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Matrix Definition Matrix Definition

Matrix with m rows, . columns
a1 Qg v Qy @ Order or Dimension m x n

n
a a -a o If m = n: square matrix
Session 4.1 rows | 2L @22 7 2n em
: : . : o Ifm >1and n=1: column vector
@ Matrix Definitions and Operations i Oma  Gun o Ifm =1 and n > 1: row vector
. . o Ifm =1 and n = 1: scalar
o Types of matrices, notation columns

a;; is the (7, j)th element or term of the matrix

o Additions, scalar multiplications, Hadamard product, matrix multiplication,

" Other notational conventions:
transposition

® (a;;)mxn refers to a m x n matrix with (4, j)th element a,;

o (A);; refers to the (i, j)th element of the matrix A
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Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

Given two matrices A and B of the same dimensions:

® Equality: A=B <= (A4);;=(B);foralli=1,..,m;j=1,..,n
o Addition: (A+ B);; = (A);; + (B); foralli=1,...,m; j=1,..,n
o Matrix addition is element-by-element addition
® Hadamard Product: (A© B),;; = (A);;(B);;
e Hadamard Product is element-by-element multiplication
o Alternative notations for Hadamard Product: Ao B, A% B

For any matrix A and any scalar & € R

@ Scalar Multiplication: (aA);; = (Aa);; = a(A);; foralli=1,....m; j=1,...,n
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Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

Examples: If A = [an @12 a13] and B = [bn b1 b13], then
Qg1 Qoo Go3 ba1 bog oy

a1 +byp a;p+b Qo + by
e A+ B= [ 11 b1 aa+bio ags 13]
Qg1 +byy Gy + by a9z + Doy
e AOB= [allbu a12b12 alels]
A21b91  Ggobyy  ag3bog
o oA — Ao — {Ozall aay, ozal3]
aan Oéa22 Oéa23
a11 —biy Gy9—Dbiy a3 —0
e A—B=A+(-1)B= [all_bll a12—b12 a13_b13
21 —bo1 Aoy —boy g —bog
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Matrix Operations (Add, Hadamard Prod, Scalar Mult.)

The following should be obvious:
e (A+B)+(C=A+(B+C), (A0B)0C=A0(Bo()
e A+B=B+A, AOB=B0oA
e AO(B+(C)=A0B+AOC
o a(A+B)=aA+aB, (a+p)A=aA+ LA
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Matrix Operations (Transposition)

@ Matrix Transpose of A, denoted AT, is defined by (AT)U =A;

ap; A

e.g., If A - |:a11 a12 u13:| 5 then AT - [QIQ a22:|

(g1 Q22 Qg3 a1y oy

Ty
if ©= hen 2T =
eg., if x Tol| , thenz T, Ty Ty
T3
. T
We often write column vectors as = [z, x5 - ,] to save space
Sometimes a matrix transpose is written as A’ instead of AT
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Matrix Operations (Transposition)

Clearly
o (A+B)t =AY+ B"
o (AoB)T=ATo BT

o (aA)t = A"
o (ANHT =4
Definition: A square matrix is symmetric if (4);; = (A),;, i.e, AT =A
1 3 2 1 3 2
eg., |3 4 6] issymmetric, |7 4 6] is not
2 6 3 2 6 3
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Matrix Operations

For the product of a 3 X 3 matrix and a 3 X 2 matrix, we have

@11 Q12 Q13 bi1| bis ‘anbu +a12by1 + ay3b3y ‘ *
b. boo | =

G5, QO30 Qo bzl bzz . .

a3, G35 G35 ] || Y31 32 | | . .

o _ 3 _
bi1 b2 D heq G1kbrn ‘a11b12+a12522+a13b32
b b =
Gg; Qg Gog b21 b22 . .
L az; azp asz | L7831 32 L ° ° .
fay; G a;3] 1T T 2 b 2 boo]
11 712 73 bi1| b1z g1 %1k%1 k=1 21k%%2
Qg1 Qg2 G23 221 222 = ‘G'Zlbll + ag2byy + a3y ‘ b
L a3, a5 ass J [[931 32 | i . N |
and so on.
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Matrix Operations (Matrix Multiplication)

Matrix Multiplication/Product: For any m X m matrix A and n X p matrix B3, we have

(AB);; = Zaikbk’j :
k=1

i.e., (4, 7)th element of AB is the sum of the product of the elements of the ith row of
A with the corresponding elements in the jth column of B

For example,
° (AB); = Zz/:l aypbyr = a11b1y + ag9byy + aq3bsy + -+ a0y
® (AB)gy3 = Z;lel Aobrsg = Ag1b13 + Agobog + ag3bsg + -+ + agy, b5
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Definitions and Matrix Operations
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Matrix Operations (Matrix Multiplication)

2 8
4 7 1 3 4
g (1) ’B_[G 9] andC’—[6 9 5] then

2 8 47 24486 2-74+8-9 56 86
AB= (3 0 [ }: 3-4+0-6 3-7+0-9| = |12 21].

If A=

5 1 69 54416 5-7+1-9 26 44

e A and B “conformable” for the product AB requires no.cols(A) = no.rows(B)
@ Even if A and B are conformable for AB, the product BA might not be possible
@ Even if AB and BA are possible, they may not be equal (might not even be the

same dimensions)
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Matrix Operation (Matrix Multiplication)

A = matrix(c(2,8,3,0,5,1),
nrow=3, byrow=T)

B = matrix(c(4,7,6,9),
nrow=2, byrow=T)

C = matrix(c(1,3,4,6,2,5),
nrow=2, byrow=T)

Matrix Operations (Matrix Multiplication)

Easy to show

A 5 c o (AB)C = A(BC)if Aismxmn, Bisnxpand CispXq
[,11 [,2] [,11 [,2] [,11 [,2]1 [,3] . .
R 0 a7 01 1 3 a e ABB+C)=AB+ ACif Aism xn, Band C aren X p
2,0 3 o0 2,0 6 9 2,7 6 2 5 ] )
3 5 1 e (A+ B)C=AC+ BCif Aand Barem xnand Cisn x p
A *% B A *% C
(1 [,2) (11 [,2] [,3] Proof of (AB)C = A(BC):
[1,] 56 86 [1,] 50 22 48
[2,] 12 21 [2,] 3 9 12 D D n
(3.1 26 44 (3.0 11 47 28 ((AB)C)U = Z((AB))M;(C)IW‘ = Z (A)ir(B) (C)kj
B %*% A C %*% A k=1 k=1 \r—1
Error in B %#% A: non-conformable arguments [,1] [,2] n ig n
E;% Z; ég = (A)'i'r ( (B)'rk(c)kj> = Z(A)iv’(BC)rj = (A(BC))“
’ r=1 k=1 r=1
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Matrix Operations

In some respect, matrix multiplication behaves quite differently from multiplication of
numbers:

e.g., A matrix with all elements 0 is the “zero matrix” 0

Ll A=)
SRR

mxn
Sometimes subscripts left out

@ A0=0

@ 0B=0

@ But AB =0 does not imply A=0o0or B=0

@ Possible for A #£ 0, yet A2 =AA=0

ECON207 Session 4
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Matrix Operations (Matrix Multiplication)
It is possible for Ab = Ac, yet b+ ¢

e S e )

There is an important special case where Ab = Ac —= b =rc¢

e.g.,

We'll come to it later
Important to understand Ab = Ac does not imply b = ¢ in general

ECON207 Session 4 This Version: 17 Sep 2024
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Relationship between Matrix Multiplication and Transpose

Suppose A ism X n and B is n X p, then

Proof: We have

(AB)T = BT A"

n

((AB)T)M = (AB)ji, = Z(A>jk:(B)k1‘,

S

k

=l
—

2

k

Il
—

ECON207 Session 4
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(BT)ik:(AT)kj = (BTAT)'LJ'
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The Identity Matrix

The identity matrix I, is the n X n matrix such that

1 i
(In)ij:{ T o ,j=1,...,n

0 ifi#j
That is,
10 - 00
01 - 00
I, = : :
00 - 10
00 - 01

If Aism X n then
Al,=A and [, A=A

ECON207 Session 4 This Version: 17 Sep 2024 18/84

Definitions and Matrix Operations Definitions and Matrix Operations
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Diagonal, Upper and Lower Triangular Matrices

The identity matrix is an example of a diagonal matrix

A diagonal matrix D is a square matrix such that (D),; = 0 for all i # j

o It doesn't matter what the diagonal elements (D)

o Diagonal matrices are often written diag(dy, d,, ..

@ The identity matrix is diag(1,1,...,1)

A lower triangular matrix L is a square matrix such that (L);; = 0 for all i < j

An upper triangular matrix U is a square matrix such that (U),L-j =0foralli>j

ECON207 Session 4
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Diagonal, Upper and Lower Triangular Matrices

diagonal lower triangular upper triangular
* 0 - 00 * 00 * ok *
0« - 00 x % 00 0 = *
D= |: : =~ :: L=|: : U= : :
00 « %0 x % - x 0 00 *
00 -« 0 = * ok e ok 0 0 0

where * means any value, including 0
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Important examples of matrix products

Example: The general linear system of equations

a1y + 19Ty + - + ay,x, = by
a211'1 + a221‘2 + A + a2nxn = b2

1Ty + Gppoo + -+ Ay, = by,

ap;  Gp9 ary Iy by
. a a ..oa T b
can be written as 21 22 2n 2] = |72 or Ax=5b
Am1 Qm2 A Ly, bm

Often the problem is: given A and b, want to find x so that equation holds
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Definitions and Matrix Operations
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Important examples of matrix products

T
If v = [z, z,]| , then
1
T n
R N 2| _ 2
Inner Product: z%z = [z, z,] S = E x;
: i=1
x'n,
The norm of a vector x is defined as |z|| = VaTx
2
Ty T3 T1dg L1T,
2
x Toky X T,
Outer Product: xz® = | 72| [z, z,|= "% 72 2on
: 2
T, Lply Tplyg v Ty

ECON207 Session 4 This Version: 17 Sep 2024 22 /84

Definitions and Matrix Operations Inner Product
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Important examples of matrix products

T ,
If 2 =[x x,]", and A = (a;) then 27 Ax = Y " | Z;zl T 0

nXxXn?'
For the case when n = 3:

Qy; Q12 A3 [Ty
Lo 13] Qg1 A2y Qg3 | Lo
a3; Q32 a3zl LT3

T Az = [z,

Ty
L1y 4 Tolys + Tyags] | Ty
T3

= [xlall + Tplp1 +T3037 T1A12 + Toloy + L3d39

_ .2 2 2
=xfa11 + T3095 + T3a35 + T1To(A15 + asq) + T1T3(a15 + agq) + ToTz(as3 + ags)

When A is symmetric, T Az is called a quadratic form

ECON207 Session 4 This Version: 17 Sep 2024 23 /84

Session 4.2

Session 4.2 Comments on the Inner Product
@ Geometric understanding of the inner product

@ Norms and angles between vectors

ECON207 Session 4 This Version: 17 Sep 2024 24 /84



Inner Product
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Comments on the Inner Product

In some contexts, a “vector” is simply an ordered list of numbers with no shape

® e.g., an general n-vector x = (zq, %y, ..

@ e.g., a specific 4-vector (1,5, 3,2)

° ‘rTL)

Inner product / Scalar Product / Dot Product w - v or (u,v)

143
UV = (U, Uy, oo s Uy,) * (U1, Vgy e, V) = UV + UgVg + - + U0, = E v,
i=1

In matrix algebra, we organize vectors into rows or columns

If u and v are columns vectors, the inner product is u

Inner Product
000@0000000000

Comments on the Inner Product

ECON207 Session 4

ECON207 Session 4

To

This Version: 17 Sep 2024 25 /84

Can view a vector v as an “arrow” from O to v

@ |[v|| is length of arrow representing v
@ But use “norm” instead of “length”

Scalar Multiplication av

@ Stretches a vector if |a] > 1)
@ Shrinks a vector if |a] < 1
@ Returns the vector to the origin if « =0
@ flips the direction of the vector if o < 0
v
The vector — has unit norm

[l

This Version: 17 Sep 2024 27 /84

Comments on the Inner Product

We can think of vectors as points in space

e.g. for vectors in R? such as u = (uy,uy) = (—1,1), v = (v;,vy) = (2,2)

@ The norm of v is the distance from

3 O =(0,0) to v =(2,2)
5 . [v] = /v +v2 =2
v
v, | ' (Pythagoras’s Theorem)
u @ distance from u to v is
0 -
o} V(v —up)? + (v —ug)? = o —ul
-1 = \/ﬁ
-2 0 2 4
X
ECON207 Session 4 This Version: 17 Sep 2024 26 /84

Inner Product
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Comments on the Inner Product

Vector Addition:

u+v

@ u + v is the diagonal, starting at O, of
the parallelogram formed by u and v

@ When thinking of vectors as “arrows”, the
starting position is irrelevant

@ The black arrow v and the blue arrow are
o the same vector

@ The red arrow u and the red arrow are
the same vector

ECON207 Session 4 This Version: 17 Sep 2024 28 /84



Inner Product
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Comments on the Inner Product

3
2 v=u
A
y
1
u
0
(0]
-1
-2 0 2

Inner Product
0000000000000

@ Since
u+ (v—u)=v

the vector v — u is represented by the
arrow from u to v

@ It is also represented by the arrow from

the origin to the point

(37 1) = <2v2> - (_17 1)

ECON207 Session 4 This Version: 17 Sep 2024

Comments on the Inner Product

Proof using the Cosine Rule:

l2 = wl? = |2]* + Jwl? — 2 2] |w] cos 0

(NB: Pythagoras's Theorem is when 6 = 7/2, so cos = 0)

Converting to inner products (we'll take the vectors to be column vectors)

(z—w)'(z—w) = (2" —wh)(z —w)

Comparing the two, we have w - z = |z| |w] cos 8

=Tz +w'w—2"w—wTz
=22+ wlw—2w'z (since 27w =w"2)
ECON207 Session 4 This Version: 17 Sep 2024
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Inner Product
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Comments on the Inner Product

eg, w=(—2,1)and z = (3,2) Interpretation of the dot product of two
different vectors:

If 6 is the angle formed at the origin by two

Z—W.
2 vectors w and z, then
z
1. pr—
y o w-z = |w||z] cos
0 .
i.e.,
w z

— . — =cosf
lwll =]

-2

-2 0 2 4 . . .

X i.e., the dot product of two unit vectors gives
the cosine of the angle formed by the two
vectors at the origin
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Inner Product
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Comments on the Inner Product

The Cosine Rule also gives the Triangle Inequality

Since —1 < cosf < 1, we have
lz —w|® = ]2* + |wl* — 2] 2] Jw] cos &
< 21?4+ Jwl? + 2 2] ]
= (Il + wl)?
|2 = wl < 2] + wl]

Length of one side of a triangle is less than the sum of the lengths of the other two sides

ECON207 Session 4 This Version: 17 Sep 2024 32/84



Inner Product Inner Product
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Comments on the Inner Product

All of this extends to n-vectors

T

o Ifx =[x, x,]", then
o |z| = Z?:1 x? = VzTx is the “distance” from the origin to
o |z —y| = /3", (z; —y,;)? is the "distance” between z and y

But what is “distance” in n-dimensions? We can show |z — y|| satisfies the three main
properies of distance:

@ it is non-negative (obvious)

@ it is symmetric, i.e., distance between x and ¥ is the same as distance between y
and x (also obvious)

@ it satisfies the triangle inequality

ECON207 Session 4

Inner Product
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Comments on the Inner Product

o If uw % aw for any cv. Then
0< (u—av)t(u—av) = uTu—avTu—auTv+ao?vTv = uTu—20uTv+ a0 Tv

This inequality holds for all cv. At the particular values o = u"v/v v, we have

This Version: 17 Sep 2024 33/84

Comments on the Inner Product

The key is the Cauchy-Schwarz Inequality: For any two n X 1 vectors u and v, we
have

o] < fulv]
Equality holds only if ©u = av
Proof:

o lfu=0,,,0orv=0

nx1. then the CS-Inequality holds trivially with equality
@ u = auv, then

[uv] = [(av) ™| = |af[v]* and

lulllvl = lovllo] = lallvl?
so the CS-Inequality holds (with equality)
ECON207 Session 4 This Version: 17 Sep 2024 34/84

Inner Product
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Comments on the Inner Product

Cauchy-Schwarz Inequality implies the Triangle inequality

Let =, y, 2z be any three n X 1 vectors and let w = —y and v =y — 2. Then

|z —2]? = o —y+y—2|?
=@x—y+y—2)T(e—y+y—=2)

T,\2 T,)\2
0 < uu— 2% Uy 0y oy, (0) = (=) =)+ 20— )"y~ )+ = )"y — )
v (") v < =yl + Iy — 2 + 210 — )" (g — 2)]
T, (T T, \2
= (v u)(viv) < (u'v) <z —yl* + ly — 21 + 2|z — yl |y — 2l = (J= — yl + |y — 2])*
Taking square roots gives the result [uTv| < |Ju|v] Taking square roots gives |z — z|| < |z —y| + |y — |
ECON207 Session 4 This Version: 17 Sep 2024 35/84
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Comments on the Inner Product Session 4.3

® We can treat |z — y| as "distance” from x to y even in n-dimensions

e even though we can't literally measure this distance with a ruler

® We can treat |z as “distance” from origin to  (“norm”) Session 4.3 Inverse Matrices

Furthermore, since |$Ty| < |lz|ly| implies —1 < Hiilzn <1 o Left-, right-, and “two-sided” inverse matrix
. @ Properties of the inverse matrix
We define the “angle” between = and ¥y to be ¢ such that P

@ Determinants
:cTy

W Less emphasis on methods for computing inverses and determinants

cosf =

If z%y = 0 we say that = and y are orthogonal (general n-dimensional version of
“perpendicular”)

ECON2O7 Sesson 4 This Version: 17 Sep 2024 37 /64
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Inverse Matrices Inverse Matrices
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The Inverse Matrix The Inverse Matrix
Let A be an m X n matrix
1 0 0
@ The n X m matrix B is a left-inverse of A if BA =1, B is not a right-inverse of A since AB= |0 0.2 0.4
0 04 0.8

@ The n x m matrix C'is a right-inverse of A if AC =1,,.
In fact A has no right-inverse

11
-1 02 04

let A= (2 1 andB:{2 02 _0'4} 1 1 Wb e 10 0

4 2 Suppose AC = |2 1] [d . f] = !0 1 0} then we have
B is a left-inverse of A (or A is the right-inverse of B) since 12 001

1 1 2b+€:1 and 4b+2€:0
Ba_ |~ 02 04|y || _[-1+04+16 —1+02408] _[1 0
T2 02 —04] | 5| T[2-04—-16 2-02-08] [0 1 which is a contradiction

ECON207 Session 4 This Version: 17 Sep 2024 40 /84
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The Inverse Matrix The Inverse Matrix

We emphasize
A has left- and right-inverse only if it is square, and they will be the same matrix, i.e.,

o lf Aisn xn,and BA=AC=1

n'

@ A has a (two-sided) inverse only if it is square

then it must be that B = C . )
@ But not all square matrices have an inverse

BA=1, = BAC=1,C = Bl,=C = B=C Examples:
1 3 . _ 114 -3
Then B = (C'is the “two-sided inverse”, or simply the inverse of A, denoted AL A= [2 4] is A7l= 5 [_2 1 ]
The inverse of a n X n matrix A, if it exists, is the unique matrix A~1 such that Verify by direct multiplication:
A_lA:In:AA_l A*lA—_l 4 =311 3] [10
T2 —2 1|2 4] |01
ECON207 Session 4 This Version: 17 Sep 2024 41/84 ECON207 Session 4 This Version: 17 Sep 2024 42/84

The Inverse Matrix The Inverse Matrix

Consider the system of n equations in n unknowns

Aq1%1 + 15Ty + -+ a1, T, = b
The matrix A = B ﬂ has no inverse e et tnn Q11 G2 e Opp | [T by
A21%1 + ATy + - + gy Ty : by — |G2r @22 e Gop | (T2 b? or Ar — b
Proof: Suppose : : : :
1T + G2 %o 4o+ ATy = bn an1  Ap2 Ann Ly bm
1 2l|la b |a+2c b+2d| |1 0
2 Al le dl " |2a+4c 20+4d] |0 1 If A has an inverse, then the unique solution to this system is

.. . . . .. — — A1
This implies @ + 2¢ = 1 but 2a + 4¢ = 2(a + 2¢) = 0 which gives a contradiction Ar=0b <= z=A""b
e Ar=b=>A1"Ar=Ab=0=A1
e r=A= Ar=AA b =bsox = A 1bis indeed a solution
ECONZ207 Session 4 This Version: 17 Sep 2024 43 /84 ECON207 Session 4 This Version: 17 Sep 2024 44 /84



The Inverse Matrix The Inverse Matrix

Example: consider the system (Warning) The same argument doesn't quite hold for left-inverses

T+ 31, =1 1 3| |z |1 b
21‘1+4JE2:3 o 2 4 To B 3 or Ar="b

Suppose the system is Ax = b where A is m X n, m < n, with left-inverse Al_e:}t

Pre-multiplying both side of Ax = b by Az_elff, gives

—1 _ A1 _ A1
L3 A 5 AppAr = A0 = o= A b
. . . . -1 1 -
We saw earlier that the inverse of A = [2 4] is A7 =—3 [_2 1 } However, when we check if x = Al_e:bctb is a solution, we get
The unique solution is Ar = AAl_Gilftb
. 174 —-3101 5/2 which may or may not be equal to b, since AAL?%% *+1,
2 (=2 1][3 —1/2 o If AAl’elftb = b, there is a unique solution and you have found it
o If AAl_elftb = b, there is no solution
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Inverse Matrices Inverse Matrices
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The Inverse Matrix The Inverse Matrix
Example: consider the systems
1 2 1 1 2 1 The inverse of an arbitrary 2 x 2 matrix A = [au a12], if it exists, is
(i) |2 1} {5”1] - } and (i) [2 1} [xl} _ [ } (g1 (2
3 3] 2 2 3 3] *2 1 .
; : -1 _ Qgg  —a1g _
which we write as (i) Az = b and (i) Az = c respectively Memorize this! — A~ = det(A) [_%1 aj; ] where det(A) = ay1a59—01509,

1 2

2 ljl is Afelft = [_4/9 5/9 1/9} (verify!)

The left inverse of A = . 5/9 —4/9 1/9

det(A) is the determinant of the 2 x 2 matrix A

the inverse exists only if det(A) # 0

If inverse of A does not exist, we say that A is singular
If inverse exists, we say that A is non-singular

An alternative notation for det(A) is | A|

You can verify that

° AA[L}ftb = b (despite AAl*clft #* I3) so A[C}ftb is a unique solution to (i)

° AA;elftc #+cso A;elftc is not a solution to (ii)
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Inverse Matrices Inverse Matrices
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The Inverse Matrix

5 6

I e i N A
det(A) [—5 1 14 [—5 1 & -4

The inverse of A = [1 4] is

The determinant of B = [1 3] isdet(B)=1-6—2-3=0, so B is singular

2 6
When will det(A) = 07

@ if one or both rows or columns are all zero, or
@ if one row is a multiple of the other, or
@ if one column is a multiple of the other

ECON207 Session 4 This Version: 17 Sep 2024
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The Inverse Matrix

See readings for
@ general formula for the determinant and inverse matrix for general n x n matrix
@ algorithmic approach to calculating inverses of general n x n matrix
@ deeper understanding of determinant and inverse matrix
Generally speaking, determinant will be zero (and the inverse will not exist) if
@ if one or more rows or columns of the matrix are all zero
@ if one column is a multiple of another
@ if one column is exactly a linear combination of the others

If det(A) # 0, then A is “full rank”, and the inverse exists
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The Inverse Matrix

A few additional results:
,d,,) is diag(dy?, ...

o If Aisn x n and non-singular, then (A~H)T = (AT)~1

@ The inverse of a diagonal matrix diag(d,, ...

AAT =1, = (AH)TAT =1,
= (A_l)TAT(AT)_l — I(AT)_l = (A—l)T — (AT)_l

e A and B are both n x n and non-singular, then (AB)™! = B~1A~1,

B 1A 'AB=ABB A =1 implies B 1Al = (4B)™!
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The Inverse Matrix

@ The inverse of a non-singular symmetric matrix is symmetric (exercise)

o If X isn x kwithn >kand Xc=0 < ¢ =0,;, then

nx1
XTX is non-singular

Elaboration: If X isn x k with n > k and cis k x 1, then

L1 Lig Lk C1 [ciTy) +CoTyp +F gy
Xe— .’13'21 97_22 c(:?k (3-2 _ | c1T2n +(12:(:2? + ot Cp Ty
Tp1 Tp2 Tk Cg LC1T 1 +C2$n2 +"'+ck$nk)
Tyg Tig ESY
= $:21 +Co w;” +otcg x2k =1 X teaXot+ o X
L1 Ly o LTy, ke
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o If there is a vector ¢ # 0,,,.; such that Xc = 0,,,;, we say that the columns of X

¢ =0py; = Xc=0,,, always hold. When would ¢ # 0,,,.; yet Xc=10,,,;? " .,
are “linearly dependent

Suppose ¢; # 0 for some i, yet Xc = 0,,,.;. Then we can write ] ) ) .
o If X is a data matrix (one column per variable) whose columns are “linearly

Xy =X+t o1 Xy e Xy o+ X dependent”, we also say that there is “perfect collinearity” in X
= Xg=diXg+ A di X Hdi Xy + o + dp Xy, where d; = ¢/, o If Xc=0,,; < c=0;,,, then the columns of X are “linearly independent”

@ We also say the “X" has full column rank

o ifallthed; =0, j #1, then X,; = 0,4 @ For more on matrix rank, please see readings

o if exactly one d; # 0, j # i, then X; = d X, i.e., one column is a multiple of another

If the columns of X are linearly independent, i.e., Xc =0 < ¢ = 0}, then

nx1

@ if two or more dj # 0, then X,; is a linear combination of some of the other columns

(XTX)™! exists
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Session 4.4 Partitioned Matrices

We can partition contents of an m X n matrix into blocks of submatrices, e.g.,

13 2 6
. .. . 2 8 21
Session 4.4 Partitioned Matrices A—l31 2 4| = _ [All A12]
@ Partitioned or block matrices 4 2 1 3 Agr Az
11
@ Addition, multiplication and transpose of partitioned matrices 3 7
1] 3 3 6 1 2 4
Whel’e A].]. == 2 5 AQ] - 4 5 A12 = |:8 2 1:| and A22 = 2 ]. 3
. 3 117
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Addition of Partitioned Matrices If A and B are two m X m matrices A and B

@ Partitioned matrices are often called block matrices partitioned as:

@ Many ways of partitioning any given matrix, e.g.,

Ay Agy By By
A= My XNy  MqXNg and B — M XNy  MqXNgy

1326 Ay Ay By, B,y
—— —— —— ——

2 821 Mo XNq Mo XNy Mo XN Mo XNy

A=13 1 2 4| =
49 1 3 where n; +ny = n and m; + my = m, then
3117 Ay + By A+ By
. . . . . . . A+ B= T X T4 X T
Main point of this section: as long as the matrices are appropriately partitioned, we can =

AQI + BQl A22 + BQQ

Mo X1y Mo XNy

add / multiply partitioned matrices as though the blocks were elements
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Partitioned Matrices Partitioned Matrices
Multiplication of Partitioned Matrices. If A and B are m X p and p X n respectively, Transposition of Partitioned Matrices: We have
and partitioned as: T T
Ay Apg Apy An
B All A12 Bll 312 A = |maxny maixng AT — | Mxma nyxmy
o el ~ 4, A = | A, Al
myXp;  MyXPy P1XNy  PpXNg 21 22 12 22
A21 A22 le B22 Mo XNy Mo XNy Tho XMy Mg X1y
2t 22 Z2L 22
LmoXp; Mo Xpo DPaXNy  PoXTNg
e.g., If X is an n X k data matrix partitioned into columns, then
then T
A, An,1T[B, B Ay By + ApBy, Ay By + A,B T Tzt 2
11 12 11 12 11011 T A195o1 Ay b9+ Ao bog T Lon o X1
— — — — X = 21 22 2k | — [X X o X ] — XT = *2
AB — |™xp1 maxps PLXNy pyXng | myXn, My XMy *1 *2 *k
Tl A A B B T Ay By + AyoByy Ay By + Ay B T
21 22 21 22 21511 22021 21012 22522 R R X0
MoXPy  MoXpal LPaXNy  PaXNy g X1y Mo X1y . . i .
X,, is the column vector of all NV observations of variable 7
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Partitioned Matrices Partitioned Matrices

Cy If we partition the data matrix X into rows, i.e.,
c
Xe= [X*l X*Q X*k} 2| = Clx*l +C’2X*2+'“+CkzX*k: Ty Ty 0 Ty Xl*
ch P I S v X, where X is the row vector containing
I o . . : oo i | the jth obs of all variables
X*l X*1X*1 X*1X*2 X*lX*k x’ﬂ,l {L’n2 (II,nk X”*
T X*Tz X*T2X*1 X*TzX*z X*TzX*k
X X = . [X*l X X*k] = . : . : Xl
. . . . . *
X*Tk X*TkX*l X;FkX*Q X*TkX*k X
) then XTX=[X], XJ, - XL]|7%
- N o N N :
;Vizl TH D TiiTin vt D TiiTg Xos
2
— Zizl Ti2Ti1 Zizl ) 21:1 TioTi n
: : : : =X'X X7 X'x . = XTx
N N : . N: = ALKy T A9 Loy + -+ X X, = Z Gk N ik
2 G—
D1 TikTin Doyq TikTin 0 D, g Tik =zt
sum of n k x k matrices
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Partitioned Matrices Partitioned Matrices
A Ap _ _
Mmyxm,  myxmg . Yet another type of matrix product is the Kronecker product
If A= A A and non-singular, then
21 22 Kronecker product, denoted ®, of an m X n matrix A with a p X ¢ matrix B is the
Mg XMy My XMy mp X ng block matrix formed by multiplying each element of A by the entire B matrix
—1 -1 —1 -1 —1
A1 (A — AjpAgy Ayy) —(Ayy — A Ay Aoy ) Ajp Ay For example
B —1 —1 -1 —1 —1 —1 -1 —1
—Agy Aoy (A — A A5 Agy) Agy + A5 Ag1(Ayy — App Ay Agy) Arp Ay, ay; 0 lagy, 0 |agg 0
You can verify this by direct multiplication, to show that a1 Q19 G13 ® 10 _ 0 ap| 0 ap| 0 ag
Ag1 Q9o Qo3 01 aqq 0 Ao 0 Aqy 0
AilA — Iml Omlme 0 aqq 0 aq9 0 a3
0m2 XMy Mo
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Session 4.5

Session 4.5 Vectors of Random Variables
@ Expectations

@ Variance-covariance matrices

This Version: 17 Sep 2024
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Vectors and Matrices of Random Variables

Matrix algebra helps in organizing large numbers of random variable, especially their
expectations and variances and covariances

If 2 is am x 1 vector of random variables = = [X; X, ... Xm]T, then we define

B(z) = [E(X)) E(X,) .. E(X,)]

If X is a matrix m X n matrix of random variables, then

X X oo Xy, E(Xy) E(Xp) .. E(Xy,)
X — *X:Zl X:22 X;% o E(X) = E().(m) E()'(zz) E(‘}.(Z'n,)
X'm,l Xm2 X’mn E(Xml) E(sz) E(an)
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Vectors and Matrices of Random Variables

Let x be a m x 1 vector of random variables. Let

X, — E(X,) Xy
X, — E(X X
For—B@)= | 2 EX) | X
Xm - E(Xm) Xm

Then the variance-covariance matrix of x;, denoted Var(x), is defined as

Var(z) = E((z — E(z))(z — E(x))") = E(ZZ")

This Version: 17 Sep 2024
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Vectors and Matrices of Random Variables

XXX X1Xm
=L X2X1 X% XZX'm,
X'IYLX]. XmXZ mewz
B(X3)  BXX,) .. BX X,
— E(X2X1) E(Xg) E(X2X7TL)
LE(X,,X,) E(X,,X,) .. BE(X,X.)
Var(X,) Cou( X1, X5) Cov(X1,X,,)
| Cou(X 4, X,) Var(Xsy) Cou(X,, X,,)
_OOU(X]_ ’ X'rn) COU(X27 X‘"L) VG/T(X,"L)
This Version: 17 Sep 2024 68 /84
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Vectors and Matrices of Random Variables Vectors and Matrices of Random Variables

Recall that if X is a (univariate) random variable, then Proof of E(Ax +b) = AE(x) + b:
o E(aX +b) = aB(X) +b The ith element of the k x 1 vector Az +bis 37" (a;; X, +b;). The expectation of this term is
o Var(aX +b) = a? Var(X) p (f;mijxj + b,.,>> SN BOX) b,
e Var(X)= E(X?) — E(X)? i1 i1

which is the ith element of the vector AFE(x) + b.
We have matrix analogues of these results: Suppose x is an m x 1 vector of random variables,

T — p T.
A = (a;;)km is @ k X m matrix of constants and b is a k x 1 vector of constants. Then Proof of Var(Az +b) = A Var(z)A™:

Since Ax +b— E(Ax +b) = A(x — E(x)) = AZ, we have
® E(Ax +b)=AE(z)+b

o Var(Ax +b) = AVar(z)A"
e Var(r) = E(zz") — E(x)E(x)"

Var(Az +b) = B((AZ)(AZ)T) = E(AZETAT) = AE(Z5T)AT
= A Var(x)AT .

Proof of Var(x) = E(zaxT) — E(z)E(x)T: Exercise!
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Vectors and Matrices of Random Variables Digression on Symmetric Matrices

Let  be m x 1 vector of random variables, ¢ be m x 1 non-zero vector of constants A m x m symmetric (and square) matrix A is positive definite if

T
@ Obviously the variance-covariance matrix of  is symmetric ¢t Ac>0 forall ¢# 0y,

. . S T\ Lo I .
o Consider the linear combination ¢z (this is a now a single random variable). We have It is positive semidefinite if ¢"Ac > 0 for all ¢ # 0,,;. Similar definitions for negative
definiteness and negative semidefiniteness
Var(cTx) = ™ Var(z)e > 0 forall ¢ #0,,.,

T L . @ Variance covariance matrices Var(x) are positive semidefinite
@ Var(c'x) cannot be negative since it is a variance
. @ [f the random variables in x are not linearly dependent, then Var(x) is positive definite
o If Var(cTx) = 0 then either y dep () is p
o one of the random variables is not actually random, or @ Another example: suppose the columns of a n x k data matrix X are linearly
e one of the random variables is just a multiple of the other independent, i.e.,
. . . - Xc# 0, forall ¢ # 04
o one of the random variables is a linear combination of two or more of the other T T ) T . o o
random variables Then ¢ X" Xe = (Xc¢)" Xe > 0 for all ¢ # 04,,¢, i.e., X+ X is positive definite
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Session 4.6 Eigendecomposition of Symmetric Matrices

Another very important fact about symmetric matrices (Eigendecomposition)

Every k x k symmetric matrix A can be decomposed in the following way

Ay 0 0 at
Session 4.6 Principal Component Analysis 0 A - 0 T k
q
_ - R A=QAQ" =0 @ - @) |, P T ||| =D Nl
@ Eigendecomposition of symmetric matrices, without proofs 0 0 ' )\ T i=1
kd LAy
@ Application to Principal Component Analysis
No discussion of eigenvalues or eigenvectors, see readings if interested ® A i=1,...,k are real numbers called eigenvalues (usually ranked Ay > Ay > -+ > Ay)
@ The k x 1 vectors g;, 1 = 1, ..., k are the corresponding eigenvectors
@ ( satisfies the property QTQ = I,
(see BPT Chapter 10)
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Sample Variance-Covariance Matrix Principal Components

Let X be a n x k data matrix, each column contains n observations of some variable,
mean removed. Then

Apply eigendecomposition to the sample variance-covariance matrix

—1 XTX = QAQT
n—1

Ty — Ty Tyg— Ty Typ — Ty Ty Tyg o v Ty
X = |21 %1 Top I Lo — Ty, Tar Tog v Lo Construct the following data matrix
— — - ~ ~ ~ Y=XQ=X|q ¢ q,| = | Xq; Xg X
LTp1 — L1 Tpa — Lo Lpk — Lk Tp1 Tpa2 = Tpg Q [11 12 Jn] [ h 12 qn]

Each n x 1 vector X¢;, i =1, ...,k is an “index variable" formed by a linear

and XTX is the symmetric sample variance-covariance matrix combination of the & X variables
n—
1 no ~2 1 noo~ o~ 1 no o~ s ql i
7l ;i=1 Ti1 n_llZi;,lb iu;iz ol Z‘-fl Li1Zik 0
L xrx— |[mrlia®efa 51X T 2ui=1 Ti2¥ik Xg; =X Xo Xl |72 = X + 02 X0+ + 41 Xy,
n—1 : : : :

1 noo~ o~ 1 noo~ o~ 1 no o~

T i Tk T 2 Tk T i Tk Ak
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Principal Component Analysis

The sample variance-covariance matrix of Y is

1
n—1

Y1y = L QTXTXQ = Q" (LXTX) Q=Q QAQ™Q = A
n—1 n—1

That is, the n X k£ matrix Y contain observations of k uncorrelated variables

@ first column has obs. of the first index variable, which has the greatest variance
@ second column has obs. of the second index variable, which has the second highest
variance

These index variables are called principal components

Often first two or three indexes account for most of the variance in the data —
dimension reduction

ECON207 Session 4 This Version: 17 Sep 2024
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Roadmap

Principal Component Analysis

causes-of-death-by-state.csv

@ 51 x 14 data matrix

@ age-adjusted number of deaths per 100,000, all races, both sexes, all ages, over the
period 2016-2020

@ across the 51 US states plus District of Columbia (rows)

@ 14 causes of death (columns): accidents & adverse effects (accident), Alzheimer's
disease (Alzheimers), cancer, cerebrovascular diseases (cerebrovascular), chronic lower
respiratory disease (respiratory), chronic liver disease & cirrhosis (liver), diabetes mellitus
(diabetes), heart disease (heart), homicide & legal intervention (homicide), influenza,
kidney disease - nephritis & nephrosis (kidney), pneumonia, septicemia, suicide &
self-inflicted injury (suicide).

Qn: How do states differ by cause of death?
ECON207 Session 4
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Principal Component Analysis

library(tidyverse)

library(ggrepel)

df <- read.csv("data/causes-of-death-by-state.csv")
row.names (df) <- df[,1]

df <- df[,-1]

head(df, 4) # Show data for first four states

Accident Alzheimers Cancer Cerebrovascular Respiratory Liver Diabetes

Alabama 55.2 46.1 166.9 51.8 56.0 13.6 20.5
Alaska 62.3 26.0 146.8 37.1 35.0 16.7 19.7
Arizona 58.6 33.8 132.3 30.9 40.2 14.9 23.9
Arkansas 51.6 40.9 169.7 42.9 61.6 12.7 30.8
Heart Homicide Influenza Kidney Pneumonia Septicemia Suicide
Alabama 225.1 12.9 1.5 16.9 17.0 17.0 16.2
Alaska 136.1 9.4 2.1 10.0 8.2 8.3 26.5
Arizona 139.1 6.7 1.6 7.1 9.4 4.8 18.2
Arkansas 222.2 10.4 2.2 18.6 15.7 12.9 18.9
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# Importance of each PC

dfs <- scale(df, scale=FALSE)
dfpcal <- prcomp(dfs)

summary (dfpcal)

# remove the mean but don't standardize

Importance of components:

PC1 PC2 PC3 PC4 PC5 PC6 PCT7
32.8587 12.5414 9.57876 7.44281 6.38255 4.53854 3.63309
0.7258 0.1057 0.06168 0.03724 0.02738 0.01385 0.00887
0.7258 0.8315 0.89319 0.93043 0.95781 0.97166 0.98053

PC8 PC9 PC10 PC11 PC12 PC13 PC14
Standard deviation 2.89666 2.50515 2.28355 2.17946 1.54667 1.37289 0.24006
Proportion of Variance 0.00564 0.00422 0.00351 0.00319 0.00161 0.00127 0.00004
Cumulative Proportion 0.98617 0.99039 0.99389 0.99709 0.99869 0.99996 1.00000

Standard deviation
Proportion of Variance
Cumulative Proportion
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Principal Component Analysis Principal Component Analysis

0.84 -
# Cause of Death Loading for First Two PCs Accident

pcland2 <- as.data.frame(dfpcal$x[,1:2]) # Collect first two PCs into a data fram

loadingsland2 <- data.frame(xstart = 0, # A data frame containing the

0.4 i
ystart = 0, # loadings (weights) placed on each GQanger Respigtory
PC1 = dfpcal$rotation[,1], # cause of death in the first two ~
PC2 = dfpcal$rotation[,2]) # principal components e
pl <- ggplot(loadingsiand2, 0.0
aes(x = xstart, y = ystart, xend = PC1, yend = PC2)) +
geom_segment (arrow = arrow(length=unit(0.1, "inches"))) + ylab("PC2") + xlab("PC1") +
annotate("text", x=loadingsland2$PC1, y=loadingsland2$PC2+0.04,
label=rownames (loadingsland2), size=4) +
theme_bw() -0.44
-075 -050 025 0.00
PC1
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Principal Component Analysis Roadmap

# Each States PC1 and PC2 scores
ggplot(as.data.frame(pciand2), aes(PC1l, PC2, label = rownames(pciland2))) +
geom_point() + geom_text_repel(size=4, box.padding = 0.1) + theme_bw()

@ (Previous) Session 1: Statistics Review
Wi Vs @ (Previous) Session 2: Simple Linear Regression

4014 . . . . . .
@ (Previous) Session 3: Estimator Standard Errors; Multiple Linear Regression
@ This Session 4: Matrix Algebra

" Maine® @ Next Session 5: OLS using Matrix Algebra

] ML . . .
Kentucky e VNS plaskg, @ Session 6: Hypothesis Testing
) South Carojjna DEIEW{T Wyoming New Hampshire  Colorado . ..
R Oio, North Carolina»Yermnt Floridag Arizona ® @ Session 7: Prediction
3] Tennessee tdiana Wisconsin > %South Dakota JOregon *Minnesota . . .
LN Missolt Ponnsyivalia lontang *Rhode Island WhahinoMassachusetis @ Session 8: Instrumental Variable Regression
K: aho ashington . Lo )
o Qllahoma Luisiana L " Nepradia 1 VOVTION o @ Session 9: Logistic and Other Regressions
Mississippi Agkansas Michi lowa, Virginia North Dakota
. 95! Georgit Niinois Utah @ Session 10: Panel Data Regressions
Alabama Nevadg ™ Texas. New Jergey California . . : R H

o0 District of Columbia Naryland Hawail @ Session 11: Introduction to Time Series

@ Session 12: Time Series Regressions
New York
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