
ECON207 Session 5: Review Exercises

AY2024/25 Term 1

Question 1 Consider the simple linear regression 𝑌𝑖 = 𝛽0 + 𝛽1𝑋𝑖 + 𝜖𝑖, 𝑖 = 1, 2, ..., 𝑛, which
can be written 𝑦 = 𝑋𝛽 + 𝜖, where

𝑦 = ⎡⎢
⎣

𝑌1
⋮

𝑌𝑛

⎤⎥
⎦

, 𝑋 =
⎡
⎢⎢
⎣

1 𝑋1
1 𝑋2
⋮ ⋮
1 𝑋𝑛

⎤
⎥⎥
⎦

, 𝛽 = [𝛽0
𝛽1

] and 𝜖 = ⎡⎢
⎣

𝜖1
⋮

𝜖𝑛

⎤⎥
⎦

.

(a) Show that

𝑋T𝑋 = [ 𝑛 ∑𝑛
𝑖=1 𝑋𝑖

∑𝑛
𝑖=1 𝑋𝑖 ∑𝑛

𝑖=1 𝑋2
𝑖
] .

(b) The OLS estimator for 𝛽 is

̂𝛽𝑜𝑙𝑠 = [
̂𝛽𝑜𝑙𝑠
0
̂𝛽𝑜𝑙𝑠
1

] = (𝑋T𝑋)−1𝑋T𝑦 .

Show by evaluating the expression above that ̂𝛽𝑜𝑙𝑠
0 = 𝑌 − ̂𝛽𝑜𝑙𝑠

1 𝑋 and

̂𝛽𝑜𝑙𝑠
1 = ∑𝑛

𝑖=1(𝑋𝑖 − 𝑋)(𝑌𝑖 − 𝑌 )
∑𝑛

𝑖=1(𝑋𝑖 − 𝑋)2 .

(c) The variance-covariance matrix of ̂𝛽𝑜𝑙𝑠 is

Var( ̂𝛽 ∣ 𝑋) = [ Var( ̂𝛽0 ∣ 𝑋) Cov( ̂𝛽0, ̂𝛽1 ∣ 𝑋)
Cov( ̂𝛽0, ̂𝛽1 ∣ 𝑋) Var( ̂𝛽1 ∣ 𝑋) ] = 𝜎2(𝑋T𝑋)−1.

Show that

Var( ̂𝛽0 ∣ 𝑋) = 𝜎2 ∑𝑛
𝑖=1 𝑋2

𝑖
𝑛 ∑𝑛

𝑖=1(𝑋𝑖 − 𝑋)2 , Var( ̂𝛽1 ∣ 𝑋) = 𝜎2

∑𝑛
𝑖=1(𝑋𝑖 − 𝑋)2

and Cov( ̂𝛽0, ̂𝛽1 ∣ 𝑋) = −𝜎2𝑋
∑𝑛

𝑖=1(𝑋𝑖 − 𝑋)2 .

(d) The sign of Cov( ̂𝛽0, ̂𝛽1 ∣ 𝑋) is negative if 𝑋 > 0 and positive if 𝑋 < 0. Can you give
any intuition for this result?
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