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Chapter 8

Matrix Algebra

In applications, we often find ourselves dealing with very large numbers of
equations of the form

a1y + agxy + -+ a,r, =c

where aq,a,,...,a, and ¢ are constants and z,,z,,...,x, are (random or
non-random) variables. Matrix algebra is indispensable in such situations.
In this chapter we cover the basics: definitions, notation, and elementary
operations, and its applications in solving systems of linear equations, and
connections with vector spaces. A later chapter deals with more advanced
topics like eigenvalues and matrix decompositions. The ideas in this chapter
are closely connected to the concepts covered in Section 2.1.5 and Chapter 4
so you may wish to review that material prior to starting on this chapter.
In the programming section we discuss working with matrices and arrays
in Python.

8.1 Definitions and Notation

A matrix is a rectangular collection of numbers. The following is a matrix
with m rows and n columns:

ap; Q2 A1p
Qo1 Qg9 Aoy,
a’ml am? a‘mn

Such a matrix is said to have “dimension” or “order” m x n. The number
that appears in the (¢, j)th position, i.e., in the ith row and jth column, is
called the (7, j)th element/entry/component of the matrix. We count rows
from top to bottom, and columns from left to right. If m = n, the matrix
is a square matrix. If m = 1 and n > 1, we have a row vector. If m > 1
and n = 1, we have a column vector. If m =n = 1, we have a scalar.

The term “vector” is used in many ways in mathematics. Sometimes a
vector refers to an ordered list of numbers (x;,z,,...,z,). Such an object
has no “shape”. It is merely an ordered sequence of n elements. Column and
row vectors, on the other hand, are “two-dimensional” objects, in the sense
of having a “height” (number of rows) and “width” (number of columns).
In the context of matrix algebra, the word “vector” alone usually means a
column vector, but not always.

307
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Example 8.1 The matrix A below is a square matrix, b is a column vector
and c is a row vector.

by
_ %11 Q12 _ |0 _
A= [‘121 QQJ, b= Slee= [c1 ¢ )
bm

Matrices and vectors are often written in bold lettering, or with some
sort of mark to distinguish them from scalars and other objects. We will not
do so in this book. The reader will have to rely on context to distinguish
scalars from vectors and matrices. Where context is unclear, we will be
more explicit.

Some additional notation:

mXxXn*
o We can refer to the (7, j)th element of a matrix A by (A);; or (A), ;.
The utility of these two notational conventions should become clearer as
the chapter progresses.
Two matrices of the same dimension are said to be equal if each of their
corresponding elements are equal, i.e.,

A=B<& (A)ij = (B)

o It is often convenient to indicate an m x n matrix A by (a;;)

ij forall i=1,2,...;m and j=1,2,..,n.
Two matrices of different dimensions cannot be equal.

A zero matrix is one whose elements are all zero. It is simply written
as 0 although sometimes subscripts are added to indicate its dimension.

The diagonal of a n X n square matrix refers to the (4,4)th elements of
the matrix, i.e., to the elements (A);;, i = 1,2,...,n. A diagonal matrix
is a square matrix with all off-diagonal elements equal to zero, i.e., a square
matrix A is diagonal if (A);; = 0 for all i # j, i,j = 1,2,...,n. Diagonal
matrices are sometimes written diag(ayq, Ggg, .., Gpyp)-

s A

Example 8.2 The matrix

1 00
A=10 4 0| =diag(1,4,0)
0 0 O

is a diagonal matrix. Note that there is nothing in the definition of a
diagonal matrix that says its diagonal elements cannot be zero.!

An identity matrix is a square matrix with all diagonal elements equal
to one and all off-diagonal elements equal to zero, i.e.,

I, = O 1 o = diag(1,1,...,1).
00 - 1 n terms

LA square zero matrix is therefore technically also a diagonal matrix.
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We will denote an identity matrix by I. A subscript is sometimes added to
indicate its dimension, as we did above, although this is often left out. We
will see shortly that the identity matrix plays a role in matrix algebra akin
to the role played by the number “1” in the real number system.

A symmetric matrix is a square matrix A such that (A);; = (A);; for
all4,5=1,2,...,n.

1 3 2 1 3 2
Example 8.3 The matrix |3 4 6| is symmetric, |7 4 6] is not.
2 6 3 2 6 3

8.1.1 Addition, Scalar Multiplication and Transpose

Addition: Matrix addition is defined as element-by-element addition, i.e..,
for two matrices A = (a and B = (b;;) we define

(4+B), = (4)

Matrix addition is defined only for matrices of the same dimensions.

ij)mxn

+(B);; forall i=1,..,m;j=1,..,n.

mxXn?

ij

1 4 6 9 1+6 449 7 13
Example 84 |3 2|+ (1 2| =(34+1 242 | =14 4].
6 5 1 10 6+1 5410 7 15
It should also be obvious that
A+B=B+ A,

(A+B)+C=A+(B+C).

This means that as far as addition is concerned, we can manipulate matrices
in the same way we manipulate ordinary numbers (as long as the matrices
being added have the same dimensions).

Scalar Multiplication: For a scalar o and matrix A = (a we define

ij)mxn’
(@d);; = (Aa);; = a(A);; forall i=1,....m; j=1,..,n.

i.e., the product of a scalar and a matrix is defined to be the multiplication
of each element of the matrix by the scalar.

ay; Q2 bay;  baqy
Example 8.5 b |ay; a9y | = |bay; bagy | .
az; Agzz bas, bag,

We can use scalar multiplication to define matrix subtraction:
A—B=A+(-1)B.

Transpose: When we transpose a matrix, we write its rows as its columns,
and its columns as its rows. That is, the transpose of an (m x n) matrix A,

denoted either by AT or A’, is defined by
(AT)ij = (A>

ji forall i=1,2,..;m and j=1,2,..,n.
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i 1 3 6
Example 8.6 |3 2| = .
6 5 4 2 5

In order to use space more efficiently, we will often write a column vector

Ty
z=|"2
T,
asx = [z x4 .. xm]T orzT =[z; zy ... z,]

We can use the transpose operator to define symmetric matrices: a
symmetric matrix is simply a square matrix where AT = A.

8.1.2 FExercises

7 13
Ex. 8.1 What is the dimension of A = [4 4 } ? What is (A), , and (A)3,7
7 15

Ex. 8.2 Suppose A = (a;;)y.4 Where a;; =i+ j. Write out the matrix in full.

Ex. 8.3 Express the the following matrices in full:

(a) (a;;)4xq Where a;; =1 when i = j, 0 otherwise.
(b) (a;;)4xq where a;; = 0 if i # j (fill the rest of the entries with “x”).
(¢) (@;;)4xq where a;; = 0if i < j (fill the rest of the entries with “x”).

(d) (@;)4xq where a;; = 0if i > j (fill the rest of the entries with “x”).

These are all square matrices. Matriz (c) is a “lower triangular matriz” and (d) is
an “upper triangular matriz” (so we have in (c) and (d) matrices that are square
and triangular!). Matriz (b) is diagonal, which is both upper and lower triangular.

Ex. 8.4 What is u and v if
u+2v 1 3 1 1 3
9 0 4/=19 0 uwu+wv|?
3 4 7 3 4 7

Ex. 8.5 Let vy, v,,v3,v, represent cities and suppose there are one-way flights
from v, to v, and vy, from v, to vy and v,, and two-way flights between v, and
v,. Write out a matrix A such that (A4),; = 1 if there is a flight from v; to v;, and
zero otherwise.

0 0 O 00
Ex. 8.6 Let A= and B= [0 0|.Is A= B?
0 0 O
0 0
3 4 1 3 4 6 4
Ex. 8.7 If2A= |2 8 ,WhaiisA?IfB—i 1 8| =12 5|, whatis B?
1 5 1 4 3 1
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Ex. 8.8 Which of the following matrices are symmetric?
2 3 5 1 3 5
(a)

W N =
o O O =
o O O O
— O O O

—

[oW

=
—_ = e
— =

1
) |2
5

(Sl SN
W W
— W o
e Ot

4 b
3 3| (©
31

o O Ot

ot

Ex. 8.9 True or False?

i. Symmetric matrices must be square.
ii. A scalar is symmetric.
iii. If A is symmetric, then oA is symmetric.
iv. The sum of symmetric matrices is symmetric.
v. All diagonal matrices are symmetric.
vi. If (AT)T = A, then A is symmetric.

Ex. 8.10 (a) Find A and B if they simultaneously satisfy

1 2 1

4 3 0

2A+B:[ s 11

] and A-i-QB:[4 2 3]

(b) If A+ B=C and 3A — 2B = 0 simultaneously, find A and B in terms of C.

8.2 Matrix Multiplication

Let A be m x n and B be n X p — here we require the number of columns
in A and the number of rows in B to be the same. Then the product AB
is defined as the m x p matrix whose (i, j)th element is

(AB)ij = Zaikbkj .
k=1

That is, the (i,7)th element of the product AB is defined as the sum of
the product of the elements of the ith row of A with the corresponding
elements in the jth column of B. Put another way, the (7, j)th element
of the product AB is the inner product of the ith row of A with the jth
column of B. For example, the (1,1)th element of AB is

(AB)y; = Zalkbkl = ay1byy +agpbyy +agzbgy -+ ag, by
k=1
The (2,3)th element of AB is
(AB)gs = Za2kbk3 = Q1013+ agpby3 + agsbsg + -+ + a9,0,3,
k=1

Visually, for a product of a 3 x 3 matrix and a 3 x 2 matrix, we have
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| aj; Gy ag3 b1y b12_ _‘ a11b11 + a12bg1 + ag3bs ‘ o
a1 Gy Qg3 b1 | by | = *
L ag; agy azz ] L b1 b32_ L °
iy - 5 .
aj;  ajp a3 bir | b2 > het1 G1kbr1 ’ a11b19 + @209y + aq3b3y ‘
a9y Q9o Qo3 b21 b22 = ° °
Az, Qzp  Gs3 b1 | bsa || I . . ]
- - q r 3 3 1
a1 Q13 43 by | bio 21 @1kbry > 1 @1xbk2
ag1  Ggz Qg3 bay baa| = ‘ ag1b11 + agbyy + agsbs; *
[agr ag age ) [[Psr] U] | o ]
and so on.
2 8] 4 7
Example 8.7 Let A= |3 0| and B = [ } Then
6 9
5 1]
2 8 4 7 2:448-6 2-7+8-9 56 86
AB=13 0 [6 9:|= 3:440-6 3-7+0-9( =112 21
5 1 5-441-6 5-7+1-9 26 44

Example 8.8 The system of equations

20 — wy =4
T, + 229 =2

can be written in matrix form as
2 =1 |z |4 .
R oA
12 -1 RER |4
where A = L 9 ], T = [xJ, and b = [2]
8.2.1

These exercises illustrate crucial aspects of matrix multiplication. You should
work through each exercise and be sure to understand the point being made.

FEzxercises

2 8
Ex. 811 Let A= |3 0|, B= 20 and C = ! 2.
51 3 8 6 3

(a) Compute the matrices BC, CB, and AB.
(b) Can BA even be computed?

Remark: This exercise shows that for any two matrices A and B, AB #+ BA
in general. That is, we have to distinguish between pre-multiplication and post-
multiplication. In the product AB, we say that B is pre-multiplied by A, or that
A is post-multiplied by B.
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Ex. 8.12 Show that zTz > 0 for any vector z = [z; =, .. xn]T. When will
xTe =07

Remark: For any column vector x, the product xTx is the sum of the squares of
its elements. For obvious reasons, we call this the “inner product” of the column
vector x with itself. Sometimes the term “scalar product” or “dot product” used
also used for this operation.

Ex. 8.13

(a) Compute E ;1 [_12 f2].

(b) Let A= [_11 _bJ where b # 0. Compute the product A? = AA.
b

Remark: This exercise shows that you can multiply two non-zero matrices and
end up with a zero matriz. Therefore AB = 0 does not imply A =0 or B = 0.
It is even possible for the square of a mon-zero matriz to be a zero matriz. Of
course, if A=0 or B=0, then AB=0.

As you can see, in some ways matrix multiplication does not behave like
the usual multiplication of numbers. For instance, the order of multiplication
matters, and AB = 0 does not imply A =0 or B = 0. But in other ways matrix
multiplication does behave like regular multiplication of numbers, as the next
exercise shows.

Ex. 8.14 Prove that
(a) (AB)C = A(BC) where A, B, and C are m xn, n X p and p X q respectively.
(b) A(B+C)= AB+ AC where A is m x n, and B and C are n X p.
(¢) (A4 B)C = (AC + BC) where A and B are m x n and C is n X p.

Remark: Although (AB)C = A(BC), one approach may be more computationally
efficient than the other. Suppose A and B are both n x n, and C is n x 1.
Computing AB requires calculating n® inner products of vectors with n elements.
Each of these inner products require n multiplications and n — 1 additions. These
means the product AB requires n?(2n — 1) operations. Then multiplying the n x n
matrix AB with C involves n inner products. The total number of operations
required to compute (AB)C is therefore n(n + 1)(2n — 1). The product A(Bc)
however requires only 2n inner products, or 2n(2n — 1) operations. The ratio of
the number of operations required to compute (AB)C to that required to compute
A(BC) is of order O(n). As an exercise, you should calculate the number of
operations required for both when n = 100.

Ex. 8.15 Let A be an m X n matrix, and let I,, and I,, be identity matrices of
dimensions n x n and m x m respectively. Show that I, A = Al = A.

Ex. 8.16 Show that

ay;; Qg Qg3 b ay ay2 a3
1

a a a a a Ay

21 22 2 21 22 2

31 by | =0y + by +by | 23

Qagzp  Gzy  QAzg b Qg A32 Q33
3

Ay Qg Q3 41 ) Qy3

i.e., Ab is a linear combination of the columns of A, with weights given in b.
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Ex. 8.17 (a) Show that (AB)T = BTAT for any m x n matrix A and any n x p
matrix B. Verify this equality for the matrices

a; ay a b by by
A= [al a2 a3] and B= |b, by by
4 5 6 b7 bs b9

(b) Prove that (ABC)T = CTBTAT.

Ex. 8.18 Explain why XTX is square and symmetric for any general n x k
matrix X.

Remark: The matriz XT X is encountered frequently in all statistical disciplines.

Ex. 8.19 The trace of an n x n matrix A = (a,;),,,, is defined to be

tr(A) = i Q-
=1

That is, the trace of a square matrix is simply the sum of its diagonal elements.
The trace of a scalar is the scalar itself.

nxn

(a) If A and B are square matrices of the same dimensions, show that
tr(A+ B) = tr(A) + tr(B).

(b) If A is a square matrix, show that tr(AT) = tr(A).
(c) If Ais m xn and B is n x m, show that tr(AB) = tr(BA).

(d) If z is an n x 1 column vector, show that 2Tz = tr(zzT) by
i. direct multiplication,
ii. using (c) and the fact that the trace of a scalar is the scalar itself.
This odd little matriz operation is surprisingly useful in proofs and for deriving

and simplifying matriz equations.

Ex. 8.20 Let i, be an n x 1 vector of ones, i.e., i, =[1 1 - I]T

(a) Show that the formula for the sample mean of the elements of the column

T
vector y=[y; Y, - ¥, can be written asy= (iri,) "iry.
(b) Show that My =1, —i,(ir4,) i} is symmetric, and that MyM, = M,.

(c) Show that the sample variance of the data in y can be written as

1 < —\2 yTMo?J
D wi-w =

Ex. 8.21 Prove that A(aB) = (a¢A)B = a(AB).
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8.3 Partitioned Matrices

We can partition the contents of an m x n matrix into blocks of submatrices.
For instance, we can write

1 3 2 6
2 8 2 1
A=13 1 2 4| = ﬁ”}
4 2 1 3 2
31 1 7
where
3 1 2 4
1 3 2 6
A11:[2]7A21: 4 ’AIQZ[S 9 1] and Ay, =12 1 3.
3 11 7

Partitioned matrices are often called block matrices. Of course, there
are many ways of partitioning any given matrix. The following is another
partition of the matrix A:

N

I
Wk W
= DN = 00 W
o= NN N
N W=

I

It can be shown that addition and multiplication of partitioned matrices
can be carried out as though the blocks are elements, as long as the matrices
are partitioned conformably.

Addition of Partitioned Matrices. Consider two m x n matrices A and B
partitioned in the following manner:

All A12 Bll BIQ
— —== — —==
A= MyXNg My XNy and B = MyXNg My Xng
A21 A22 BQl BQQ
—= =z —= =
Mo XNy Moy XNy Mo XNy Moy XNy

where n; + ny, = n and m; + my = m. We emphasize that A and B must
be of the same size and partitioned identically. Then
A+ By A+ By

A+B=| ™" - 8.1
A9y + By Agy + By (8.1)

My XM My XNy
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Multiplication of Partitioned Matrices. Now consider two matrices A and
B with dimensions m X p and p x n respectively, are partitioned as follows:

All A12 Bll BlQ

—— ) — —=2

A= myXpy My XPy and B = P1Xny  PpXng
A21 A22 BZI BQZ

My XPy Mgy XPy P2 X1y P XNy

In particular, the partition is such that the column-wise partition of A
matches the row-wise partition of B. Then

[ A Ay By, Byy
2 212 2 212
AB = myXpy Mg XPpg P1Xny  ppXng
Ay Agy By; By
221 22 221 222
LMmgXpy Mo XPgy P2 XNy PaXng
(8.2)
(A1 By + A1oByy Ay Big + A9 Boy
_ mqxXn,g myXny
A9 By + Ago By Ay Big + Ay By
L Moy XNy Moy XNy

Transposition of Partitioned Matrices. It is straightforward to show that

T T

All A12 All A21

fu o Aoz L L

mqXn mqXn nyXm Ty Xm
A= mm mime ) s AT = M e (8.3)

21 22 12 22

Mo XNy Mg XNg Mo XMy  Ng XMy

Remark on Matrixz Multiplication: So far we have spoken of inner products
of vectors, scalar multiplication (multiplication of of matrices and vectors
with a scalar), and regular matrix multiplication. There are yet other kinds
of matrix multiplication concepts. For instance, the Hadamard? product,
denoted o or ®, refers to element-wise multiplication, e.g.,

1 2 2 3 1-2 2.3 2 6
3 41014 5| =134 4-5| =112 20
5 6 6 7 5-6 6-7 30 42

The Kronecker? product, denoted ®, of an m x n matrix A with a p x g
matrix B is the mp x ng block matrix formed by multiplying each element
of A by the entire B matrix. For example

a;; 0 |a;y, 0 |a3 O
{au ayy alg}@)[l 0}: 0 ap | 0 ap| 0 ap
Qg1 Qg Qg3 0 1 a;; 0 |a, 0 jaz 0
0 a1 ] 0 ain| 0 agy

2Named after the French mathematician Jacques Hadamard (1865-1963).
3Named after the German mathematician Leopold Kronecker (1823-1891)
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8.3.1 Exercises
Ex. 8.22 Let

and B=

> = W N
[ AN ] ]
— e |

Verify the partitioned matrix multiplication formulas by computing AB in the
usual way, then compute AB using (8.2). Verify the transposition formula (8.3)
for matrix A.

Ex. 8.23 Let A be a m x n matrix and b be a n x 1 vector. We have shown
earlier that Ab is a linear combination of the columns of A. In terms of partitioned
matrices, we have

A1 | @i | | Qi by by
a a S b b
— 21 22 2n 2 2
Ab - : : . : : - [A*l A*2 A*n}
A1 ) o A bn bn

= A b+ Apby +--+ALD

*n-on

T
Let c=[c; ¢y .. ¢,] . Show that ¢TA is a linear combination of the rows

of A.

m]

Ex. 8.24 Let X be a n x 3 data matrix containing n observations of three
variables:
T Ty Tyg
Tor Loy Loy
X = |m3 Ty Tg3

Ln1 ) Ln3
where x,;; represents the ith observation of variable j. We can partition this matrix
to emphasize the variables by writing X as X = [X,; X,, X,3] where

L11 ESP) T3
Loy Lao L3
Xa=|2s |, Xo=|x3| and X3= |24
mnl xn? xniﬂ
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where X,, = [;; %, ;3] is the row vector containing the ith observations of
all three variables, i = 1,2, ...,n. Show that the matrix XTX can be written as
ryT T T
X*lX*l X*lX*2 X*lX*3 n
XTX = | X5X, XLX, X5Xg|= ZX};XH

T T T =1
_X*3X*1 X*sX*Q X*SX*?)
- n n n

Zi:l x%l Eizl Ti1Ti2 Zizl Ti1Ti3

n n n

= 21:1 Ti1%i9 Zizl 371?2 Zizl LioLi3

n n n 2
_Zizl Ti1Ti3 Zizl TioTi3 Zizl T53
8.4 Introduction to Inverses and Determinants

8.4.1 The Inverse Matrix

The n X m matrix B is said to be a left-inverse of a m x n matrix A if
BA = 1,,. The n x m matrix C is a right-inverse of A if AC=1,. If A
is n x n, and BA = AC = I,, then it must be the case that B = C since

BA=1,=BAC=1,C=BI,=C=B=C.

In this case, we call B = C the two-sided inverse, or simply the inverse
of A, and give it the special notation A~'. That is, the inverse of a n x n
matrix A, if it exists, is the unique matrix A~! such that

ATA=T, = AAL.

We could leave out the second equality from the definition, since as we have
already shown, A'A=1= AA' =1.

Example 8.9 The inverse of the matrix

(1 3 . 4 14 =3
A_[Q 4} is A ——2{_2 1].

This can be verified by direct multiplication:
14 -=-3]|1 3 10
14 __2 _
AA= 2{2 1”2 4]_[0 1]'

We do not have to show AA~! = I, since it is implied. You may wish to
do so nonetheless, as an exercise.

Example 8.10 Let A and B be the matrices

11
-1 02 04
A= Z é andB_[z —0.2 —0.4}
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You can easily verify (by direct multiplication) that

1 0 0
0 02 04f.

0 04 0.8

10

pa-]l !

} but AB =

The matrix B is a left-inverse of A. We give left-inverses the special notation
Al’eitt. Likewise, right-inverses are given the special notation A;ilght. We will
say more about left- and right-inverses in a later chapter. For this chapter
we will focus on (two-sided) inverses. The term “inverse” will always mean
a two-sided inverse.

We emphasize that A has a (two-sided) inverse only if it is square. Fur-
thermore, not all square matrices have an inverse. The inverse of an arbi-

trary 2 x 2 matrix A = {au a12], if it exists, is
Qg1 Ggg

1 _
A7l = det(4) [_a;; a(jf} where det(A) = a;1a99 — @199,  (8.4)
You can easily verify this by direct multiplication. It is worth your while
to commit formula (8.4) to memory.

The expression det(A) in (8.4) is called the determinant of the 2 x 2
matrix A. Notice that the inverse exists only if det(A) # 0. If the inverse
of A does not exist, we say that A is singular. If the inverse exists, we
say that A is non-singular. An alternative notation for det(A) is |A|. We
will use both notations in this book. In particular, we use the latter when
indicating the determinant of a matrix written out in full. For instance,
the determinant of the matrix (a;;)s.o is

ap; Q2

det(A) = -

= Q11099 — Q120927 -

Example 8.11 The inverse of the matrix A = F 4} is

5 6
3 2
A11[6 —4]1[6 —4}{—57 71]
det(4) -5 1 14 |—5 1 2 -
Example 8.12 The determinant of the matrix A = B 2} is det(A) =

1-6—2-3=0,s0 A does not have an inverse.

When will det(A) = 07 Examining the expression for det(A) in (8.4),
we see that the determinant will be zero if one or both rows or columns
are all zero, or if one row is a multiple of the other, or if one column is a
multiple of the other.



August 31, 2024 18:18 book-9x6 Baydur-Preve-Tay index page 320

320 Mathematics and Programming for the Quantitative Economist

The inverse of a scalar is obviously just its reciprocal. The following
example shows the inverse of a particular 3 x 3 matrix.

0 2 4 -5 35 O
o A— 4

3 1 2|isA = —3 %

6 2 1

This can be seen by direct multiplication:

% 3 0710 2 4 10 0
1 4 2 _

6 2 1 0 01

Example 8.13 The inverse of A =

How do we find the inverse of a general 3 x 3 and larger square matrices?
There is a formula for the inverse of a general n x n matrix which we will
present in the appendix to this chapter. There is also a computationally
efficient algorithmic approach based on Gaussian elimination, which we will
discuss shortly. Nonetheless, even before seeing the formula or algorithm
for calculating the inverse of a matrix, we are able to make the following
general statements regarding inverses. Suppose the n X n matrices A and
B are non-singular, i.e., their inverses exist. Then

LAt =AY,
ii. (AB)"'=B14"1
Proof: For i., start with AA~! = I. Transpose both sides to get
(AT AT = I. Finally post-multiply both sides by (AT)~! to get
(Ail)TAT(AT)fl — I(AT)71 = (Afl)T — (AT>71 .
For ii., pre-multiply AB first by A~' and then by B~!. This gives
A'AB=DB
B 'A'AB=B"'B=1.
This says that B~ A~! is the inverse of AB since multiplying the two gives
the identity matrix.
One implication of the first result is that the inverse of a symmetric
matrix is symmetric: if A is symmetric, then AT = A, so we have
(A—1>T — (AT)—l — A—l

which says that A~! is symmetric. For the second result, it is important
to keep in mind that this result holds only if A and B are both square.
It is possible for A to be n x k and B to be k x n such that the square
matrix AB is non-singular. But since A and B are not square, they do not
have inverses. In that case the statement (AB)™! = B71A~! is obviously
meaningless.
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8.4.2 Systems of Linear Equations

One application of matrix inverses is to find solutions to systems of linear

equations. Consider a system of n equations in n unknowns z,, z,, ..., T,
a1y + apxry + ..+ apz, = b
Q91T + 9%y + ..+ G9,T, = by (8.5)
1, + Gty + ...+ ap,r, = b,

which can be written as

ay; Qg . Gy xq by
a a .. a T b
R B ) I L IS
Gpp  Gpy e Gpnl Lz, b,

To be clear, we are speaking here of systems where there are as many
equations as there are unknowns. If the inverse of A exists, then the system
has a unique solution, namely x = A~'b, since
Ar=b = A 'Az=A" = z=A1b.
Example 8.14 Consider the following systems of equations
20, — x5y =4 20, 4+ x5, =4 20, + x, =4
G Gy ' i) Y0P (8.6)
Ty + 22, =2 62, + 32y =12 6x, + 3z, =10

You can see that system (i) has a unique solution. Systems (ii) has
infinitely many solutions (the graphs of the two equations coincide). System
(iii) has no solution; the graphs of the two equations are parallel. The three
systems can be written in the matrix form Ax = b:

o 2] @ [ﬁ :ﬂ =] e s3] ] L

Since
1 1
"5 1 2
the unique solution for system (i ( ) is
12 1f14 2
A1y — = —
e=anv=g Bl =[]

For systems (ii) and (iii), we find that the coeflicient matrix A does not
have an inverse, since

2 1
det[6 3} =2-3—-1-6=0.

Notice that non-existence of the coefficient matrix inverse does not imply
that there are no solutions. It could be that there are multiple solutions.
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8.4.3 The Determinant and Cramer’s Rule*
Consider now the general 2 x 2 system

a;jry + oapry = by
g1y + ATy = by

or Az =1» (8.7)

Solving this system (say, by using Gaussian elimination) gives

Ao by — a5 b
T, = 2271 1272 ond Ty = )
A11G29 — Q12027 A11G29 — Q12097

ayq by —ag by

Of course, this is the solution only if the (common) denominator in both
expressions is not zero. The denominator is just the determinant of the
matrix A. Notice also that the numerators of the solutions for x; and x,
are, respectively, the determinants of the matrices

Al(b):{b1 ‘“2} and A2<b):[a11 bl]

by a9y as; by

These are just the matrix A with one column replaced by b. This is
Cramer’s Rule for systems of two equations in two unknowns: for sys-
tem (8.7), the solutions are

by apg a;; by

2, = det(4, (b)) _ by ag and oy — det(A, (D)) _ o by
det(A) G11 012 det(A) ay; Qg

(g1 Qa2 Ay, Qoo

The idea extends to larger systems of equations with as many equations as
unknowns. If you work out the solutions for the general three-equations
three-unknowns system

a;;ry + apTy + a3ry = by
ATy + ATy + ay3T3 = by
aznT; + agT; + azzry = by

you will find the solutions to be

byagsass + a19a93bs + a13boagy — ajzagssbs —biagzazy —ajpbyass

x =
! 11092033 + A12093a3] + A13A21A32 — Q13092031 — G11093032 — A12021033
o — ay1byass +biagzas; + ajzag by — ajzbyag; —agasbs —biag ass
5=
11092033 + A12093a3] + A13A21A32 — Q13092031 — G11093032 — A12021033
T — a11a93b3 + ajpbyag; +byagiagy —bjagasz; —ay1byasy —ajpas by
3=

(11092033 + Q1209303 + A13021 032 — G1302203] — Q11023032 — A12021 033

4Gabriel Cramer (1704-1752).
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You do not want to memorize this solution, at least not in this form. But
notice two things: first, the denominator is the same for all three expres-
sions. We define the expression in the denominator to be the determinant
of the 3 x 3 coefficient matrix

ay; Q@12 QAp3
A= lay ay agy

az; Gzp 0ags

We must have det(A) # 0 in order for there to be a unique solution. Second,
using this definition for the determinant, the numerators in the solutions
for x,, x5 and x4 are, respectively, the determinants of the matrices

by a;, a3 a;; by ag aj; G by
Ay(b) = by asy  agy|, Ay(D) = |ay by ans| and Ay(b) = |ay  axn by .
by asy  as; as; by ag as gy by

That is,

A B) | det(A) L det(Ayb)
L7 det(A) 77?7 det(A) 57 det(A)

This is Cramer’s Rule for systems of three equations in three unknowns.

The determinant for larger square matrices can be thought of in a sim-

ilar way, as the (common) denominator in the solutions to the general

n-equations in n-unknowns system Ax = b. Furthermore, the solution to
such a system is

_ det(A;(b))

YT Tdet(4)

where A, (b) is the determinant of the matrix A with the ith column replaced
by b. But what is the formula for the determinant of a general n x n matrix?
The following (set of) formulas are called the Laplace expansions®, or the
cofactor expansions, can be used to calculate determinants for general
square matrices. First, define the determinant of a scalar to be the scalar
itself. Then given an n X n matrix

i=1,2,...,n

a;; Qg A1p
A= @21 G22 G2n
a‘nl an2 a’nn

define the (4, j)th cofactor of A, denoted C;;(A), to be the determinant of
the matrix with the ith row and jth column removed, multiplied by (—1)**7.

5Pierre-Simon Laplace (1749-1827) made important contributions in physics and as-
tronomy, and several areas of mathematics, including differential equations and proba-
bility theory.
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Take for example the matrix

ay; Q@12 Qap3
Qg1  Ggp Qo3| - (8.8)
az; Gzz dags

We have
a a
Cy(A) = (‘1)%1 a;z a;z = Q1303 — Q12033
a a
033(A) = (*1)3+3 a; a;z = G11Q99 — Q1209

and so on. Then we have

det for any column j

n
(A) = Zaijcij(A>

i=1

n

= Za”C”(A) for any row 1.

j=1
This formula is somewhat unusual compared with most other formulas that
we have been working with. First, it is recursive: to calculate the deter-
minant of a n X n matrix, we need to calculate its cofactors which involve
determinants of n — 1 x n — 1 matrices, and so on. Second, you can choose
to expand along any row or any column. They all give you the same re-
sult. The first expression is called the Laplace expansion by column j. The
second expression is called the Laplace expansion by row 1.

For the general 3 x 3 matrix shown in (8.8), using the Laplace expansion
along the 1st column, we have

det(A) = a;,C}1(A) + a5, Cy (A) + a3,C5,(A)

A1p Qg3
Qo Qg3

Aip Qg3
A3y QA3

a a
— all(_l)lJrl a22 a23 + azl(_1)1+2 + asl(_1)1+3
32 33

= au(a22a33 — Qg3035) — gy (%2“33 - a13a32) + a31(a12a23 - a13a22)

which you can verify to be the same as what was found earlier by solving
the general 3-equations in 3-unknowns system explicitly. As an exercise
you should verify that you get the same expressions by expanding along
the other columns or along any of the three rows.

Computationally speaking, the Laplace expansion is inefficient in terms
of the number of arithmetic operations required. We will show a much
more computationally efficient method shortly. Nonetheless, the Laplace
expansion is useful for deriving a number of properties of determinants,
which we state below:
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. if A has a row of zeros or a column of zeros, then det(A) = 0. You can

see this by taking the Laplace expansion along this zero row/column.

if a single row or column of A is multiplied by some constant «, then
its determinant also gets multiplied by «. This is also easy to see
from the Laplace expansion along the affected row or column. If row
1 is multiplied by «, then

n

ZaaijC’ij(A) = aZaijCij(A) =« det(4).
j=1

j=1
Of course, if a row and a column are both multiplied by «, then the
the determinant gets multiplied by a?2.

The determinant of a triangular matrix is the product of its diagonal
elements. For example, expanding along the top row throughout, we
have

as, O

S
[~}
=

Q
)
]

e}

|

= ap ((_1)1—0—1

)—I—O—i—O
Az A3z

= ayq (agy ((—1)"**det(ags)) +0)

= (11092033 -

The following properties also follow from the Laplace expansion, though
their proofs are less immediate, and are omitted here:

iv.

V.

vi.

vii.

det(AT) = det(A).

Every time we swap the rows of a matrix, its determinant changes
sign. Similarly for columns.

Adding a multiple of one row to another row does not change the
determinant. Similarly for columns.

If A and B are two square matrices, then det(AB) = det(A)det(B).

You will recognize the actions in ii., v., and vi. to be operations used in
Gaussian elimination.

8.4.4 Gausstian Elimination Rewvisited

The Gaussian elimination method for solving systems of equations involves
three actions: swapping the order of equations, multiplying an equation by
some constant, and adding (or subtracting) a multiple of one equation to
another. Here we apply these “elementary row operations” to the rows of
n X n matrices by pre-multiplying the matrix with certain other matrices.
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We illustrate with the 3 x 3 matrix

ap; Q@1 Qap3
A= lay ay ay

az; Gzp 0ags

Suppose we wish to swap the second and third rows. What matrix can we
pre-multiply A by in order to achieve this? Denote such a matrix by Epor3)-
Suppose we apply this matrix to the identity matrix I;. Since multiplying
by the identity matrix does not change anything, we have

Bz ls = Epjoys) -

But this says that the matrix for swapping the second and third rows of
a matrix is the matrix obtained by swapping the second and third rows of
the identity matrix.® That is, the 3 x 3 “row swap” matrix for swapping
rows 2 and 3 is

100
Bpjo = 0 01
010

This extends to the general case: the “row swap” matrix for swapping the
i-th and j-th rows of A is the identity matrix with the i-th and j-th rows
swapped.

Notice that Eljjp5 1s its own inverse. If you swap the i-th and j-th
rows of a matrix twice, you get back the same matrix. Since the “row
swap” matrix is symmetric, we also have

= EY

Ey il 1)

1
(i) (3]

il -

The “row swap” matrix is an example of a permutation matrix. The
following permutation matrix

00 1
Pyio= 11 0 0} = EpgzEues
01 0

re-arranges the rows of a matrix with three rows so that the third row be-
comes the first, the first is the second, and the second is the third. Permu-
tation matrices can be obtained by applying multiple row swap operations.
In general, a permutation matrix is not its own inverse. However, we still
have P~! = PT for all permutation matrices.

We can apply the same logic as before to find the matrix that, when
pre-multiplied to a matrix, multiplies the j-th row of that matrix by some

SThis trick works because the desired transformation matrix actually exists.
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constant. This transformation matrix is simply the identity matrix with
its j-th row multiplied by the constant. For example, to multiply the third
row of A by «, pre-multiply A with the matrix

1.0 0
By =0 1 0].

0 0 «

is obviously symmetric, and its inverse (when « # 0)

10 0
—1 —
Egl oz =10 1 0|,

0 0 1/a

The matrix E[3]<—O¢[3]
is easily seen to be

To find the matrix that, when pre-multiplied to another matrix, has
the effect of adding a multiple of one row to another, carry out that same
operation on the identity matrix. So, to add « times the first row of A to
its third row, pre-multiply A by

You can easily verify that

M 0 0 a1y Q9 Qg3
EgcgramA =10 1 0] Jay axn agy

la 0 1 a3, Q39 QA33
ay a2 a3
= Qo1 Qg2 Qo3
L@ayy +ag;  aqp +azy  Qagz+ass

The inverse of Eg. [3];4(1) IS just the same matrix with the sign of the
constant reversed, i.e.,

1 00
—1 _
Bajegpam = | 0 1 Of.
—a 0 1
This is easy to verify by direct multiplication, but the intuition is also
straightforward: if you wish to reverse the action of adding a multiple of
row ¢ to row j, just subtract the same multiple of row ¢ from the transformed
TOW j.

8.4.4.1  Gaussian Elimination and the Inverse If the square matrix A has
an inverse, you will be able to find a sequence of elementary row operations
that reduces A down to the identity matrix. Since each row operation can
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be done by pre-multiplying A by some elementary row operation matrix,

A will have an inverse if there is a sequence of “row-operation matrices”
EE,,...,E,, such that

E E, | *x-xFEEA=I

It follows that A=t = E,_ E, | x -+ X E,E,. Practically, this implies the
following procedure for finding the inverse of a matrix A. First place A
next to the identity matrix

Al

Then apply elementary row operations to both sides until the left-hand side
reduces to the identity matrix

A I
E,A B,

E,E, A E,B,I

E E, 1xXEEA|E E, |x-xEFEI
I A1

Example 8.15 We find the inverse of the matrix in Example 8.13 using
Gaussian Elimination. The row echelon form of the matrix is indicated,
and the pivots are boxed.

0 2 4]1 0 0 1 2/0 1 0
31210 10| — |0 2410 0
6 2 1]0 0 1) " 16 2 1]0 0 1
2 o 1 0
- o [2] 4 |1 0 o echelon
[3]4-[3)-2(1] form
0 0 -2 1
(] oo 4 3
S R R
[2]-[2}+4[3]
wen3e L0 0 =1
(3] o o |1 1 o0
. IR
[1]¢-[1]-3 2] *
Lo o0 0 -2 1
1
1001 L 90
— |0 1 0| 3 -3 2
(1] %[1] 0 0 1 0 2 _1
2e12] 3 3
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To be able to reduce an n x n matrix into the identity matrix using
Gaussian Elimination, we need n pivots. If we find fewer than n pivots,
then the matrix does not have an inverse, i.e., is singular.

0 2 4
Example 8.16 The matrix |3 1 2| has no inverse. If we try to reduce
3 3 6

this matrix to an identity matrix using Gaussian Elimination, we get:

0 2 4/1 0 0 1 2/0 1 0
31 201 0| —s 0 2 4|1 0 0
33 6|l0 0 1] "Mo¥ 3 3 6/0 0 1
([3] 1 0 1 0
_—
[3]—[31-[1] 0 100
L0 2 4 11
(3] 1 2|0
_ ecilc:a‘ivon
[3]—[3—[2] 0 b oo orm
L0 0 0|-1 -1 1

We cannot proceed any further.

8.4.4.2 Gaussian Elimination and the Determinant The row echelon
form of a matrix was obtained using elementary row operations. We know
adding a multiple of one row to another does not change the determinant
of the matrix. Every row swap changes the sign of the determinant, and
multiplying one row by a constant multiplies the determinant by the same
constant. Finally, the determinant of a triangular matrix (and the row
echelon form of a matrix is triangular) is just the product of its diagonal
elements. Therefore, we can compute the determinant of a square matrix
as the product of the diagonal of its row echelon form, multiplied by —1
for every row swap made in obtaining the row echelon form. If a row was
multiplied by a certain value at any stage prior to obtaining the row echelon
form, that value must also be divided out.

For example, the product of the diagonal elements of the row echelon
form of A in Example 8.15 is 3 x 2 x —3 = —18. Since one row switch
was made, we multiply this value by —1. Since no row was multiplied by a
factor in obtaining the row echelon form, we do not need to divide anything
out. The determinant of A is therefore det(A) = —18 x —1 = 18.

A square matrix has no inverse if (and only if) its row echelon form
includes some zeros in the diagonal, i.e., if there aren’t enough pivots, as
illustrated in Example 8.16. It follows that the determinant of such a matrix
is zero.
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8.4.5 FExercises

0 2 4
Ex. 8.25 Find the inverse of the transpose of the matrix A= |3 1 2|. (Hint:
6 2 1

see Example 8.13.)

Ex. 8.26 Show that the inverse of a diagonal matrix A = diag(a,;,ass,---,a,,)
is the diagonal matrix

1 1 1
AT = diag (7, 7,...,7> .
11 Qg9 Upp

Ex. 8.27 Suppose one row of a (square) matrix is a multiple of another row.
Explain why this matrix has no inverse.

Ex. 8.28 Consider the following system of equations

4z,  + + 3 = 4
8z, + ®my, + —3xy =
122, + =z + = 1

a. Express this system in the form Az = b and solve it by finding the inverse
of A and then computing A~'b.

b. Verify your solution in a. by solving the system using Cramer’s Rule.

Ex. 8.29 Suppose A is an m X m matrix and b and ¢ are m x 1 vectors. Does
Ab = Ac imply that b = ¢? If no, give a counterexample.

8.5 Matrix Definiteness
A n x n symmetric matrix A is said to be positive definite if

2T Az >0 for all n-vectors x #0,, . (8.9)

If the inequality in (8.9) is non-strict, then A is positive semidefinite.
If the inequality in (8.9) is reversed, A is negative definite. If it is re-
versed and made non-strict, then A is called negative semidefinite. We
emphasize that the conditions must hold for all non-zero vectors z.”

Example 8.17 The matrix E ﬂ is positive definite since

2 1
(21 ) L 2} [ij = 2(z? + 2 29 + 23) = 2[(2; + 0.525)% +0.7523] > 0

as long as z; and x, are not both zero.

"Expressions of the form zT Az where = is n x 1 and A is n x n and symmetric are
called quadratic forms.
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Example 8.18 The matrix B ﬂ is indefinite (not definite) since

1 2] |z
Q=lz; ] [2 J L;] = af + 4,7y + 23

Ifz; =1and z, =1, then @ > 0. If z; =1 and z, = —1, then @ < 0.

We will consider methods for checking the definiteness of general n x n
symmetric matrices later in the book. For the moment we consider the
definiteness of the general 2 x 2 symmetric matrix A = (a;;)2. We have

Q=2TAzr = [z, ] {“11 a12:| [wl}

Q1o Q92| (T2

_ 2 2
= 01127 + 201521 Ty + A9

2a a
12 22 :
=ay (m% + T7y + —223 | if a;; #£0
a11 a11

2
2
Ao Q11099 — Q79 .

=aq T+ x| | x% if ay; #0.
al ar

The third and fourth lines assume a,; # 0. If a;; = 0, we can factor out
a9 instead. We have the following results:

e a;; >0, a9 >0 and aqya99 — a3y > 0 < A is positive semidefinite.

(=) should be obvious. To show (<), suppose @ > 0 for all x # 0,. Setting
z,; = 1 and z, = 0 shows that a;; = @ > 0. Setting z; = 0 and z, = 1 shows
that ay,y, = @ > 0. Setting x; and z, such that z,/z, = —a,,/a;;, we have
Q = [(ay,a95 — aiy)/ay )23, so Q > 0 implies ayyag, — afy > 0.

o a;; <0, a5 <0 and ay;a95 — a3y > 0 < A is negative semidefinite.
The argument for this is similar to the condition for positive semidefiniteness.
e a;; >0 and a; a4y — a3y > 0 < A is positive definite.

We do not need to include a,, > 0 as a condition since this is implied by the
two given conditions. The implication (=) should be obvious. To see (<), note
that if @ > 0 for all z # 0,, then choosing (z,,z,) = (1,0) or (0, 1) implies a,; >0
and a,y > 0. Furthermore, if a;;a4, — a3, < 0, then choosing z; and x, such that
2, /Ty = —ay5/ay; Tesults in @ < 0. So it must be that a;;a,, —a?, > 0.

e a;; <0 and ajay, — a3y, > 0 < A is negative definite.
The argument for this is similar to the condition for positive definiteness.

Of course, a,;a99 — a3, is just det A. The determinant of a definite 2 x 2
symmetric matrix cannot be negative.
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For larger symmetric matrices, the conditions for definiteness in terms of
determinants are more complicated. Suppose we omit n — k corresponding
rows and columns from A (the same rows and columns are omitted), with
k=1,...,n. Then the determinant of the remaining k£ x k matrix is called
an order-k principal minor (PM) of A. Let PM (A, k) denote an arbitrary
order-k principal minor of A. If the last n—k rows and columns are omitted,
then the determinant of the remaining k x k matrix is called the order-k
leading principal minor (LPM) of A. Let LPM (A, k) denote the order-k
leading principal minor of A. (The n LPMs are a strict subset of the PMs;
there are many more PMs than LPMs.) Then A is

o positive definite & LPM(A,k) >0 forall k=1,...,n,

 positive semidefinite < PM(A,k) > 0 for all k =1,...,n,

e negative definite < (—1)*LPM (A, k) > 0 for all k= 1,...,n, and

o negative semidefinite < (—1)*PM (A, k) >0 forall k =1,...,n.
We omit the proofs of these result. In Chapter 10, we discuss how to
determine the definiteness of A using its “eigenvalues”.
8.5.1 FEzxercises

Ex. 8.30 Suppose X is n x k. Explain why the matrix XTX is positive
semidefinite. Explain why it is positive definite if Xc¢ # 0 for all k-vectors
¢ # 0,,. (The next section explains the significance of the condition X¢ # 0
for all k-vectors ¢ #0,,.)

8.6 The Rank of a Matrix

We recollect a few ideas from Chapter 4. A point x in R™ can be thought
of as a m-dimensional vector, or “m-vector”. If X = {z,2,,...,2,} is a
set of n m-vectors, and if at least one of these vectors can be written as a
linear combination of the others, i.e., if

Ty =0Tt 6%+ 6T o G,

then we say that the vectors are linearly dependent. Another way of saying
this is that we can find ¢, ¢o, ..., ¢, not all equal to zero, such that

yCno
1T + Coxg + -+ x, =0.

If we cannot express any vector in X as a linear combination of the other
vectors, then the vectors in X are linearly independent. In that case, the
vectors in X will satisfy the condition

C1Ty + CoTg + - +cpx, =0 = ¢ =cp=--=¢,=0.

A vector space or subspace is a set of vectors such that linear combinations
of vectors in the space always result in a vector in the space.® Every vector

8When we think in terms of spaces, we move from “matrix algebra” to “linear algebra”.
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space or subspace must contain the zero vector. The set of all linear com-
binations of the vectors in X is a vector subspace of R™. The dimension
of this subspace cannot exceed min{m,n}. Finally, recall that two vectors
are orthogonal if their inner product is zero.

Consider an m X n matrix A, where possibly m % n. We can view the
columns of A as a collection of n m-vectors:

ap; Q2 - Qg Ay | G | | Q1p
A = |1 G2z - Gop | _ | Q21 | G2 | | G2p
CLm,l a’m2 a’mn CLrnl a’m2 amn

Linear combinations of the column vectors of A can be written as Ax where
x is some n-vector. If we consider the function

y=flx)=Az, z €R" (8.10)

mapping n-vectors into m-vectors, then the range of this function is the set
of all linear combinations of the columns of A, spanning a vector subspace
of R™ of dimension r < min{m,n}. We call this subspace the column
space of A and refer to r as the column rank of A.

Likewise, we can view the rows of A as a collection of m n-vectors, i.e.,

a a cee a
aq 1o a1, 11 12 In
Ao |01 G o Gy | _ 021 @22 v Oon
a Qa, Qa,
ml m2 mn A1 Qo Ay,

Linear combinations of the m row vectors can be written as y” A or ATy
where y is an m-vector. The range of the function

x=g(y)=ATy, yeR™ (8.11)

is the column space of AT, which is also the row space of A, since the
columns of AT are the rows of A. The dimension of the row space is called
the row rank of A.

It turns out that for any matrix A, the row and column ranks of A are
the same. Suppose the column rank of A is r. This means we can find
r linearly independent columns in A. Gather these columns into a m x r
matrix C. Since every column of A can be written as a linear combination
of the r columns in C', we can write A = CR where R is r X n, each column
containing the necessary weights to generate the corresponding columns
of A as a linear combination of the vectors in C. However, the fact that
A = CR also means that every row of A is a linear combination of the
rows of R, the necessary weights appearing in the corresponding rows of C.
Since R has r rows, the row rank of A also cannot exceed r, i.e.,

row rank(A) < r = column rank(A).
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Applying a similar argument to AT shows that the row rank of AT must
be less than or equal to the column rank of AT. But since the rows of AT
are the columns of A, we have

column rank(A) < row rank(A).

It follows that
column rank(A) = row rank(A). (8.12)

We can therefore speak unambiguously of the “rank” of a matrix A,
and simply write rank(A), where 0 < rank(A) < min{m,n}. If rank(A) =
min{m,n}, then we say that A has full rank. If this coincides with the
number of columns n, 7 = n < m, we can also say that the matrix has full
column rank. If the rank coincides with the number of rows, r = m < n,
we say that it has full row rank.

The most straightforward way to determine the rank of a matrix A is by
counting the number of pivots in its row echelon form, which we denote by
REF(A). Every row in REF(A) was formed by elementary row operations
on the rows of A, which means that every row in REF(A) is a linear
combination of the rows of A. It must be, therefore, that rank(REF(A)) <
rank(A). But it is equally true that every row of A is a linear combination
of the rows of REF(A), so rank(A4) < rank(REF(A)). It follows that

rank(REF(A)) = rank(A).

Since the rank of a row echelon form matrix is just the number of pivots
therein, the rank of A is the number of pivots in REF(A).

A square n X n matrix has an inverse if (and only if) its row echelon
form has n pivots, i.e., if A has full rank. The following are three further
results regarding matrix rank:

i. For any matrices A and B such that AB exists, we have
rank(AB) < min{rank(A),rank(B)}.

This result holds because the columns of AB are linear combinations of the
columns of A, therefore rank(AB) < rank(A). Likewise, the rows of AB
are linear combinations of the rows of B, therefore rank(AB) < rank(B).
It follows that rank(AB) < min{rank(A),rank(B)}.

ii. If A is a full rank m X m matrix and B is m x p of rank r, then
rank(AB) = r.

To see this, let E|, E,, ..., E,, represent the row operations that reduce A
to the identity matrix. Applying these same operations to AB reduces it to
B (since A is reduced to I). But elementary row operations do not change

the rank of matrices, so the rank of AB is the same as the rank of B.
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iii. For any matrix A, we have
rank(ATA) = rank(AAT) = rank(A).
We will prove this result shortly.

8.6.1 The Fundamental Theorem of Linear Algebra

Let A be an m x n matrix and consider the function
y=flx)=Az, zeR" (8.13)

mapping n-vectors into m-vectors. The range of this function is the set of
all linear combinations of the columns of A, i.e., the column space of A.
The dimension of this subspace of R™ is equal to rank(A) = r < min{m, n}.
We will denote the column space of A by C'(A,r) indicating both the matrix
and the dimension of the space. Likewise, the range of the function

x=g(y)=ATy, yeR™ (8.14)

is C(A™,r), the column space of AT, or the row space of A. The dimension
of the row space of A is also r, since rank(A4) = rank(A™T).

The problem of solving a system of linear equations can be described as
finding the vector or vectors x such that

Ax =0b for some be R™.

If b ¢ C(A,r), then there are no solutions. If b € C(A,r), then there is at
least one solution. There are infinitely many solutions if b € C'(A,r) and
A does not have full column rank, and exactly one solution if b € C'(A,r)
and A has full column rank, i.e., if r =n < m.

In general, the set of all solutions to the system Az = b, i.e., the set
{z € R" | Az = b}, will not be a vector subspace, which requires inclusion
of the zero vector. In contrast, the set of all solutions to the homogeneous
system of equations

Ax =0,

where 0,,, is the zero m-vector, will be a vector subspace of R™: If z; and
x4 are solutions, i.e., if they satisfy Az; =0 and Az, = 0, then oz, + Sz,
is also a solution, since

A(azxy + fzy) = cAzy + fAz, = 0.

We call the set of all solutions to Ax = 0 the null space of A. The dimen-
sion of the null space will be the same as the number of free parameters in
the solutions, which is n — r, where r is the rank of A. We denote the null
space of A by N(A,n—r) C R™.
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Notice also that Az = 0,, means that every row of A is orthogonal to
every x satisfying this equation. It follows that every vector x in C'(AT,r),
the row space of A, is orthogonal to every vector in N(A,n —r). We
say that the subspaces C(A™,r) and N(A,n —r) are orthogonal subspaces.
The zero vector 0, is the only vector in both C(AT,r) and N(4,n —r).
Since the dimensions of the two orthogonal subspaces C(A™,r) C R™ and
N(A,n —r) C R™ add to n, it follows that every vector x € R"™ can be
written as

r=uz,+x, where z, € C(AT,r) and z, € N(A,n—7).

We say that C(AT,r) and N(A,n — r) are orthogonal complements.
Likewise, the set of all y such that

Aty =0,
is a dimension m — r subspace of R™ called the null space of AT, denoted
N(AT,m —r). Tt is orthogonal to C(A, 7). The zero vector 0,, is the only
vector in both C(A,r) and N(AT,m —r). Every vector y € R™ can be
decomposed as

y=1y.+y, wherey, € C(A,r) and y, € N(AT,m —r).

i.e., C(A,r) and N(AT,m —r) are orthogonal complements.

The subspaces C(A4,r), N(AT,m —r), C(A",r) and N(A,n —r) are
called the four fundamental subspaces of a matrix A. Their relation-
ships, as discussed above, are summarized in the Fundamental Theorem
of Linear Algebra (FTLA).?

Theorem 8.1 (Fundamental Theorem of Linear Algebra) For any m x n
matrixz A of rank r, the spaces

(i) C(A,r) and N(AT,m —r) are orthogonal complements in R™,

(ii) C(AT,r) and N(A,n —r) are orthogonal complements in R™.

Note that if A has full column rank 7 = n < m, then C(AT,r = n) and
N(A,n—r =0). In particular, the dimension of the null space of A is zero;
it comprises only the zero vector 0,,. This also means that C(A™,r = n)
is the entirety of R™. Likewise, if A has full row rank, » = m < n, then
N(AT, m—r=0)=1{0,,} and C(A,7 =m) = R™. If Ais a full rank n x n
matrix, then both C(A,r = n) and C(AT,r = n) are the whole R" space,
and N(A,n—r=0)=NAY n—r=0)={0,}.

9Not to be confused with the Fundamental Theorem of Algebra.
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Example 8.19 The column space C(A,1) of the following rank 1 matrix

1 -2
2 4

3 —6

A:

comprises all vectors of the form

y=1I[y1 U y3]T:[s 2s 38]T (8.15)

which is a 1-dimensional subspace of R3. The null space of A comprises all
T
vectors « = [z, x| that satisfy Az = 05. These are vectors of the form

z=[z; xQ]T =s S/Q]T. (8.16)

The row space of A is a 1-dimensional subspace C'(AT, 1) of R? comprising
vectors of the form
T T
r=[r; x] =[r —2r] (8.17)
The null space of AT is the 2-dimensional subspace N(AT,2) C R® com-
prising all vectors y that satisfy ATy = 0. These are vectors of the form

T T

2u)” (8.18)

[ )

=t u —

Wl

y:[ilh Yo 93]

The vectors in C(A, 1) are orthogonal to the vectors in N(AT,?2), since for
all z € N(AT,2) and all y € C(A, 1), we have

t 2
z-y=aTy=st+2su+3s <—f——u) =0.
3 3
Visually, N(AT,2) is a plane in R?, and C(4,1) is a line in R?® that is
perpendicular to the plane, cutting through the origin. Any vector in

[a b C]T € R3 can be written as a sum of a vector of the form (8.15)
and a vector of the form (8.18). You can easily find s, t and u such that

s t a
25] + [ u ] = !b} . (8.19)
3s —% — 2?“ c

Likewise, the vectors in C'((AT, 1) are orthogonal to the vectors in N(A4,1).
Every vector in R? can be written as a sum of a vector of the form (8.16)
and a vector of the form (8.17).

As a quick application of the FTLA, we show that for any n x k& matrix
A we have
rank(AT A) = rank(A) = rank(AA™).
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The row spaces of A and AT A are both subspaces of R¥. Furthermore, they
have the same null space: if = satisfies Az = 0, then x satisfies AT Az = 0;
if ATAz = 0, then 2TAT Az = (Az)TAz = 0, which says that Az = 0
since (Az)TAz is the sum of the squared terms of the vector Az. Since
A and AT A have the same null space, their ranks are the same. Likewise,
rank(AAT) = rank(AT). Since rank(A4) = rank(A7T), the result follows.

If we consider only the vectors € C(AT,r), i.e., if we restrict the
domain of y = Az to C(A™,r), then A defines a one-to-one relationship
from C(AT,r) onto C(A,r). Suppose z,,z5 € C(AT,r). Obviously, v, =
x4 implies Az, = Az,, which implies A(z; — z5) = 0,,,. This says that
Zy — T is in the null space N(A,n —r). But z; — x5 must also be in
C(AT,r), since both z, and z, are in C(A™,r). Since 0,, is the only vector
in both N(A,n—r) and C(AT,r), it must be that z; —z5 = 0,,, or 7; = 5.

We can therefore characterize the mapping y = Az for any arbitrary
vectors x € R™ as

Az = A(z, +,,) for some z, € C(AT,r) and z, € N(A,n—r)
= Az, + Az,
= Az, since z, € N(A,n—r) implies Az, =0

m -

8.6.2 FExercises

Ex. 8.31 Consider the following matrix
1 1 55.127
0 12.02
0 354

1 10.89
1 208

1 19.12
0 19.23
0 9.62]

el el =

= e e e e

Show that rank(X) = 3. What is the rank of XTX? Does XT X have an inverse?

8.7 Vectors and Matrices of Random Variables

Organizing large numbers of random variables using matrix algebra pro-
vides convenient formulas for manipulating their expectations, variances
and covariances, and for expressing their joint pdf.

8.7.1 Ezxpectations and Variance-Covariance Matrices

The expectation of a vector « of m random variablesz = [X; X, .. X
is defined as the vector of their expectations, i.e.,

E(z)=[E(X,) E(X,) .. BE(X,)]
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Likewise, if X is a matrix of random variables, then

X, X .. Xy, E(Xy)  E(X, E(Xy,)
Y X:21 X:22 X:2n o B(X) = E(Xy) E().(22> E(X,,)
Xml Xm2 an E(Xml) E(Xm2) E(Xm")

With these definitions, we can define the variance-covariance matrix
of a vector x of random variables. Let

X2 XX, XX,
g | X2X X% XX,
)N(mf(l Xm)z2 me(m
[ ng(i) E(XLNQ E<):(1):(m) (8.20)
_ | B(XX) E(XE) . E(XGX,)
-E(Xm)zl) E(XmXQ) E(Xme)
Var(Xy) Cov(X,,Xy) ... Cou(Xy,X,,)
| Cou(Xy,X,) Var(X,) e Cov(X4, X))
LCov(X,,X,,) Cou(X,y,X,,) .. Var(X,,)

In other words, E((x— E(x))(z— E(x))T) is a symmetric matrix containing
the variances of all of the variables in z, and their covariances. We denote
the variance-covariance matrix of a vector of random variables « by Var(z):

Var(z) = E((x — E(z))(z — E(z))1).
Example 8.20 Let X, X, and X5 be random variables with
E(X,) =1,E(X;) =3, E(X;) =5,
Var(Xy) = 2, Var(X,) = 3, Var(X3) =2, and
Cou(X,,X;5) =1, Cov(X,,X3) =0, Cov(Xy, X3) =2
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and let x be the 3 x 1 vector [X; X, X3]T. Then

1 2 10
E(X)=1{3| and Var(X)=|1 3 2|.
) 0 2 2
Recall that if X is a (univariate) random variable, then
o E(aX +b)=aE(X)+b,
e Var(aX +b) = a®Var(X), and
e Var(X) = E(X?)— E(X)%

The following are the matrix analogues of these results. Suppose z is
an m x 1 vector of random variables, A = (a;;);,, is a k x m matrix of
constants, and b is a k x 1 vector of constants. Then

(i) E(Ax +b) = AE(x) + b,
(ii) Var(Az +b) = AVar(z)AT,
(ili) Var(z) = E(za™) — E(x)E(x)T.

To show (i), we note that the ith element of the & x 1 vector Az + b is
Z;n:l(ainj +b,), and the expectation of this term is

E (i(aijxj + bi)) = f:aijE(Xj) +b;,

=1

which in turn is the ith element of the vector AE(x) 4+ b. For (ii), since
Ax+b— E(Ax +b) = A(x — E(z)) = AZ, we have

Var(Az 4+ b) = BE((AZ)(AZ)T) = BE(AzZTAT) = AE(757) A"
= A Var(z)AT.

You are asked to prove (iii) in Ex. 8.32.

Example 8.21 Given a vector of random variables x, the linear combina-
tion ¢Tz of the random variables in z has variance-covariance matrix

Var(cTz) = T Var(z)c.

Since variances cannot be negative, we have ¢T Var(x)c > 0 for all ¢, i.e.,
Var(z) is a positive semidefinite matrix. If there is a linear combination
of the random variables in x that has zero variance, then at least one or
more of the variables in z is actually a constant (a “degenerate random
variable”), or at least one of the variables in x is a linear combination of
the others. Otherwise we have cT Var(x)e > 0 for all ¢ # 0, i.e., Var(z) is
positive definite.
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8.7.2 The Multivariate Normal Distribution

We presented the pdf of a bivariate normal distribution in Section 7.4.4.
We present here the pdf of a general multivariate normal distribution and
some associated results. A k x 1 vector of random variables x is said to
have a multivariate normal distribution with mean p and positive definite
variance-covariance matrix ¥, denoted Normal,(p, ), if its pdf has the
form

: 1
fa) = (2m) det(S) F e {50~ = @ - )}
We list a few results below, omitting proofs:
(a) If ¥ is diagonal, then X, X5, ..., X, are independent random variables.
(b) If  ~ Normal, (i, X), then for A, ., and b, .4,
Az +b ~ Normal, (A + b, ALAT).
(c) If we partition x as
Ty pi| | En E12})
~ Normal, ,
LJ F <[NJ {221 299

where z; is k; X 1 and x4 is ky x 1, with k; + k5 = k, then the marginal
distribution of @y is Normaly, (x,,%;;), and the conditional distribution of
xy given x, is

Ty | Ty ~ Normalkz (H2\1a E22\1)

where pi); = py + Y1207 () — p1y) and Yogp =Yg — 201271 S

(d) If & ~ Normal,(0,I) and A is a rank v symmetric matrix such that
AA = A, then the scalar 7 Az is distributed y?(v):

2TAz ~ x2(v).
Matrices A such that AA = A are said to be idempotent.
(e) If 2 ~ Normal, (i, ¥), then (x — pu) TS (& — p) ~ x2(k).

8.7.3 FEzxercises
Ex. 8.32 Show that Var(z) = E(x2™) — E(x)E(z)7T.

Ex. 8.33 Show that E(trace(X)) = trace(E(X)) where X = (X,;)
of random variables.

nxn 18 @ matrix
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8.9 Appendix: A Formula for the Inverse Matrix

Recall that the (7, j)th cofactor of a square matrix A is the determinant of
the same matrix with the ith row and jth column removed, times (—1)"*7.

For example, the (2, 3)th cofactor of the 4 x 4 matrix

1 Q12 (13 Gy
A = |T21 Q22 Q23 Q24
(31 A3z G33 O3y
Gq1 Qg Q43 Oyq
a1y G2 A1y
sl - . . app Q1 Ay
; — + —
18 Cy3(4) = (=1) a a o | = T %81 @32 Q34
31 (32 34
g1 Qg2 Gyq
Gq1 Q42 Qg4

The determinant of A can be computed using the Laplace expansion over
any row or column. For instance, we can take the Laplace expansion along
the second column to get

det(A) = a19C12(A) + a0 (A) + a35C55(A) + ay5C45(A) .

The matrix A and its cofactor matrix C'(A) is shown below, where we
have boxed the second column of both.

ayy a3 a3 Qg
A — |21 | @22 do3 A2
aszy a3z azz Q34
|41 | @42 | Q43  Gaq
Ci1(4) Cia(A) Ci3(A)  Cu(4)
cla) = |Ca(A) | Coa(A) | CaglA)  Cau(A)
C31(A) | Csa(A) | C33(A)  Czy(A)
[Cui(A) | Cpa(A)| Cyu3(A) Cuu(A)

What happens if we were to expand along the second column, but multi-
ply each cofactor by the corresponding elements of a different column? We
can see the effects of this by considering the determinant of a modified A
matrix, with the second column replaced by the first, as shown below along
with the corresponding modified cofactor matrix:

ary ar aiz Ay

A — | %2 a1 Ag3 Qg4

agy | @31 | agz Aagy

| @41 | @41 | Q43 Gyq
Cu(d) |Cn@)| Cu(d) Cu(d)
C(Z): 021(11) 022(11) 023({}) 024(11)
031(14) C32(é) 033(13) 034(é)
[Ca1(A) | Cpa(A) | Cy3(A)  Cuu(A)
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The determinant of A is zero, since there are two identical columns. The
cofactors of A along the second columns are the same as the corresponding
cofactors of A. This means that

~

det(A) = a11C19(A) + a2, C9(A) + a31Cs5(A) + ay;Cya(A) = 0.

You can see that the same result will hold if we multiplied the cofactors in
the second column with the corresponding elements of columns 3 or 4. In
general, the sum of the products of the cofactors in one column (row) of the
cofactor matriz C(A) with the corresponding elements of a different column
(row) of the matriz A is zero.

Now consider pre-multiplying A with the transpose of C(A4). We have

[C11(A) Cun(A) C31(A) Cu(A)] [ayn ap a3 ay
C(A)TA= Cia(A)  Cpn(A) C3p(A) Cp(A)| |ay  axn ay agy
Ci3(A) Cy(A) Cs3(A) Cyu3(A)| |az1 agy aszz agy
LC14(A)  Cyu(A) C3u(A) Cu(A) Llayy aye ays ay

rdet(A) 0 0 0

_ 0 det(A) 0 0

B 0 0 det(A) 0

L O 0 0 det(A)

It follows that the inverse of A is the transpose of its cofactor matrix divided

by the determinant
1
= AT,
det(A) cid)

Cramer’s rule pops right out of this formula. Consider the n-equations
n-unknowns system Ax = b where

—1

a1 G2 A1p Ty by
A = |21 G e agy e %2 and b= by
ap1 Gpa Apn L, bn
If a unique solution exists, then
Cu(A) Cu(d) . Cpuh) T
A1y 1 Ty _ 1 Cip(A) Cpu(A) ... Chs(4) by
L Cln (A) CQn(A) Cnn (A) bn
where we have indicated the solution for z,. You can see that
1 det(A4(D))
=—7b A) + b,Cy0(A) + -+ A= ———F"—+
Lo det(A) [ 1012( ) + 2 22( ) + + nCn2< )] det(A)

where A,(b) is the matrix A with the second column replaced by b. Similar
remarks can be made for the other elements of the solution z.
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8.10 Solutions to Exercises
Ex. 8.1: dim(A) is 3 x 2. (4);, =13. (A)3, =7.

2 3 4 5
Ex. 82: A= [3 45 6]'
Ex. 8.3:
1 *x x x * 0 0 O * % % % * 0 0 O
ok 1ox x| |0 % 0 0] ... [0 x x x| . |x x 0 0
Ly w1 <l %o 0« ol 1o 0 « «f ™ |s « « ol
* % % 1 0 0 0 = 0 0 0 = * ok k%
Ex. 8.4: Solving u+2v=1and u+v =4 gives u =7 and v = —3.
1 1 1 1
01 1 1 Question does not define the (i,7)th
Ex. 85: A= .
0010 element; we’ve decided on (4),; = 1.
1 0 0 1

Ex. 8.6: Even though they are both zero matrices, A and B are not equal because
their dimensions are not the same.

6 4 1 3 4 75 6

2 5| +=1|1 8| =125 9.

3 1] 2 L J {3.5 :J

3 4 3 2
2 8| =|1 4|;B=
15 3 3
Ex. 8.8: Only (a) and (c) are symmetric.

Ex. 8.9: (a) - (e) are all true. (f) is false: (AT)T = A holds for all matrices.
1 2 1

4 3 0

Ex. 8.7: A= %

Ex. 8.10: (a) A = 2C — 1D and B = 2D — 1C where C = [

- 3

] and

4 2 3 PR
Df{s . 1}.(1))14750,3750.

28 64
14 4 20 16
x s po= [l 4] op [ 24},/43_{163 0|

(b) BA cannot be computed, because number of columns in B does not equal
number of rows in A.

Ex. 8.12: We have

Ty
T n
T, _ 2| _ 2
e =[z, z, . oz, 75 x?
: =1
T

n

which is non-negative because it is a sum of squares. 27

element of z is zero.

o2 42 4] [2--2+4-1 2:4+44--2] [0 0
Ex. 8.13: (a) {1 2“1 —2}_[1~—2+2~1 1.4+2~—2}_{0 0}‘

0 Y| [ R oY ot B P

x = 0 if and only if every



August 31, 2024 18:18 book-9x6 Baydur-Preve-Tay index page 345

Matriz Algebra 345

n

(AB)qk(C) = Z (Z(A)il(B)lk> (C)k]’
k=1

=1

I
NgE

(a) ((AB)C);

iJ

Bl
I

1

Il
fat

k=1

I
3
s
NE
©

mm>—§jAmwom—cMBmm

(b) (AB+C))yy = (A)u(B+0)y; = Z(A)ik((B)kj +(C)yy)

3

-y B); + Z (AB + AC),;
(C) ((A + B)C))ij = _ (A + B)ik(c)k]’ = _ ((A)zk + (B)zk)(c)k]
-3 )y + Z (AC + BC),

Ex. 8.15 (a) ({,, Zk 1( L) (A)kj (Im)ii(A)ij = (A)ij'

(b) (AL,);; = Zkzl( Jir )iy = (A)i; (1) 55 = (A)y-

ay1by + aypby + ayzbs

Ag1by + geby + ag3bs

ag1by + agoby + agsby |

ay1by + ayoby + ay3bs

Ex. 8.17: (a) We want to show that the (i, j)th element of (AB)T is equal to the

(i,j)th element of BT AT. By definition of the transpose, the (i,7)th element of
(AB)T is the (j,4)th element of AB, therefore

Ex. 8.16: Both RHS and LHS equal

((AB)T)'LJ‘ = (AB)ji = i:ajkbki
=3 b = S (BT (AT, = (BTAT),,
=1 k=1

For (b), we have (ABC)T = ((AB)C)T = CT(AB)T = CTBTAT.
Ex. 8.18: Since X is n x k, XTX is k x k. XTX is symmetric since (XTX)T =
XT(XT)T = XTX.
Ex. 8.19: (a) tr(A+ B) = Z?ZI(A +B),, = Z:’ZI(A)“ + (B);; = tr(A) + tr(B).
(b) (A),; = (AT),;, so the trace of A and ATare the same.
() tr(AB)=3",(A ) = iy (Bli(A)i = 2o, (B) (A )k*tr(BA)
(d.i) Multiplying out xxT will show that its diagonal elements are 22, = 1,2, ..., n,
so the trace of xz7 is Z 2?2 = 2Tx. For (d.ii), using results from part (c )7 we
have tr(zTz) = tr(zz™), but since 2T is a scalar, we have tr(zTz) = 2T 2.
Ex. 8.20: (a) Since (ifi,)™" = 1/n and ity = " v;, we have (iri,) ity =
(1/n) X, v =7
(b) We first note that M, = I,, — i, (iri,) tiy = I, — i it. We have,

T Lo\ _r_ loever_gr_ Lo
Symmetry: My = (In — fznzn> =1, — =) iy =1 — =i i, =M,.
n n n

n n
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1 1
Idempotence: M M, = (In — finz'T) (I ,— —1 ZT)
n n

L 'n

Y1—Y
(c) First, note that Myy = (I, —i,(ifi,) My =y—i,y= & _ Y1 . Therefore
Yn — Y

n

D (W —1)? = (Myy)™ Moy = y" Mg Myy = y" My Mgy = y™ My .

i=1

Ex. 8.21: The result follows from the following equalities:

n n n n

Z(A)ik(aB)kj = Z(A)ika(B)kj = Z(O‘A)ik(B)kj = O‘Z(A)ik(B)kj'
i=1 i=1 =1 =1
37 19 24
34 19 35
Ex. 8.22: Multiplying out fully, we have AB = |27 15 18].
27 10 17
38 13 17

Writing A and B as

210 1
An A12:| 3|1 3 [Bll Bl2:|
= and B = = )
{Am 22 115 4 By By,
411 1

it is straightforward to verify that

2 35 37
AllBll +A12le - {4] + {30} - [34}

0 1 19 23 19 24
Ay By + Ay By, = {0 2} * {19 33] - {19 35}

and likewise for Ay, By, + Ay, By and Ay By, + Ay By,. Furthermore

and

[
AL AL
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Ex. 8.23: Write A as
ay; Gy v G| (M
a a -a a
21 22 2n 2
A= |— — — =1 where a;, = [a; a5 ... ay,].
A1 ) Ay Qs
A1y
Then cTA=[c; ¢ ) G20 | — e g Yeas +odeoa
- 1 2 m . — F1¥1x 2% 2% m“msk
-a’ln*

Ex. 8.24: The first equality can be obtained by multiplying

X;Ii X;IiX*l XEX*Z X;IiX*S
XTX = X;g [X*l X*2 X*3] = X:«IQ‘X*I X:};X*Q X;[Q‘X*?)
XES X;IZ;X*I X;IS;X*2 X;[‘;X*3

The second equality comes from the partition by observations:

Xl*
XZ* n
XTX =[xt XL X§ .. XL]|X.| =) XIXx,.
H i=1
x

n*

The last expression comes directly from the second expression.

Ex. 8.25: In Example 8.13 we showed that the inverse of A is A7l =

_ 1 1 0
6 3
% —% % . Therefore the inverse of AT is
0 2 _1
3 3
1 1
-5 2 0
TV-1 _ (A-1\T _ | 1 4 2
(4%) ANH)'=1]35 -3 3
2 1
U

Ex. 8.26: This is easily seen by direct multiplication.

Ex. 8.27: Adding a multiple of one row to another row does not change the
determinant of a matrix. If row i of a (square) matrix is a multiple of row j,
then subtracting that multiple of row j from row i reduces row i into a zero row
without changing the determinant. The determinant of any matrix with a zero
row is zero. Matrices with zero determinant do not have an inverse.

Ex. 8.28: (a) The system can be written as Az = b as shown below
4 0 1 T 4

8 1 —3| |z, =3
12 1 0] [ 1
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To find the inverse of A:

0 1]1 00 0 1|1 0
8 1 —3[0 1 0| —— | 0 —5|-2 1
(2} (2-2[1
12 1 0 |0 0 1 (1]« (3]-3(3] 0 1 -3]-3 01
o 1|1 o
_ 0 -5 -2 1 0 eclfloeleon
(81 (312 orm
0 0 -1 -1 1
0 0] 5 3
—— |0 [ o |-t -3
[1}e-{1- 313
2l 2+ 53 0 0 -t
3 1 1
1 00) 5 5 —§
P o|-% -1
(¢ [1] 0 0 1 L1 1
(8312 222
That is,
31 1y
-1 |:89 83 58
AT =15 =5 3
_1 1 1
2 2 2 -

The solution to the system is therefore

3 1 _17 14
8 8 8 7
r=A"1p = [— — } {3] , i.e.,xlzi, Ty =20, 3 =-—3.

1

MBS NI
MBS NI
N =0 ot

(b) The determinant of A is the product of the diagonal of the row echelon form,
i.e., det(A) = 8 (we did not swap rows or multiple any row by a factor in obtaining
the row echelon form). Likewise, you can show that the determinants of A, (b),
A, (b) and A4 (b) are

4 0 1 4 4 1
det(A,(b) =3 1 —3|=14, det(A,(b)) =|8 3 —3|=-160
1 1 0 12 1 0
4 4
and det(A44(0))=1|8 1 3|=-24
12 1 1

which gives
x, =14/8=7/4, z, = —160/8 = —20 and z; = —24/8 = —3.
Ex. 8.29: No. Ab = Ac implies b = ¢ only if A is non-singular, in which case

Ab=Ac = A 'Ab=A"T14Ac = b=c.
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But if A is singular, then it is possible that Ab = Ac but b # c. For example,

1 2]fo] _[2] 1 2][2

2 4| |1 |4 |2 4] |0
Ex. 8.30: The quadratic form Q = cTXTXc = (X¢)T(Xc). Since Xc is n x 1 for
all ¢, @ is a sum of squares which cannot be negative. If Xc¢ # 0 for all k-vectors

¢ # 0,, then Xc is a non-zero n x 1 vector, and the sum of squares (Xc¢)T(Xc)
will be strictly positive.

Ex. 8.31: We can find the rank by Gaussian elimination. Swap the first and
second rows of X. Then (a) subtract first row from all rows below it, (b) subtract
row 2 from rows 4, 5 and 6, (c) use the pivot in column 4 to eliminate everything
below it (the last step is not shown):

1 0 1202 10 12.02 Lo 1202

T 0 1 5512 0 1431 0 R

1 1 0 354 0 0 0 -848 0 0 0
1 0 1 10.89 0 -1 1 -113| |9 o o —4493|.
1 0 1 20.8 0 —1 1 8.78 0 0 0 —34.32

1 0 1 1912 0 -1 1 71 0 0 0 -36.0

1 1 0 1923 0 0 o0 721 0o 0o 0 721
11 0 962 0 0 0 —24 0 0 0 —24

This shows that rank(X) = 3. An quicker way is to note that the first column of
X is obviously the sum of its second and third column, whereas columns 2 to 4
are clearly independent, so the rank is three. The rank of the 4 x 4 matrix XTX
is also 3. Since XTX is not full rank, it does not have an inverse.

Ex. 8.32: We have

Var(z) = E((z — E(z))(z — E(x))")
= E(x2xT —2E(z)T — E(z)2™ + E(z)E(z)T)
= E(z2T) — E(z)E(2)T — E(x)E(x)T + E(z)E(x)T
= E(xxT) — E(z)E(z)T

Ex. 8.33: trace(X) = X;; + Xy, + -+ + X,,,,. Therefore

E(trace(X)) = E(X;; + Xoo + -+ X))
= FE(Xy;) + E(Xy) ++ E(X,,) = trace(E(X)) .
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