheses below (next slide)
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Hypothesis Testing

mdl_unres <- lm(log(earn) ~ educ + black*female, data=dat2)
mdl_res <- Im(log(earn) ~ educ + I(black + female), data=dat2)
RSS_unres <- sum(residuals(mdl_unres) ~2)

RSS_res <- sum(residuals(mdl_res) ~2)

J =2

n_minus_K <- mdl_unres$df.residual

Fstat = ((RSS_res - RSS_unres) / J) / (RSS_unres / n_minus_K)
pval = 1-pf(Fstat, J, n_minus_K)

cat("F-stat:", Fstat, " pvalue:", pval)

F-stat: 4.546114 pvalue: 0.01065276

The joint hypothesis is rejected (at 0.05 significance level, but not 0.01 significance
level, marginally)
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Hypothesis Testing

We can use linearHypothesis() from the car package to carry out F tests
library(car)

mdl_unres <- lm(log(earn) ~ educ + black*female, data=dat2)

linearHypothesis(mdl_unres, c("black=female", "black:female=0"))

Linear hypothesis test:
black - female = 0
black:female = 0

Model 1: restricted model
Model 2: log(earn) ~ educ + black * female

Res.Df RSS Df Sum of Sq F Pr(>F)
1 4943 1606.5
2 4941 1603.5 2 2.9507 4.5461 0.01065 =*

Signif. codes: O '#xx' 0.001 'x*x' 0.01 'x' 0.05 '.' 0.1 ' ' 1



Hypothesis Testing

0000000000000 0000e00

Hypothesis Testing

To get the chi-square version of the test:
linearHypothesis(mdl_unres, c("black=female", "black:female=0"), test="Chisq")

Linear hypothesis test:
black - female = 0
black:female = 0

Model 1: restricted model
Model 2: log(earn) ~ educ + black * female

Res.Df RSS Df Sum of Sq Chisq Pr(>Chisq)
1 4943 1606.5
2 4941 1603.5 2 2.9507 9.0922 0.01061 =*

Signif. codes: O '**x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
The chi-square statistic is just J times the F’ statistic
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Hypothesis Testing

You can use the F-test to test a single hypothesis, e.g., to test 55 = [35:

Linear hypothesis test:
black - female = 0

Model 1: restricted model
Model 2: log(earn) ~ educ + black * female

Res.Df RSS Df Sum of Sq F Pr(OF)
1 4942 1603.7
2 4941 1603.5 1 0.18778 0.5786 0.4469

e F'-stat for testing single hypothesis is square of t-stat for the same hypothesis

@ The p-value is the same
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Hypothesis Testing

mdl_unres %>% summary ()

Call:

Im(formula = log(earn) ~ educ + black * female, data = dat2)

Residuals:
Min 1Q Median 3Q Max
-3.5992 -0.3448 0.0022 0.3515 2.8614

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) 1.536856 0.057086 26.922 <2e-16
educ .127858  0.003879 32.958 <2e-16
black -0.260050  0.026957 -9.647 <2e-16
0
0

o

female -0.280661 .019594 -14.324 <2e-16
black:female 0.087299 .035486  2.460 0.0139

Signif. codes: 0 '#*x' 0.001 '#x' 0.01 'x' 0.05 '.

Residual standard error: 0.5697 on 4941 degrees of
Multiple R-squared: 0.2389,

Anthony Tay

Adjusted R-squared:
F-statistic: 387.7 on 4 and 4941 DF, p-value: < 2.

'o0.1 't 1
freedom

0.2383
2e-16

Session 3

@ summary () output of 1m
object contains a F'-statistic

@ Tests joint hypotheses that all
coefficients in the regression
(not including intercept) are
zero, versus the alternative
that at least one is not zero
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