Mathematics for Economics: Linear Algebra

17. Differentiation of Matrix Forms

Anthony Tay

There are no new ‘calculus’ results here. We merely have a few definitions so that we can take derivatives of functions

expressed in matrix form.

Definitions
X, oy / ox,
. X 0 oy /ox
Given y= f(x,x,,....x,), let x= 2 , then define a—y = 4 2
: X :
X, oy/ox,
2x,%,7 X,
Example If y=x x,’x;, then % = | 2x x,x,
X
x’x,’
X
ay x]
Example If y=xx, +x;x4,then — =
ox X,
x}
Xy
X X 0 -X
Example Let y = de‘{ ! 2} = X;X; —X,X; , then LA ’
X

The case of linear functions and quadratic forms are particularly important. We have:

Example If y=c'x where ¢ and x are (nx1), then 2—y:c.
X

To see this, simply expand and differentiate: y =¢'x=c¢x; +¢,x, +...+¢,X, , SO

oy / Ox, a
oy oy / ox, c,
— = : =l |=c¢
0x :
oy / ox, c,
Example If y=x'Ax where x is (nx1) and A is (nxn), then
¥ =(A"+ A)x
10).¢
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This is easy to see this in the n =2 case: let

a a
A 11 12
ay Ay

Then
[xl xz] ap ap || % 2 2
y = [ = apX; T apX Xy T a XX, +anx,.
ay Ay || X%
Therefore
oy
|0 | |:2allxl+(a12+a21)x2i| _ { 2ay a12+a21:||:x1j|
- - - b
ox Oy (a1 +ay)x; +2a,,x, ayp +ay, 2ay, X
0Ox,
2ay, app +ay

and it is easily seen that [ } = A+A".

ap tay  2ap
You can easily extend this to the #n-dimension case.

If A is symmetric, then A=A', so

8_y = 2Ax,
15) ¢

which bears considerable resemblance to the univariate case where dy/ dx =2ax when y =ax®. Remember that x'Ax

is the matrix version of the quadratic function.

The general principle is that the shape of the derivative matrix follows that of the denominator of the derivative, so that

for y=f(x,%,,....x,),

Y _|Y ¥y D
ox’ ox, Ox, ox,

since x=[x, x, - x,].

Example If y=c'x where ¢ and x are (nx1), then %zc'.
X

Example If

XX
y = det b x| T 0T X,
3 X4

we have

L A B
ox’ ox, O0Ox, Ox; Ox, ! } 2o
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This “row” form of the vector derivative is most often applied to situations where we are differentiating a vector of

functions, i.e. when

N fl(xl,xz,...,xn)
V2| fr(x,%,,..,x,)
y=|.1|= : ’
ym fm(xlaxz,-..,xn)
in which case oy is the application of the [ — a9y o {0 each individual y, to get
ox’ X’ aXI axz ax”
8)/1 /axl 6y1 /6)(2 ayl /axn

oy oy,/ox, 0oy,/0x, -+ 0Ov,/0x,

ox’ : : . :
oy, /ox, oy,/ox, --- Oy,/0x,

N _a.

Example If y=Ax where A is (mxn) and x is (nx1), then per
X

T I T I P | R a X +apx, +-+q,x,
. |Gy ap Ay || X2 Ay Xy +apXy +-+ay, X,
y = Ax . . . = .
aml amZ e amn xn amlxl + am2x2 teeet amn'xn
Then
oy /0x, Oy /ox, -+ Oy /X, a4y 4y,
o _ oy, /ox, 0y, /dx, -+ Qp,/0x, |G Ay vt Gy, | A
ox' : : : : o
8ym / axl aym / axZ e aym / axn aml am2 e amn

Another application is to get a matrix of second derivatives: if y = f(x,,x,,...,x ), we have

Py &y . &y ]
ox  ox,ox, Ox,0x,
o’y o’y o’y
2
% = %(Z—y) = | ox0x,  ox,’ 0x,0x,
XOX x'\ Ox : ) . .
Oy &y . Oy
| Ox,0x,  0Ox,0x, ox,” |

This is called the Hessian of f(x) and written f"(x). Young’s Theorem says that this will be a symmetric matrix.
Example If y=x'Ax where x is (nx1) and A is (nxn), then ?z(A#A)x, and therefore
X
o’y

= (A'"+A), =2A if A is symmetric.
oxox'

This should remind you of the fact that d*y /dx* = 2a when y=ax?>.
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Finally, we can use the principle that the shape of the derivative matrix follows that of the denominator of the derivative,

to get derivatives with respect to matrices (as opposed to with respect to vectors):

XX
Example If X= , then
X3 Xy

odet(X) det(X)

odet(X) ox; 0x, o x
oX odet(X) odet(X) o x|
0x3 ox,4
Taking this further, consider the derivative % . Applying the chain rule:
OdetX oOdetX
Jln(det X) _ 1 6xl axz _ 1 Xy X3 (X,l ),
oX detX| 0detX oOdetX detX|—x, x
0x3 0x,4

since X! = ! Mo TR
detX _X3 xl

This is true also for general (nxn) matrices. Note: to write down In(det X) we ought to have det X >0, which is true
if X is positive-definite. Furthermore, if A is symmetric, then the inverse is symmetric, and we do not require the

transposition of the inverse.

As a final example, consider the quadratic form y = x'Ax, and consider differentiating it with respect to A (earlier we

differentiated with respect to x ). To simplify the exposition, we again focus on the (2x2) case, where

[xl xz] app ap || X4 2 )
y = = anXy T apXX,; tax0x, +an,

ayr axn || X%
We have
Py
OX'Ax | 0ay Oap | x12 XX _{xl}[xl x2]—xx'
O0A o oy XX X’ X
Oa,, Oay,

There are other important forms. These will do for now.
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Summary

oex
ox
OX'AX =(A"+A)x, =2Ax if A is symmetric.
Oy Yy &y |
ox’  oxox, Ox,0x,
82 62 62
o0’y 27 —J; S Ox'Ax , . . .
- = | Ox,0x,  Ox, ox,0x, |, -=(A"+A), =2A if A is symmetric.
[6) )¢ . ) i [0) @) ¢
aZy aZy 62
| Ox,0x,  0Ox,0x, ox,’ |
OAX _A, Oln(detX) (Xﬁl)’, 0 x'Ax —
ox’ oX OA
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