Mathematics for Economics Anthony Tay

11. Partitioned Matrices

Given an (7 x n) matrix, we can break it up into blocks of ‘submatrices’. For instance, we can write
b

1 3 2 6] [113 2 6]
2 8 2 1] [2:8 2 1
o it a; Ap
A=|3 1 2 4[=[311 2 4 :=[ A }
: a
4 21 3] |42 1 3] 02
311 7] [3{1 1 7]

W

1 326 b2
where a;, =| |, A, = , 2, =4, Ap=|2 1 3]
2 g8 2 1 {17

1 3 2 6] [1!3 2 6] [1 312 6]
28 2 1| (218 2 1] |2 8i2 1
A=[3 1 2 4[=|311 2 4|=[3 112 4|
4 21 3| [412 1 3] |4 2:1 3
31 1 7] [3{1 1 7] |3 1{1 7]
Addition of Partitioned Matrices
Consider two (nxm) matrices A and B
All AIZ Bll B12
—— —— —— ——
A= mxm  nxm, and B= mxm  nxm,
A21 A22 B21 B22
—_— == —— ——
n,Xm,  n,Xm, nyXm,  n,Xm,

where n; +n, =n and m; + m, =m. We emphasize that A and B are of the same size and partitioned in a similar
fashion. Then

A +B;, Ap+Bp
R — N —

A+B=| " e (11.1)
Ay +By Ay +By,

If A and B are of the same size but partitioned differently, we can of course still add A + B . However, the formula on

the right-hand side will not be valid.
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Multiplication of Partitioned Matrices

Consider two matrices A and B of dimensions (rnx p) and (pxm) respectively. Suppose they are partitioned as

follows:
All A12 Bll B12
—_— 5 —_— -5
A= mxpy  mXp, and B= pyxmy pyxmy
A21 A22 B21 B22
s 2L o s
mXpy MXp, pyxmy - pyxm,

We emphasize that the column-wise partition of A must match the row-wise partition of B. Then
ABy +ARBy  AB +A;RBy,

Ay Ap || By Bp
—_ == —— —

AB = mxXpy mXpy || pyxmy o pixm, _ X, Xy ) (112)
Ay Ay || By By Ay B +A,B) AyBj, +A,By,

MXPy XP, || PyXmy pyxi, 1, Xn, n,xXm,

The partitioned matrix multiplication follows in similar fashion to the usual matrix multiplication, with “rows diving

into columns”. Care nonetheless must be taken to ensure that the submatrices are compatible for multiplication.

Transposition of Partitioned Matrices

T T
All A12 All A21
— — —— —
nmxp, nxp. J R pXn
IfA= 1P 1% P2 ,thenATZ lTl 1T2
Ay Ay A, A,
—_ —_ — —
mXp,  mXp, DaXny, pyXn,

Example Let X be a data matrix containing n observations of three variables X;, X, , and X;. The data for each

variable are stored in columns. Let x; represent the ith observation of variable X,

X1 X2 X3 W
X1 Xop Xo3
X=|x5 X3 X33

xnl xn2 xn3j

We can write this matrix to emphasize observations, or variables. If

X =| X3 |, Xy = x5 |, and X5 =) x5 |,

xnl_ xn2_ xn3_

re., X i contains all n observations of variable X i then we can write X as the partitioned matrix

X=[X, X, X;].
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If we let

Xi1

Xi3

That is, Xx; is the (column) vector containing the ith observations of all three variables. Then we can write

which emphasizes the observation number.

In statistics, the matrix X' X plays a very important role. Using our partition by variable, we have

n 2 n n
XIT [Xl X, X3] XITX1 XITX2 X1TX3 Zi:lx“ Zi:lxilxiZ Zi:lxile
X'X=| X/ =1 XX, XoX, XpX;|= z:lzlxilxﬂ 27:1)@22 z:l=1xi2xi3 (11.3)
xT xI'x, xIx, xIx n n no 2
1 34 A A3 Zizlxilxﬂ zizlxi2xi3 Zi:lxi3

Using our partition by observations, we can write

X
[Xl X2 X3 Xn] 1 n 2 n n
xJ Zizlxﬂ Zi:]xilxiz Z,-zlxilxis
n
Tv _ T!|_ T n n 2 n
X'X= X3 —inxi = Ziz1xi1xi2 Zi=1xi2 Z;:lxﬂxﬂ . (11.4)
. i=1
n n n 2
; Z,-:]xﬂxﬂ Zizlxi2xi3 z,»:lxﬁ
_xn

n
The expression inxiT is a compact way of writing X' X that emphasizes the fact that each element is a sum of the

:1 . .
squared observations, or the product of observations across variables.

Inverse of Partitioned Matrix

Suppose A is invertible, and suppose it is partitioned in the following manner:

All Al2
— ——
A= mxn nxn,
A21 A22

mXn  myXxn,

We emphasize that the partition is such that the diagonal (top left to bottom right) blocks are square. The off-diagonal
blocks need not be square. Then
Al —ATAL Ay — Ay AAD) T AGAT —AAL(Ay — Ay A A

(11.5)
-1 -1 - -1 -
_(A22 _A21A11A12) A21A111 (A22 _A21A11A12) :

A=
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We can apply Gauss-Jordan elimination to derive (11.5):

Ay Ap 10
Ay Ap (0 1

[2-2]-A,A, 11 7

|:A11 A12
0 A22 - A21A1_11A12

|

N

[1]=[1]_A12 (A22 _A2IA1_11A12 )_1 [2]

I:All 0 E I+A12 (A22 _A21A1_11A12)_1A21A1_11 _A12(A22 _A21A1_11A12)_l

| i
0 Ap-AyA A,

N

[11=A7T1]
[2]:(Azz *A21A171]A12 )7I [2]

0 I

An alternative, equivalent, formula is

A4:[ (A~ ApAL A

0
_A21A1_11 I

-1
—Aj Ay

I

N B - - - - - -
I:I 0 : A11 +A111A12(A22 _A21A111A12) 1A21A11] _A111A12(A22 _A21A111A12) !

_ -1 _ -1 _
_(A22 _A21A111A12) A21A111 (AZZ _A21A11A12) :

.| _ _
—(Aj —ApARA,) lAlezé

-1 -1 -1 -1 - - -1 -1
—AnAy (A —ApARA,) Ay _A221A21(A11 _A11A221A21) ApAy,

|

(11.6)

which can be derived applying Gauss-Jordan elimination “from the bottom up”, i.e., first step is [1]=[1]— A, A5, , and

SO On.

Determinant of Partitioned Matrix

form

It can be shown that the determinant of a block triangular matrix of the

All A12
— ——
A= mxn nxn,
L A

mXn  nyxn,

is |A|=|A;,||A,, |. This fact, together with the fact that the elementary (block) row operation of adding a multiple of

a (block) row to another (block) row does not change the determinant, can be used to derive the determinant of the

partitioned matrix

A12

Aj
We have
which gives
If A,, is singular, we can use
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A, Azj [2-121-A, A l1]

All A12
— —
A= mxn nxn,
A21 A22
nyXn,  nyXn,
All A12

-1
0 A22 _A21A11A12

|A|=|A11 ||A22 _A21A1711A12 |-

|A|=]Ay [|A] —ALARA, |

(11.7)

(11.8)
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Exercise

1. Derive (11.6).

A Ap
—— ——
. X X
2. Given A=|"" "1 show that
Ay Ay
— ——

xR nyXn,

A -1 -1 -1 -1 -1 -1 -1 -1
Al = A —ATAR (A —AJATAR) AAL —ATAR(Ap —AATA)
-1 -1 -1 -1 -1
—(Ag — Ay ATAL) TAyAY (A —AyA L A))
-1 -1 -1 -1 -1
(A —ApARA) —(A; —ApAKA,) ApAY

-1 -1 -1 -1 -1 -1 -1 -1
__A22A21(A11 _A12A22A21) A22 _A22A21(A11 _A11A22A21) A12A22

by taking the products AA™! and showing that the result is the identity matrix.

3. Derive (11.8).
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